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1.1:Introduction: A differential equation is a mathematical 

equation that relates some function with its derivatives. 

  The derivatives represent their rates of  change, and the 

equation defines a relationship between two variables. 

The differential equations play an important role in many fields 

such as engineering, physics, economics and biology. Now, Let 

  be a number in the domain of the function   then we can 

express the first derivative of the function   for   as follows: 

       ( )      
  

  
 

  ( )

  
         ( ) , 

where the symbols 
 ( )

  
        ( )  represent the first 

derivative of the function.  

s1.2: Definition 

1.2.1: Differential equation 

A differential equation is an equation involving derivatives or 

differentials. 

For example:- 

  (
  

  
)
 

                                                                                     

    (
   

   
)
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 (

   

   
)

 

 
  

  
                                                        

        (   )                                                                   

  
  

  
 

   

   
                                                                             

   
  

  
  

  

  
                                                                                

1.2.2:  Ordinary Differential Equation 

 Ordinary differential equation is a differential equation 

involving only ordinary derivatives (i.e.) It has derivatives of 

one or more dependent variables w.r.t. single independent 

variable. Such as equations 1,2,3 and4 

1.2.3: Partial Differential Equation 

A Partial differential equation is a differential equation 

involving partial derivatives (i.e.) It has derivatives of one or 

more dependent variable w.r.t. more than one independent 

variable. 

For example the equations 5 and 6 are p.d.es  

1.2.4: Order of a Differential Equation 

The order of the highest order derivative in a differential 

equation is called the order of a diff. eq. 
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For example :- 

(i) Equations (1) and (6) are of order one  

(ii) Equations (2) and (5) are of order two 

(iii) Equations (3) and (4) are of order three 

1.2.5: Degree of Differential Equation 

The degree of differential equation that is algebraic in its 

derivatives is the algebraic degree of the highest derivative 

shown in the equation (i.e.) when the equation is free from 

radicals and fractions in the dependent variable and its 

derivatives. 

For example :- 

(i) Equations (3),(4),(5) and (6) are of first degree  

(ii) Equation (2) is of the third degree 

(iii) Equation (1) is of the fourth degree 

Other examples:- Find the order and degree of the following 

differential equations: 

  √(
   

   
)

 
 

 √  (
  

  
)                                                               

     (  )                                                                               

Solution (1): This equation can be written as 
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(
   

   
)

 
 ⁄

 (  
  

  
)

 
 ⁄

 

[(
   

   
)

 
 ⁄

]

 

 [(  
  

  
)

 
 ⁄

]

 

 

(
   

   
)

 

 (  
  

  
)
 

 

Therefore, this equation is of second order and fourth degree. 

Solution (2): It hasn't degree since it is not algebraic in its 

derivatives. 

1.2.6: Linear Differential Equation 

The differential of any order shall be linear if the dependent 

variable and all derivatives are of the first degree and are not 

multiplied by each other and its general formula is  

   
( )     

(   )         
       ( )            ( ) 

Where                   ( ) are functions for   on the 

interval         

An equation that is not linear is said to be nonlinear 

For example:- 

    ( )                                               
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   ( )                                               

           
 

 
 √                                 

1.2.7: Homogeneous Linear Differential Equation 

Equation (1) is said to be homogeneous if  f(x)=0 

(i.e.)      
( )     

(   )         
                   ( ) 

Therefore, the equations (2) and (4) are homogeneous and (1), 

(3), (5) and (6) are non-homogeneous. 

Note: If             in equation (1) are constant then the 

equation is said to be linear differential equation with constant 

coefficients. 

Exercises: 

Find the order, degree, linear and homogeneity of the following 

differential equations: 

                                        

  (    )  (   )                   
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  (  )       

  √(    ) 
 

 √  (  )  

    
   

   
  

  

  
       

 

1.3: Solution of the Differential Equation  

The Solution of the differential equation is a relation between 

the variables of the equation and satisfies the following: 

(i) Its empty of derivatives  

(ii) Satisfies the differential equation  

(iii) Defined on a certain interval 

Example (1): Is  ( )                a solution of the 

diff. eq.                                                               ( ) 

Sol.  First, we must derive the function that given twice 

                                                  ( ) 

                                                        ( ) 

                                             ( ) 

Substituting (4), (6) in (3), we get  

                  (             )   
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Thus, the given function satisfies the eq. (3) 

  ( )                is a solution of (3) 

Example (2): Prove that the function 

  ( )                                                       ( ) 

is a solution of                                    ( ) 

Sol. Deriving (7) w.r.t. x we get  

  ( )   
 

 
         

   ( )                                                              ( ) 

Substituting (7),(9) in (8), we get  

               

           

Hence, the equation (7) is a solution of the diff. eq. (8). 

1.3.1: General solution of the differential equation 

          The general solution of the differential equation is the 

solution that is free of derivatives and contains a number of 

arbitrary constants and their number is equal to the order of the 

equation. 
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Example (3): Find the general solution of the equation        

Sol. Integrating both sides three times  

 ∫                                                           (  ) 

                                                                        (  ) 

                                                                 (  ) 

   
  

 
                                                    (  ) 

Where              are arbitrary constants. 

Note that, the number of the constants is equal to the order of 

the equation. 

  1.3.2: The Particular Solution                                                    

It’s the solution that results after substituting the values of the 

arbitrary constants in the general solution. 

Example (4): write the particular solution of the equation  

                            

Sol. : The solution of         is   ( )  
  

 
                  

  ( from Ex(3)) 

Sub.              in it  

 ( )  
 

 
        

 ( )        
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Remark: A general solution is a set of solutions that represent 

curves and are not intersected with each other called integral 

curves while only one of them passes through a given point of 

existence of these curves and at this point one real value is 

determined for the arbitrary constant. 

Example (5): Find the general solution and the particular 

solution of the equation                     (  ) 

that passes through the point (   ) and sketch the integral 

curves. 

Sol.: Integrating (14) w.r.t. x we get 

   
  

 
                                                        (  ) 

This is the general solution  

To find the particular solution, substituting the point (1,2) in  

(15) 

     
 

 
      

 

 
, then   

  

 
 

 

 
       (  ) 

And this is the particular solution 
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1.4: Singular Solution of the Differential Equation 

 The singular solution is a solution that appears for some 

differential eq. and doesn't belong to the general solution group. 

Example (6): Find the general solution and the singular solution 

of the equation       
 

 ⁄              

Sol. :       
 

 ⁄    
  

  
   

 
 ⁄   

 
  

 
 

 ⁄
 

 

 
                          

  
  

 ⁄    
 

 
                                            

integrating both sides. 

 
 

 
 
 

 ⁄  
 

 
    

 √   
                          

  

 
 

y= (    )
 

 ⁄                                            (  ) 

this is the general solution. 
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Now. If        we note that its satisfying the diff. eq.  

       ( )   ( )                        

      

is a solution to the diff. eq. but it's not belong to the general 

solution group, then     is a singular solution 

Exercises: 

1- Find the order, degree and linearity of the following 

differential equations. 

            

  (  )         

  √          

   ( )  √   

  (   )
 

 ⁄   (  (  ) )
 

 ⁄  

2-Prove that every equation in the list K is a solution of the 

differential eqs. in the list H , where A,B,C are constants. 

K H 

        

             

      (     )      

             

             

        (  )        
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{
      
      

  

 

 

    (  )            

3-Prove that all of the equations 

(i)                         (  )     

 (   )                                            

Are solutions of the diff. eq.        (   )          

4- Find the value of A (if it exist) that makes       a solution 

of the diff. eqs.  

 )                      )                  

5- What are the values of the constant C that make       a 

solution of the equation              

6- Find the general solution and the singular solution of the 

equation (  )     

1.5: Composition the Differential Equation from the General 

Solution  

In this subject we will discuss how to find the differential 

equation if we know the general solution. 

The method depends on the relationship of the number of 

arbitrary constants in the General solution group and the order 

of the differential equation, where the equation is derived by a 
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number of equal times for a number of constant as shown in the 

following examples. 

Example (7): Find the diff. eq. that the general solution is      

         
                 are arbitrary constants.  

Sol.:          
                                                  (  ) 

Driving (18) twice, to get  

           
                                                           (  ) 

              
   

  
                                              (  ) 

Sub. (20)  in (19), we get  

       
    

 
        

 

 
                               (  ) 

Sub. (20) and (21) in (18) 

   (   
 

 
    )   

   

  
   

      
 

 
      

 

 
      

      
 

 
                                                               (  ) 

And this is the required differential equation. 

Example (8): Find the diff. eq. that the general solution is    

        

Sol.                                                               (  ) 
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Driving (23), we get  

                           (  ) 

Sub. (24) in (23) we get  

            

                                                                (  )  

Note that (25) is the differential eq. 

Remark: There is another way to find the differential equation 

from the general solution group by using some linear algebra 

rules and finding the parameters of the arbitrary constants and 

making it equal to zero. 

Example (9) : Find the differential equation of Example (8) 

using the (determinant method) 

Sol.:                                        (  ) 

                                       (  ) 

|
      

       |                                       

  (     )  (   )                          

                      (    ) 

Then                                                         (  ) 

And this is the diff. eq. 
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Example (10): Find the diff. eq. that the general solution is  

         
 using the determinant method 

Sol.           
          

                 (  ) 

          
           

                 (  ) 

                                           (  ) 

The det. is  

|

     

       

       

|    

 |
      

      |   |
    

      |   |
    

      |    

 (            )  (          )    

                          

[                   ]      

      

 
           

  
      

 
                                   (  ) 

And this is the same result in Ex.7 eq.(22) 
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Exercises:                                            

1- Find the differential equation of the following curves where 

A, B and C are arbitrary constants.  

 )                                   )                

 )                               )         (    )  

2- Find the differential equation in which the general solution is 

the set of equations of the circles whose centers are located on 

the line     and the radius of each is equal to 1. 

3- Find the differential equation of the hyperbola             is 

an arbitrary constant. 

4- Find the differential equation for the set of all straight lines in 

the plane. 

5- Find the differential equation of the following parabolas  

     (   )  

6- Find the differential equation for the set of all circles that 

contact with y-axis in the origin point. 
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1.6: Existence and Uniqueness of the Solution of the 

differential equation. 

Consider the ordinary differential equation 
  

  
  (   ) with 

the initial value  (  )     where f is defined on the region 

  {(   ) |    |    |    |         } 

If   and 
  

  
 are continuous on   then the equation 

  

  
  (   ) 

has unique continuous solution    ( ) passes from the point 

(     ) for all          

(i.e.) 

{
 
 

 
 

 )                        
(     )                    

     

 )    
  

  
                   

(     )                             

  

 

Example (11): Is the solution of the equation                         

  

  
        ( )                                           (  ) 

Exist and unique at (1,3) ? 

Sol.:  

1)   
  

  
     then  (   )     
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Its clear that f is continuous at all     in xy- plane since 

 (   )   ( )     and 

   (   ) (   )  (   )     
(   ) (   )

    ( )     

   (   )     (   ) (   )  (   )  شرط الاستمرارية                    

 then the solution is exist at (1,3)  

2)  
  

  
   and its continuous too at all      in xy plane then the 

solution is unique  at (1,3) Integrating (33) to find the general 

Sol.  

  

  
                         (  ) 

and this is the general solution where c is an arbitrary constant. 

Sub. y(1)=3 in (34), we get y(1)=               

        is the solution passes from (1,3) and its clear that 

its unique. 

(     ) (   )   لكي تكون الغاية موجودة  :ملاحظة*  :يجب ان تحقق الاتي(   ) 

   (   ) (     )  (   )  

       
       

 (   )  

       
       

 (   )                                 
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 Its clear that solution        passes from the point (1,3) 

and it’s the only one. 

 

Example (12): consider   
  

  
    discuss the existence and 

uniqueness of solutions  

Sol.  

  
  

  
   

  

  
 

 

 
                                   (  )  

   (   )  
 

 
                                           (  ) 

1) Its clear that 
 

 
  is continuous at any point (   ) where     

So the solution is exist when     

2) 
  

  
 

 

 
  and its also continuous at any point (   ) where 
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So the solution is unique when     

Integrating eq. (35) 

  

  
 

 

 
 

  

 
 

  

 
              

           (  ) 

Eq. (37) is the general solution where c is an arbitrary constant. 

 

 

 

 

 

 

 

The figure shows that no solution has passes from the point (0,b) 

Remark: The point that does not satisfy the condition of 

existence and uniqueness is called the (singular point). 

Example (13): Does the following Initial value problem (IVP) 

have a unique solution? 

 
  

  
                     ( )  

 

 
                                  (  ) 
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Sol:       
  

  
         (   )                    (  ) 

(1) sub.  (  
 

 
) in (39) 

     (  
 

 
)       

 

 
    (   )             (  

 

 
)    

And 

   
(   ) (  

 
 
)
 (   )  

         
  

 
 
          

  
 
 
                    

 (   )  is continuous near (  
 

 
) 

(2) 
  

  
         

sub.  (  
 

 
),  we get  

  

  
    and its continuous near (  

 

 
). Then there is a unique 

solution at (  
 

 
)  

  

  
         

  

    
                     

   |         |                                                  (  )      

But   |         |    |
 

    
     |          
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  there is no solution passes from (  
 

 
) and exist in the general 

 solution group. (40) we must look for a solution in another way. 

  

  
                          (  

 

 
) 

Integrating both sides  

  ( )                                                                                        (  ) 

Sub. (  
 

 
)      ( )     

 

 
       sub. in (41) we get 

   ( )  
 

 
   and this is the unique solution passes through the 

point (  
 

 
)  

 Example (14) : Does the following (IVP)       
  

  
  √        

    (  )                                                                             (  ) 

Have a unique solution or not? 

Sol.     (   )   √         

It's clear that f is continuous near (-2,28)  اثبات الاستمرارية يترك للطالب 

  

  
 

 

 √   
  and it's continuous near (-2,28) also. 

Then the diff. eq. has a unique solution : 

 
  

  
  √      

  

√   
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   √    
  

 
                                                     (  ) 

Sub. (-2,28)  in (43), we get  

  √     
 

 
                   

  √    
  

 
       (

  

 
  )

 

              (  ) 

Eq. (44) is the unique solution that passes through (-2,28).  

 تتضمن شرطين كما سبق توضيحهاملاحظة:ان مبرهنة الوجود والوحدانية 

 فاذاتحقق الشرطان فالحل موجود ووحيد  -

واذاتحقق الشرط الاول فقط ولم يتحقق الشرط الثاني فالحل موجود ولكن ليس  -

 وحيد

واذا لم يتحقق الشرط الاول فالحل غير موجود ولا داعي لتبيان تحقق الشرط  -

 .الثاني لان الحل غير موجود اساسا

to  iscuss the existence and uniqueness of solutionsD  Exercises:

the following differential equations: 

1-                   ( )    

2-                          ( )    

3-   
 

 
 

 ⁄
                    ( )    

4-    
      

            
                    ( )    
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CHAPTER THREE 

Applications of first order and first degree differential 

equations 

--------------------------------------------------------------- 

The emergence and development of differential equations came from 

physical application and most of the laws of nature were derived and proven 

using differential equations, so in this chapter we will review some applications 

of the equation of first order and first degree in different sciences. 

ان ظهور المعادلات التفاضلية وتطويرها جاء من التطبيقات الفيزياوية كما ان معظم قوانين 

الطبيعة اشتقت وبرهنت باستخدام المعادلات التفاضلية, لذا في هذا الفصل سوف نستعرض بعض 

 التطبيقات للمعادلات التفاضلية من الرتبة الاولى والدرجة الاولى في علوم مختلفة

3.1: Geometrical applications       تطبيقات هندسية  

Some relationships related to curve such us slope, tangent parts and 

perpendicular are expressed using derivative. The relationship based on one of 

these quantities forms a differential equation and by solving it we get the 

equation of integration curves for that differential equation. In this section we 

will deal with such relationships. 

We know that the tangent slope (    to a given curve in any point (     on a 

function, let it be        then 

  

  
        

By solving this differential equation, we get the required equation. 

يعبر عن بعض العلاقات التي تتعلق بمنحنى ما, مثل الميل واجزاء المماس والعمود باستخدام         

معادلة المشتقات فالعلاقة التي تقوم على احدى هذه الكميات تؤلف معادلة تفاضلية وبحلها نحصل على 

 مثل هذه العلاقات.نتعامل مع منحنيات التكامل لتلك المعادلة التفاضلية, في هذه الفقرة سوف 

       واقعة عليه هو دالة ولتكن        لمنحنٍ ما لأي نقطة    من المعلوم لدينا ان ميل المماس

 وعليه :

  

  
        

 ادلة المطلوبةنحصل على المع ةوبحل هذه المعادل
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Example 1: 

              Find the equation of the curve that passes through the point (3,4) and 

its slope at any point       on it is equal to   
   

   
  

Solution: 

  

  
  

   

   
        ………… (1)       Where        

  

  
 

  
  

   
 

  

   
   …….. (2)    Integrating both sides 

    |   |    |   |       ………….  (3) 

                  …………… (4) 

Sub. (3,4) in eq. (4), we get 

                                      Sub. In (4) 

                …………… (5) 

Eq. (5) is the required equation. 

 

Example 2:  

     Find the function that equal to its derivative and satisfied with the point (1,3) 

Solution: 

             Let the function equal   , then 

  
  

  
          ……..…………. (1) 

  

 
                  Integrating both sides, we get 

                 …………………. (2) 

       

                               Where                    …………………. (3) 

Sub. The point (1,3) in eq. (3), we get 

                        
 

 
                 Sub. In eq. (3)  
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                                            …………………… (4) 

Eq. (4) is the required eq. 

 

3.1.1: Orthogonal Trajectories       المسارات المتعامدة  

 When all the curves of one family of curves             intersect 

orthogonally all the curves another family            , then the families are 

said to be orthogonal trajectories i.e.      
  

  
  

EX.: (a) - The family    
 

 
     and         are orthogonal 

trajectories. 

        (b) - The families      
  and           are orthogonal trajectories. 

        (c) - The families       through the origin of the family          

of concentric circles are orthogonal trajectories. 

( Prove  the above cases) 

 

 

 

 

 

 

 

 

Remark: ●There is a solution depended on the slopes on two orthogonal 

trajectories at the point of intersection. 

 ● If            is the slope of            at       , then the 

slope of orthogonal trajectories is     
 

      
 at the same point. 
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Example 3: 

   Find the orthogonal trajectories of concentric circles)دوائر متحدة المراكز( at the 

origin          

Solution: 

             
  

  
            

  

  
   

         
  

  
                 

  

  
  

 

 
 

            
 

  
 لايجاد المسارات المتعامدة     

            
 

 
               

  

  
 

 

 
                            

 تمثل المسارات المتعامدة                      
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Example 4: 

    Find the orthogonal trajectories of         . 

Solution: 

  

 
                     

        

  
   

                             
 

  
                    

  

  
 

 

  
    

        
 

 
  ⁄

                     
   

 
 المتعامدة                  

      
  

  
 

   

 
                          

 
 

 
 قطوع ناقص                                         

Where           
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3.1.2: The polar coordinate      الاحداثيات القطبية  

To find the orthogonal trajectories to the curves            

I) Form its diff. eq. in the form  (    
  

  
)        by eliminating c  

II) Replacing in this diff. eq. 
  

  
            

  
 

  

Remark:      
 

  
                  

  

  
                         

  

  
 

  

Example 5:  

       Find the orthogonal trajectory of           , where   is a constant 

Solution: 

                                                ------------- (1) 

    Derive both sides of eq. (1) w.r.t.   

  
  

  
                                           ------------ (2)   

Put           

  
        instead of  

  

  
  

         
  

  
                                       

              
  

  
 

      

 
                                                  

          
  

  
                        

          
  

 
 

  

    
                       ----------------- (3) 

Integrating both sides , we get: 

  

        | |  ∫
    

    
     | | 

            | |    |    |    | | 

                                  ----------------- (4) 

      Eq.(4) is the orthogonal trajectory of              
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Example 6:  

             Find the orthogonal trajectory of               . 

Solution:                                            ----------------------------- (1) 

Derive eq. (1) w.r.t.   

                        
  

  
                         ---------------------------- (2) 

                   (       ) 

                      
  

  
  

 

 
 
       

 
           

  

  
  

 

 
  

       

  
 

                     
  

  
  

 

 
                                                      

                       
  

  
       

 فان                      المعادلة التفاضلية للمسارات المتعامدة تكون
  

  
      بدل من  

  
 بوضع 

                           

  
       

                             

 وهذه تمثل مجموعة المنحنيات التي تتقاطع على التعامد مع مجموعة المنحنيات المعطاة                     

 

Exercises: 

Find the orthogonal trajectory of  

1-          

2-         

3-      

4-             

5-             
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3.2: Growth and Decay of population                                   نمو واضمحلال السكان 

The initial-value problem:  
  

  
                         

 Where k is constant of proportionality occurs in many physical theories 

involving either growth or decay: 

 

For example: in biology it is often observed that the rate at which certain 

bacteria grow is proportional to the number of bacteria present at any time t: 

 Then if      is the size of bacteria at t  , then we can write: 

     

  
                           …………………. (1) 

Where k a positive constant and the sol. , then 

 
     

    
                                 

        
      ………………. (2) 

Where       

Example (1): 

 If the rate of growth is proportional to the number of bacteria present if 

this number at some times is (10)
6
 bacteria and after one hour be 

 

 
      

bacteria. Find the number of bacteria after four hours. 

Solution: Let      is the number of bacteria, then : 

  
     

  
       

     

    
                 

                      
                                               

 

 
      

 

 
                                     

 

 
                          (

 

 
) 

                            
 ⁄                                  ⁄    

                (  ⁄ )

 

                Bacteria 
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Example (2): Cane sugar dissolved in water, under certain conditions, turns 

into dextrose at a rate proportional to the unconverted quantity at each moment. 

If the amount of cane sugar dissolved at the beginning (t=0) was 75 grams, and 

8 grams were transformed after 30 minutes. How much cane sugar turn into 

after 90 minutes? 

يتحول سكر القصب المذاب في الماء تحت شروط معينة الى سكرعنب بمعدل يتناسب مع الكمية غير 

غراما  57( هي    ل لحظة. فاذا كانت كمية قصب السكر المذابة في البداية عندما )   المحولة في ك

 دقيقة؟  03دقيقة . كم يتحول من سكر القصب بعد مرور  03غرامات بعد  8وتحول منها 

Solution: 

Let the amount of cane sugar equal  p , and the dextrose equal Ɖ, 

When                          , we get: 

       
     

  
        

     

    
      

                      

                    
           

                 
            

                  

         
    

  

  
 

   
 

                

   
  

  
  

⁄

        

    When t=90           

     
  

  
  

⁄

        

               
  

  
  =53.468      gr 

Ɖ=75- p (90)=75-53.5= 21.5 gr  السكر المتحول 

Exercises: 

1- If the population of a city doubles in 50 years, in how many years will the 

population become three times the original number, if you know that the 

rate of population increase is proportional to the number of population. 
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2- A herd of buffaloes has 1000 buffaloes in it, and the population is 

growing exponentially. At time t=4 it has 2000 buffaloes. Write a formula 

for the number of buffaloes at arbitrary time t. 

3- A herd of elephants is growing exponentially. At time t=2 it has 1000 

elephants in it, and at time t=4 it has 2000 elephants. Write a formula for 

the number of elephants at arbitrary time t. 

4- A colony of bacteria is growing exponentially. At time t=0 it has 10 

bacteria in it, and at time t=4 it has 2000.  At what time will it 

have100,000  bacteria? 

5- A colony of ants is growing exponentially. At time t=0 it has 1000 ants in 

it, and at time t=3 it has 3000.  At what time will it have10,000  ants? 

 

 

3.2: Cooling problem       مسائل التبريد 

 Physical information: Experiment show that the time rate of charge 

      of the temperature T of a body is proportional to the difference between 

T and    (the temperature of the surrounding medium). This is called Newton's 

low of cooling. 

  

للحرارة )تبريد/تسخين(, درجة حرارة الجسم تتغير كنسبة بين التغير في  وفقا لقانون نيوتن 

 .المسماة )درجة الحرارة المحيطة( مدرجة حرارة الجسم نفسه ودرجة حرارة الوسط المحيط بالجس

درجة الحرارة المحيطة ,    ,  tتمثل درجة حرارة الجسم عند زمن       لتكن  
  

  
التغير في درجة  

 الترجمة الرياضية لقانون نيوتن للتبريد والتسخين سيكون:ف عليهو, tحرارة الجسم بالنسبة لزمن 

 

        
  

  
k يمثل ثابت التناسب            حيث    

     or             

        لحل هذه المعادلة التفاضلية من الرتبة الاولى نحصل على

      
  

    
                                     |    |        

                                

 

 



Applications of first order and first degree differential equations 

 

ASMAA ABD & MAY MOHAMMED Page 02 
 

Example (1): 

Suppose that you turn off the heat in your home at night 2 hours before 

you go to bed, call this time    , if the temp. T at     is        and at time 

you go to bed (   ) has dropped to      , what temp. can you expect in the 

morning, say 8 hours later (    )? (of course, this process of cooling off will 

depend on the outside temp.    which we assume to be constant at      ). 

وكانت     نفرض انك اطفات التدفئة في غرفتك قبل الخلود للنوم بساعتين اي عند زمن 

اصبحت   (   )هي )اي قبل النوم بساعتين( ثم بعد ساعتين    عند        رجة الحرارة د

ساعات من النوم  8ما هي درجة الحرارة المتوقعة عند الصباح اي بعد        درجة الحرارة للغرفة 

        (     علما ان درجة الحرارة في الخارج )خارج الغرفة(  (    )

Solution: 

                                                        

                                              

                                                                     

             

                                         

    
     

  
                                      

                                                                           

                                      

                                         

Example (2): 

Suppose we know that the temperature of an object is 95 , that the ambient 

temperature is 20 , and that exactly 20 minutes after the object began to cool 

its temperature was 70   Write a formula for the temperature at arbitrary time t. 

 03. بعد  03℃, وان درجة حرارة المحيط هي    95ما وهي  نعلم درجة حرارة جسم فرض انناعلى 

حرارة تمثل درجة . اكتب صيغة  53℃دقيقة بالضبط من ابتداء الجسم بالبرودة اصبحت درجة حرارته 

 . tلأي  وقت الجسم 

Solution: 
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                     --------------(1) 

                  

When t=0 , we get: 

                        

Sub. in eq. (1) 

                  ------------------(2) 

When t=20 , we get: 

                    

                           
 

 
      

    
 

  
    

 

 
 ≈ -0.02027 

           
 

  
    

 

 
 
    ------------(3) 

Eq.(3) is the required equation 

Exercises: 

1. Suppose we know that the temperature of an object is 95 , that the 

ambient temperature is 20 , and that exactly 20 minutes after the object 

began to cool its temperature was 70    
a) Determine the object’s temperature 45 minutes after cooling began. 

b) Determine the number of minutes, after cooling began, until the object 

reaches a temperature of 35 . 

2. If the rate of decrease in the temperature of a hot object is proportional to 

the increase in the temperature of the object over the ambient 

temperature. (i.e.) 

  

   
          

        Where T is the object temperature ,    is the ambient temperature and   is 

the constant of proportionality. Prove that the temperature of the object 

after t time is : 

                 

Where    is the initial temperature of the object. 
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Solution of The Differential Equations of The First Order 

and Higher Degree 

   The general form of the differential equation of the first order and 

the degree n is: 

     (   )           (   )    (   )           ( ) 

Where n=2,3,4,…    and   
  

  
 

The differential equations of this type are divided into three cases: 

4.1: Equation solvable for p 

4.2: Equation solvable for y 

4.3: Equation solvable for x 

 Here we will discuss each of these three types with examples: 

4.1: Equation solvable for p: 

 In this type we can analyze the left side of equation (I), which is 

considered to be polynomial for p in the form of n linear factors, so 

we can write equation (I) as the form: 

(    )(    ) (    )                        (  ) 

Where             are functions of x and y, 

Then equivalent each factor of equation (II) by zero to obtain n of 

differential equations of order 1 and degree1 

ها من الرتبة تحليل المعادلة الى حاصل ضرب عدد من العوامل جميعفي هذه الحالة نقوم ب  

 ثم ناخذ كل عامل على حدة الاولى والدرجة الاولى باستخدام طرق التحليل المعروفة 

ونكامل
  

  
  ونرجع   الى المشتقة

.ثم نضرب الحدود الناتجة فنحصل على الحل العامنكرر العملية نفسها لبقية الحدود     

Ex1:  Solve                 

Sol: (     )(     )                 ………………….           (1) 
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Integrating both sides, we get: 

  | |      | |       

  | |    | |                                ( ) 

Now take (     )         

        
  

  
    

  

 
 

   

 
 

Integrating both sides, we get: 

                                                              ( )  

From (2) and (3), we get: 

(       )(     )                                             ( ) 

And this is the general solution. 

Ex2: Solve the following equation                

Sol: rearrange the equation  

                                                                    (1) 

                 

 (   )(   )   (   )    

 (   )(     )                                                    ( ) 

Take the first factor, 

(   )         
  

  
          

Integrating both sides to get: 

  
  

 
     

  

 
                                                 ( ) 

Take the second factor,              
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    ∫       

Substitute in : 

    ∫                                                                       

                                                                                             

                

                                                                   ( )  

From (3)&(4), we get: 

(  
  

 
  ) (            )                          ( ) 

So eq. (5) is the general sol. 

4.2: Equation solvable for y 

 This type of equations can be written as: 

   (   )                                                                  (   ) 

Differentiating for x we get : 

 
  

  
 

  

  
 

  

  
 
  

  
  (    

  

  
) 

      (    
  

  
)                                                              (  ) 

And this equation is of the first order and the first degree to solve 

it, we analyze the equation into a several factors, one of which 

contains 
  

  
 and we get from it the general solution Ø(     )                

 the rest contains p and we get from it the singular solution. 

Ex3: Solve              

Sol: rearrange the equation 



Chapter 4: Solution of The Differential Equations of The First Order and Higher Degree 
 

  

ASMAA ABD                      AND          MAY MOHAMMED 5 

 

     
 

 
                                                                            (1) 

Differentiating both sides: 

  
  

  
  

   
  

  

    
  

  
                                                       ( ) 

    
 

 
 

  

   
  

  
  

  

  
    

 [     
 

 
 

  

   
  

  
  

  

  
   ]           

            

  
   

  

  
   

  (    )   
  

  
(    )    

 (    )(   
  

  
)                                                            ( ) 

Either (   
  

  
)             

  

 
 

  

 
              

                                                                                                     ( ) 

Substituting (4)in the original equation, we get: 

               

    
   

 
 

 

  
                                                                                       ( ) 

Equation (5) is the general solution 

Or                    √                                        (6) 

Sub. In the original equation, we get: 

   √          

   √                                                                                     ( ) 

We note that equation (7) does not contain arbitrary constants, so it 

does not represent a general solution , but rather a singular solution.  

 حلا منفرداتيارية وعليه هي لا تمثل حلا عاما وانما تمثل لا تحوي ثوابت اخ ( المعادلة )نلاحظ ان 
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Ex4: Solve                                                              (1) 

Sol: Dividing on   we get: 

              16
  

   

       Deriving for   we get: 

       
  

  
    

  

  
   

 

     
  

  

  

  
            

     [       
  

  
   

 

     
  

  

  

  
  ˟  [          

                   

  
       

  
   

       (      )   (      )
  

  
   

      (      ) (   
  

  
)    

     Either (   
  

  
)       

  

  
 

  

 
 

  

 
  

                                                                                                      ( ) 

Substituting eq. (2) in (1) we get: 

16                                                                         (3) 

Equation (3) is the general solution, 

or                    √     
 

                   (4) 

Substituting eq. (4) in (1) we get: 

 16    (   )
 
          

   
     

 (   )
 
 

 

   
    

 
 

√ 
                                                                                     (5) 

And this is the singular solution. 
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In this type (equation solvable for y) we have two special cases, 

4.2.1.          s equation 

4.2.2.          s equation 

And we will discuss them in the following: 

4.2.1.                    :      عادلة كليروت                                              م

 It is a differential equation of the form: 

      ( )                                                                  ( ) 

we can solve it by differentiating it for x. 

 
  

  
    

  

  
   ( )

  

  
  

      
  

  
   ( )

  

   
  

  
  

  
   ( )

  

   
    

 (    ( ))
  

   
   

Either 
  

   
                        ( )         

      ( )                                                                          (  )    

And this is the general solution. 

Or (    ( ))      ( )        

Taking (  )  for both sides to get: 

   (  )  (  )   

Sub. In (V), we get: 

    (  )  (  )    (  )  (  )                          …………….(VII) 

And this is the singular solution. 

Ex1: Solve             

Sol:                                                                         (1) 
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Deriving eq. (1): 

 
  

  
    

  

  
      

  

  
                                                    ( ) 

     
  

  
      

  

  
                                             

  
  

  
      

  

  
   (      )  

  

  
   

Either (      )                    

Sub. in (1), we get: 

             (      )                                                    ( ) 

And this is the singular sol. 

Or 
  

  
       

Sub. in (1), we get: 

                                                                        ……………(3) 

And this is the general sol. 

Ex 2: Find the general solution of       √     

Sol:      √                                                                      (1) 

Deriving for  , we get: 

 
  

  
    

  

  
 

 

 √    
(  

  

  
)  

     
  

  
 

 

√    
( 

  

  
)  

 
  

  
 

 

√    
( 

  

  
)=0  

(  
 

√    
 )

  

  
=0 

To get the general sol., we take
  

  
=0     
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Sub. in (1), we get: 

     √                                                                       ( ) 

Eq. (2) represent the general sol.  

عادلة لاكرانج                                     م                            

It is a differential equation of the form: 

    ( )   ( )           ( )         
  

  
                         (    ) 

To find the general solution , we differentiate equation (VIII): 

 
  

  
  ( )     ( )

  

  
   ( )

  

  
  

   ( )     ( )
  

  
   ( )

  

  
  

    ( )  (   ( )    ( ))
  

  
  

 (   ( )    ( ))
  

  
    ( )  

 
  

  
 

  ( )

   ( )
  

  ( )

   ( )
 

Where   ( )  
 ( ( ))

  
      ( )  

 ( ( ))

  
 ,  

This equation is a linear differential equation of order 1 with two 

variables x , p. and I= 
∫ 

  ( )

   ( )
  

 , Q=
  ( )

   ( )
 

Ex1: find the general solution of the differential equation  

                                                                           ………  (1) 

Sol:  Equation (1) in Lagrange form where  ( )        ( )    , 

deriving both sides: 
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      (      )
  

  
  

    (      )
  

  
  

 
  

  
 

(      )

  
      

  

  
 

  

 
           (                        ) 

I= 
∫

 

 
  

=   , Q(p)=-3p 

Hence, we get: 

     ∫(   )        

    
  

 
                                                                      ( ) 

  pم نستخدم اكمال المربع لايجاد قيمة ( ث2)نرتب المعادلة 

     
 

 
    

 

 
      

     
 

 
    

 

 
   

 

 
   

 

 
                                               

(   
 

 
 )  

 

 
   

 

 
    نجذرالطرفين                                                        

    √
 

 
   

 

 
     

 

 
   

   ( √
 

 
   

 

 
     

 

 
 )

 

                                         …………  (3) 

Sub. (3) in (1), we get: 

     ( √
 

 
   

 

 
     

 

 
 )

 

  ( √
 

 
   

 

 
     

 

 
 )

 

  ……..(4)  

And this is the general solution. 

 4.3: Equation solvable for x 

    This equation can be written as  
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   (   )                                                                                  (  )  

Deriving for y, we get: 

  

  
 

  

  
 

  

  

  

  
  (    

  

  
)            

 

 
   (    

  

  
)                                                          …………….. (X)   

Eq. (X) is a diff. eq. of order 1 and degree 1 whose solution is : 

 (     )                                                                               (  )   

From eqs. (IX) &(XI) we get the general solution. 

عن طريق تعويض احداهما نحصل على الحل العام     (XI)& (IX)   نمن المعادلتي

 pوحذف المتغير  بالاخرى

Ex1: Solve                                                      ( ) 

Sol: Rearrange equation(1) as: 

    
  

 
  

 

 
                                                                ………….(2) 

Deriving for y, we get: 

  
  

  
 

   
  

  
   

    
   

  

  

     

   
 

 
 

  

 
 
  

  
 

  

   
 

 
 

  

   
  

  
                         

          
  

  
              

  
 

           (      )
  

  
      

  (      )    (      )
  

  
    

 (    
  

  
)(      )    

Taking the first term (    
  

  
)    
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Integrating both sides, we get: 

                               

           √                                                      ( )   

Sub (3) in (2): 

    
  

 
  

 

√  
    

      
 

√  
   (    )  

   

 
   

                                    
 (    ) 

  
                                               ( ) 

Eq. (4)is the general sol. 

Now taking the second term (      )   , we get: 

           √    
 

Sub in eq. (2) 

   
(   )  ⁄

 
  

 

√                                                                      ( ) 

And this is the singular solution. 

Ex 2: Solve the following diff. eq. 

                                                                                           (1) 

Sol: Dividing on    

           
  

 
 

 

                                                                                 (2) 

Deriving for y 

 
  

  
 

 

 
        

  
 6     

  
    

[ 
 

 
 

 

 
 (       6   )

  

  
                 ]              

        (6     )
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    (6     )
  

  
             

      6            

[              6     ]              

 
          

   
  

            

  (
 

  )  
  

     

Integrating both sides: 

 
 

          

                                                                                ( ) 

Sub. In eq. (1) 

      (        )      

          1                                                                   ( ) 

 ( كل لذا سنستفيد من معادلة )صعب جدا بهذا الش pهنا ايجاد 

From eq. (3): 

          

Sub. In (4): 

                                              بالدستور                                                   

   
  √     

 
 

Sub. In (3), we get: 

   
  

  √     
  (

  √     

 
)                                               (5) 

Eq. (5) represent the general sol. 
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∎Question: Can you solve example (2) using the second case? Is 

the result you will get equal to the output you have? 

Exercises: 

Solve the following equations: 

1.       6     

2.     (  1    )   (  1)    

3.   (1    )  1 

4.      √     

5.                 

6.      6    

7.        1      

8.               

9.            

10.              

11.            

12. Find the general solution of:  

a. (    )     (    )     

b.       (    )     

Hint: derive for x 

13.         

14.         

15.         | |       

16.             

17.           | | 
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Section 5.1: Linear Differential equations of order n 

 Definition (5.1.1): The general form of linear differential equation (LDE) 

of order n is: 

  ( )
   

   
   ( )

     

     
       ( )

  

  
   ( )   ( )           ( ) 

Where   ( )    

∎If all the coefficients             are constants then eq.(1) is called linear equation 

with constant coefficients. 

∎but if at least one of the coefficients is a function of x then eq.(1) is called linear 

equation with variable coefficients. 

∎In eq.(1); If  f(x)=0 then eq.(1) becomes homogeneous equation and has the form 

  ( )
   

   
   ( )

     

     
       ( )

  

  
   ( )                  ( ) 

   f(x)=0متجانسة لان ( معادلة تفاضلية خطية 2المعادلة )

  f(x)≠0( تسمى معادلة تفاضلية غير متجانسة عندما 1)وعليه المعادلة 

Example: The following equations are LDE with constant coefficients 

 ذات معاملات ثابتة معادلات تفاضلية خطية المعادلات الاتية هي 

1)             

2)            

3)                 

4) 
   

   
 

   

   
 

  

  
متجانسة 4لاحظ ان المعادلة ن                                      

 

Theorem5.1.1: If the functions            are solutions of the homo. eq. (2) and 

           are constants, then   

                                                                                      ( ) 

Is a solution of eq. (2) also. 

Definition (5.1.2): The functions                are called (linear dependent) on the 

set I if we found numbers (          ) are not all equal to zero where 

                                                                         ( ) 
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And they are called (linear independent) on the set I if we found numbers (          

) that all equal to zero (i.e.) 

              where : 

                               

linear dependent   معتمدة خطيا 

linear independent مستقلة خطيا      

 

Section 5.2: The Wronskian Determinant    كي                    سمحدد رون

The Wronskian determinant of differentiable functions               on the interval I 

is: 

   (         )  

|

|

                                 

  
    

       
 
                 

 

   
    

                        
 

 
 
 

  
(   )

   
(   )

      
(   )

|

|

             …………(5) 

 

Theorem 5.2.1: If the functions               are solutions of the homogeneous 

equation (2) then if: 

∎    (         )    then              are linearly dependent solutions 

And if 

∎    (         )    then              are linearly independent solutions 

Ex1:  Prove that the functions               are linearly dependent on the interval   (-

   ). 

Sol:   (          )  |
                      

                  

                      
| 

             |
       

      |     |
      

     |     |
     

     | 

             (   )     (   )     ( ) 
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Then              are linearly dependent. 

Ex2: Prove that             are two linearly independent solutions of the diff. eq. 

                     

Sol:  

          Let          ,          then 

                     ,            and 

                      ,            

So 

                 

1-                      

2-                      

 لية الان نتاكد هل ان الحلول مرتبطة ام مستقلة خطيا؟كلاهما حل للمعادلة التفاض

  (         )  |
        
         

|                

So the two solutions are linearly independent. 

 

Ex3: Show whether the functions            are linearly dependent or linearly 

independent. 

Sol: 

|        

               |     (         )      (      ) 

                                       

                      

 the functions            are linearly independent 

H.W1: Show whether the functions                 are linearly dependent or 

linearly independent. 

H.W2: prove that                           are sol. of diff. eq. 

   

   
   

  

  
 (     )    

Then show that the solutions are linearly independent 
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H.W3: Show whether the functions             are linearly dependent or linearly 

independent. 

 

Section 5.3: The Differential Operator (D)                         Dالمؤثر التفاضلي 

            Let   denote differentiation with respect to   that is 

   
  

  
     

   

  
  and so on , that is, for positive integer k 

     
   

   
           

 ان هذه الدوال التفاضلية لاتعني شيئا الا اذا اثرت على دالة ما للمتغير المستقللاحظ 

For example,  (     )          

                     (       )           

 

The expression: F( )     
     

                 ………(6) 

Is called a differential operator of order  . 

It may be defined as that operator which, when applied to any function  , yields the 

result: 

  ( )  (   
     

              )  

               
   

   
   

     

     
       

  

  
             ………………….(7) 

Where                 are  ( constant or variable) coefficients 

Properties of the operator D:                                            D خواص المؤثر      

                 

1. Commutative Property                                                              الخاصية الابدالية 

     If the operators of the linear differential equation have constant coefficients, 

then the operators are commutative. But if some of them are variables then the 

operators are not commutative.   

اما  عليها، ابداليةفان علاقة الضرب تكون  ثابتة لمعادلات التفاضلية الخطية ذات معاملات ل اذا كانت المؤثرات 

 .ابدالية مؤثرات تكون غيرعلى ال فأن العلاقةاذا كانت بعض المعاملات دوالا 

 Ex1: Let y be any function,                               

                      . 
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Sol:    (    )   
  

  
   

Then   (  )  (   ) ( 
  

  
  )  (

 

  
  ) ( 

  

  
  ) 

                                                              
   

   
 

  

  
  

  

  
 

                                                              
   

   
  

  

  
     

                                                             (        )   

  

    Now to find     

          (   )  
  

  
     

    (  )   (    ) (
  

  
   ) 

                    ( 
 

  
  ) (

  

  
   ) 

                    
    

   
  

  

  
 

  

  
      

                    
   

   
  

  

  
    

                    (        )  

Hence                ( the operators are commutative). 

Ex .2: Let                 , Is G Hy=H Gy , show this. 

 Sol.:  (  )  (    )(   )  (    ) (
  

  
  ) 

                                                           
   

   
  

  

  
 

  

  
    

                                     
   

   
 (  )

  

  
    

So                                                    (   )      

On other hand 

          (  )  (   )(    )  (   )( 
  

  
   ) 

                                                         = 
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 (   )

  

  
    

Then            (   )      

                     ( the operators are not commutative).      

 

  )     ( )     ( )     ( )     ( ) 

  )                  

(   )         ( )        ( )       ( ) 

   )          ( )     ( )      ( )      ( ) 
Where  ( )  ( )differential function and       are constant. 
 

Theorems about the operator D: 

Theorem 5.3.1: if    is a number then     ( )     ( )      ……(8) 

Proof: 

                                               

         ( )    (      
              )    

                          (      
              )     

                           ( )    

 Example1: find (       )    

Sol. :           

               ( )           

                     ( )              

                  (       )     ( )          

Theorem 5.3.2: If   is a differentiable function and   is a number then   

                          ( ) {    }      (   )                           ……… (9) 

Proof:  

          {    }                 (   )  

Also   {    }   {   (   ) }     {(   )(   ) } 

                                                              (   )   
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 Continuing in the same way, we get: 

      {    }     (   )   

   ( ){    }      (   )  

 

Example2: Find (       ){    } 

Sol.:           

         ( )          

   (   )   (   ) 

  (   )   (   )    

                         

 (       ){    }     (    )   

 

Theorem 5.3.3: if it is   number then 

a-  (  )        (   )                                               ………….(10) 

b-  (  )        (   )                                              ………….(11) 

 

Proof: 

   (  )       (       
 (   )         

    )            …... (12) 

We will start with derivatives sequentially: 

   (     )          

    (     )                                                                        …….. (13) 

  (     )  (  )        (   )                                     ….….. (14) 

  (     )  (  )        (   )                                    ……… (15) 

And so on,  

substituting  equations (13),(14), (15) in (12)   we get: 

 (  )        (   )    (   )          (   )           

                         (   )       

And by the same away we prove,  (  )       (   )       



Chapter 5 

 

ASMAA ABD & MAY MOHAMMED Page 9 
 

Remark: 

1)  (     )         

2)   (     )            (   )                    

3)   (     )            (  )                   

And so on . 

Example3: Find  

a- (        )       

b- (      )       

Sol.: a 

       (  )           

   (   )  {(   )  (   )   }            

        (        )              

------------------------------------------------------ 

Sol.: b 

(      )       {(   )   (   )}       

 {    }               

------------------------------------------------------------------------------------- 

Example4: Prove  (   )(    )       (    )(   )       

      (   )                 

 (   )                 

                                

                              

 الاتجاه الثاني واجب بيتي                                                                                     

H.W 

1- Is (   )(    )  (    )(   )  

2- Is (   )(    )   (    )(   )   

3- Find (    )     

4- Find (        )       

5- Find (      )(         ) 
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Section 5.4: Solution the linear differential equation by reduce 

order to the first order 

 حل المعادلة التفاضلية الخطية بتخفيض رتبتها الى الرتبة الاولى

  

 لصيغة العامة لهذه الطريقة سوف نعطي بعض الامثلة التوضيحيةقبل اعطاء ا 

Example 1: Solve the eq.                     

 سوف نتبع الخطوات الاتية 

Sol: (       )                              نكتب المعادلة بدلالة المؤثر  -1   ونحللها  

نفرض فرضية -2    (   )                                  (   )(   )  

                            (   )             نعوض هذي الفرضية في المعادلة السابقة -3            

  →   (   )        

 
  

  
                ( linear eq.) 

      ∫               integral factor 

        ∫             

                     

                            

 (   )      (   )            
    

              

        ∫     (           )      

         (     
  

 
       )     

       
  

 
       

         The  general sol.  where       are arbitrary constants. 

Example2: Solve                            

Sol: 

          (          )    
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                 is the root of equation  

 ( سوف تصفر المعادلة بحيث يحقق المعادلة                                                     -(1اي اذا نعوض

      (   )    

 (   )(      )     

(   )(   )(   )                   …………………………….    (*) 

Let   (   )(   )                        …………………………….. (**) 

 sub. in (*) 

 (   )    

 
  

  
     

 ∫
  

 
 ∫   ∫               

                                              

                                                                 

                                                          ……………………….. (***) 

Sub.(**) in (***), we get: 

(   )(   )        

Let    (   )  

 (   )                

     
   

  
                 linear 

I=    

        ∫                  

                                                                    

        ∫         (      
 

 
      ) 
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 في الفرضية  u1نعوض عن قيمة 

 (   )     
       

   
  

  
       

       
   

   
   

 
     

   

 
       

   

                 
     the general sol. where K, B,    are arb. const. 

Example3: Solve  (   )       

Sol.:         (   )(   )(   )     

Let    (   )(   )  

  (   )       

 
   

  
                          Integration factor 

       ∫             

        [       
 

 
       ]       

       
 

 
    

    

(   )(   )     
 

 
    

    

Let    (   )  

 (   )      
 

 
    

    

       

        ∫         ∫ 
 

 
     ∫     

        
 

 
     

 

 
     

 

 
           

    
 

 
 

 

 
 

 

 
           

   

    
 

 
 

 

 
           

   

 (   )  
 

 
 

 

 
           

   

 وبنفس الاسلوب نحصل على
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 (  

  

 
       ) 

 الحل العام       

 

The general rule of (5-4) 

We can find a general solution for linear diff. eq. with fixed coefficients  

   

   
   

     

     
       

  

  
      ( ) 

Where we first write the differential equation with the effect of D 

(      
              )   ( ) 

 ثم نكتب الجزء الايسر بدلالة عوامل التاثير

(    )(    ) (    )   ( )      …………………………………(16) 

Let    (    )(    ) (    )        …………………………….....(17) 

 في المعادلة السابقة u1نعوض قيمة 

 (    )    ( )     linear equation 

The general solution of the above equation is  

    
     ∫       ( )     

       ∫      ( )         

 (n-1لنحصل على معادلة خطية من الرتبة ) نعوض في الفرضية

(    )(    ) (    )       ∫      ( )         

 (    )       ∫ كاملالت                                  ( )        عامل 

    
     ∫          ∫       ( )(  )  

        ∫ (     )  ∫        ( )(  )      

لمعاملات الثابتةونستمر بهذا الاسلوب حيث سيكون الحل العام للمعادلة التفاضلية الخطية ذات ا  

      ∫ (       )  ∫  (         ) ∫ (         )  ∫      ( )(  )  …(18) 

 تحسب التكاملات بصورة متتالية

We will re-solve the previous examples using the general rule 
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Example 4: Solve the eq.                     (the same ex.1) 

Sol.:            ( )         and 

             ∫  (     )  ∫       ( )(  )  

           ∫      ∫   (     )      

           ∫      ∫           

          ∫       (        )   

         ∫(          
   )     

         (     
  

  
       ) 

           
  

  
       

   the general sol. 

Example5: Solve  (   )        (the same Ex.3) 

Sol.:            

       ∫  (     )  ∫  (     )  ∫       ( )(  )  

      ∫∫∫     (  )            

      ∫∫(       
 

 
       )       

      ∫(
 

 
      

 

 
     

 

 
           )   

      ∫(
 

 
      

 

 
           )   

      (
  

 
      

 

 
     

 

 
     

  

 
         ) 

   
  

 
  

 

 
 (

  

 
         ) 

   the general solution 

 

Exercises :  Solve the following equations 

  1-(    )                              

 2-               

 3-(       )           

 4- (    )    
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Section 5.5: Solution of homogenous linear diff. eq. with higher order and 

constant coefficient ( the characteristic equation) 

   

      
     

            
  

  
                      ……..……(19) 

Where             are constants 

Or (      
              )    

We can write this eq. by diff. operator as a form 

ة المؤثرمعادلة بدلال  

 ( )  (    )(    ) (    )                ……………(20) 

And the following equation is called the (Auxiliary equation) 

 ( )  (    )(    ) (    )           

As for the equation 

      
       

                               ………(21) 

Is called (characteristic equation) المعادلة المميزة 

 المعادلة المميزة اولاالمعادلات نبدا بدراسة حل  لحل هذا النوع من

There are three cases of the roots of characteristic eq. 

The first case 1: Different Real Roots 

If the roots of the characteristic eq.(21) are different and real ,  let           are two 

roots of an equation of order 2 and                 

         

مختلفين وحقيقيين ةيكون جذرا المعادلة المميز  

we note that the solution which called( the complementary function   ) is: 

       
       

    

In general, for n roots (          ) the complementary function    is: 

       
       

                                                     (  ) 

Where            are an arbitrary constants. 

Example1: Find the general sol(the complementary solution)of the eq. 
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Sol.:  

(       )      

      the Ch. Eq. isلة المعادلة المساعدة  نكتب بدلا

            

 (   )(   )                                different roots  

  the general sol. is  

            
       

       )الحل المتمم(              الحل العام   

Where        are two arbitrary constants 

Example 2 : Solve                    

Sol.:  
 (           )    

The Ch. Eq. is 

               

(   )(   )(   )    

     ↓            ↓            ↓ 

                    ( three different real roots) 

The general sol. is : 

     
      

       
       where             are an arbitrary constants. 

 

The second case 2: Equal Real Roots 

If the roots of the characteristic eq.(21) are equal and real suppose that  , if       are 

the roots of eq. of order 2 and                      then 

the complementary function    is: 

         
            

Or      (      )                    

Where         are an arbitrary constant 

In general, for n roots (          ) the complementary function    is: 

     (               )                                       (  ) 
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Where             are an arbitrary constants. 

Example3: Find the general solution of  the eq. 

                                

Sol.: (       )      

       The Ch. Eq. is: 

                                     (   )    

 جذران حقيقيان ومكرران            

The general sol. is: 

     (      )    

Where         are an arbitrary constant 

Example4: Find the general solution of  the eq 

                   (           )    

Sol.: The Ch. Eq. is: 

                              

(   )(   )(   )    

 (   ) (   )     

      ↓                  ↓ 

        ,       

 جذران حقيقيان مكرران وجذر مختلف

The general solution is: 

   (      )      
   

Where           are an arbitrary constants. 

The third case : Complex roots 

If the roots of the characteristic eq. is complex numbers, suppose           are 

complex numbers then  

If was                                 

The solution of the diff. eq. of the first case is  
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(    )     

(    )     
           

         

    (   
       

    ) 

 

                        (           ) 

                   

         (            )    (            )  

                                                

             (     )        (     )        

                            

Where                                (     ), then 

                                                                 (  ) 

Example  5 : Find the general sol of the eq. 

                         

Sol.:  

 نكتب بدلالة المعادلة المساعدة        (       ) 

           

                      
   √    

 
       

  the general sol.                             

 

Example 6: Find the general sol of the eq. 

                               

Sol.: (    )                                                                                               

                                                               

The general sol. 
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              If the roots of the char. Eq. are complex numbers and equal, then the sol. is: 

𝒚  𝒆𝒂𝒙 (𝒄𝟏  𝒄𝟐𝒙  𝒄𝟑𝒙
𝟐    𝒄𝒌𝒙

𝒌 𝟏 𝒄𝒐𝒔𝒃𝒙  (𝒄𝒌 𝟏  𝒄𝒌 𝟐𝒙  𝒄𝒌 𝟑𝒙
𝟐  

  𝒄𝒏𝒙
𝒌 𝟏) 𝒔𝒊𝒏𝒃𝒙     ; n=2k                                                                  

…………………..(25) 

For example: 

 If n=6→                                 

Then the complementary solution is: 

       (          
 )       (          

 )       

Example7: Find the general sol of the eq. (   ) (   ) (   )    .                                                

Sol.:           (   ) (   ) (   )    

                    

           The general sol. is   

             (          
 )    (      )        

     

Example 8 : Solve the equation  (         )    

  Sol.:                          نكتب بدلالة المعادلة المميزة 

      (    )                                            

               (    )                           (complex roots) 

                  (      )      (      )       

Where               are arbitrary constant. 

Example 9: Solve the equation (            )                   

Sol.:                      بالتخمين                

 

                                                       

         (  )   (  )   (  )                   

                       

 تحل بالدستور

(   )(        )                                       
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   √      

  
 

 
   √         

   
 

 
  √   

 
      

                                                                                         

Then the general sol. is  

      
      

           
          

Where            are arbitrary constant. 

Example 10: Solve   
   

     
   

    
  

  
      

Sol.: The char. Eq. is 

                    

                  (  )   (  )  (  )      

  (   )(       )     

 (   )(   )(   )    

  جذور حقيقية مختلفة                              

The general sol. is: 

      
      

      
    

 Where            are arbitrary constant. 
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Section 5.6: The non-homogenous linear equation with constant 

coefficients 

اللامتجانسة ذات المعاملات الثابتةالمعادلة الخطية    

The general solution of the non-homogenous linear equation  

   

   
   

     

     
       

  

  
      ( )   

Is:     ( )    ( )                                                                ……………(26)  

Where                                                                                     

  ( ) is the complementary solution of  the eq.  ( )    

&  ( ) is the particular solution of the eq.   ( )   ( )    

We already found   ( ) and here we will find   ( )   

 ( )  الحل العام للمعادلة المتجانسة والذي نسميه بالدالة المتممة : هو متجانسة لاالحل العام للمعادلة ال

    ( )  مضافا اليه الحل الخاص للمعادلة اللامتجانسة والذي يسمى بالتكامل الخاص 

ويبقى       ( ) ند السابق طريقة ايجاد الدالة المتممة للمعادلة اللامتجانسة وذلك بوضع بلقد درسنا بال

 الذي هو الحل الخاص للمعادلة اللامتجانسة  ( )  علينا ايجاد 

 وسنتطرق هنا الى بعض الطرق المبسطة لايجاد الحل الخاص 

 

5.6.1:Un determined coefficient method:           طريقة المعاملات غير المحددة 

The first case  : If   ( ) was a polynomial متعددة الحدود 

The method for finding the particular solution for non- homogenous diff. eq. is a 

polynomial that degree equal to the degree of   ( ) then after that we find the 

coefficient of the given polynomial   

Example  1 : Solve the eq.                      

Sol.:  1- we find the complementary function (   ( )) 

              

The char. Eq. is :                 

 (    )(   )                
 

 
             

Then the complementary  function is  
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          ( )     
      

 
 

 
 
  , where       are arb. cons. 

2-The particular sol.   ( )     

  we note that  ( )         its polynomial of the 2- degree so we suppose the 

solution is a polynomial of 2-degree is 

            

we must find the coefficient        , but the first we find           then we make it up 

in the original equation 

                                                                                                             

 بالتعويض في المعادلة الاصلية

  (  )   (     )   (        )        

 بالطريقة التالية xنساوي معاملات قوى 

                         

                          (  )                                                      

                         (  )   (  )                                                                   

                                                                

                                                      

The particular sol. Is   ( )               

  and the general sol. Is     ( )    ( ) 

           
      

 
 

 
                    the general sol 

 -------------------------------------------------------- 

The second case  :   If the function is  ( )       

1- If  ( )  is not a root of the char. Eq. then we assume that : 

 a ليس جذر للمعادلة           -

 واشتقاقه في المعادله المعطاة  هو المجهول ونجده بالتعويض عن   حيث ان 

2-   If ( )  is one of the roots of the char. Eq. and not repeated then we assume: 

جذر غير مكرر           - a 

3-  If  ( )  is one of the roots of the char. Eq. and repeated then we assume: 

                                                                                       a جذر مكرر            -
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Example  2 : Solve the eq.                     

 Sol.: we find the char. Eq. 

                                         

            (    )(   )              
 

 
            

              
      

 
 

 
 
 

            not root of the char. eq. so we suppose the function as : 

                                                        

      We sub.                   by the diff. eq. 

      (       )                     
 

  
 

 

 
 

     So the particular solution is  

      ( )  
 

 
     and the general sol is  

         
      

 
 

 
  

 

 
      where       are arb. cons. 

 

Example3: Find the sol. of                        

Sol.:   suppose the particular sol. is  

                   

  

 

              a=2  غير مكرر و المميزة ر المعادلةهو احد جذو 

                                                                

                                                                                                                          

                            

   Substituting            in the original equation , we get: 

       (                  )   (           )              

Since     is a root of the char. Eq. from the 

last example where    
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      (       )      (    )          

                            
 

 
 

     the particular sol. is   ( )  
 

 
     

And  the general sol. is           
      

 
 

 
  

 

 
      where       are arb. cons.        

Example 4: Solve the eq.                        

Sol.: the char. Eq. of homogenous eq.                  is: 

                        (   )(   )       

 كالاتي: ومكرر مرتين اذن نفرض الحل الخاص  2وان جذور المعادلة المميزة هو     وبما ان  

         

                  

                                

 بالمعادلة التفاضلية نجد ان          وبالتعويض عن   

                             (              )   (      )

       

                                       

                               
  

 
 

Then the particular solution is: 

    
 

 
      

The general sol. is :                                                                                                

      
          

 

 
            ,   where       are arb. cons.        

The third case If the function was   ( )                           ( )         

To find the particular sol. of non-homogenous equation as this case suppose that 

1- If  (  )  is not a root of the char. Eq. then we assume that :  

                     

Where           are unknown constants. 
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Substituting  y and its derivatives in the original equation to obtain A and B. 

        للحصول على  الاصلية شتقاقاته بالمعادلة التفاضلية وا   ثم نعوض عن 

2-   If (  )  is one of the roots of the char. Eq. and not repeated then we assume: 

             (              )       

 3-  If  (  )  is one of the roots of the char. Eq. and repeated then we assume: 

               (             ) 

  

Example 5: Solve the eq.                          

Sol.:   

    نلاحظ انه ليس للمعادلة المميزة جذورا عقدية حيث 
 

 
   

Let                        

  →                           

  →                          

                                                                                                                                 

 substituting            in the original eq. 

 (                )   (                )   (             )

                

 نحصل على             معاملات  نساوي  

           

          

   
 

  
                      

  

  
 

 the particular sol. is      
 

  
      

 

  
      

   the general sol. is 

     
      

 
 

 
  

 

  
      

 

  
       

where       are arb. const. 
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 ملحوظة: يمكن ايجاد الحل الخاص بهذه الطريقة للدوال التي تمثل حاصل ضرب دالتين مثل 

 ( )                 ( )                 ( )                 ( )            

 فلم نتطرق لها هنا  ما سنبين في البند القادم ووجود طرق اقصر ك ولكن لطول حلولها 

--------------------------------------------------------------------------------------------------------        

5-6-2: The inverse operator method                  طريقة المؤثر العكسي                

The Particular sol. of the linear differential eq. is 

 ( )   ( )     

With the constant coefficient is given as the form 

  
 

 ( )
 ( )                              (    ) 

where   ( )     
     

               . 

And 
 

 ( )
 is called the inverse operator 

 وباستخدام خواص المؤثر التي تم شرحها سابقا

1-  ( )     ( )    

2-  ( ){    }      (   )  

3-  (  )        (   )       

4-  (  )        (   )       
 

 To find the particular sol. for non-homogenous eq. we take the following cases 

 لايجاد الحل الخاص للمعادلة التفاضلية الخطية اللامتجانسة سوف نتعامل مع الحالات الاتية
 

The first case      

If    ( )        then there are two cases 

1- If      ( )          ,    then the particular sol. is: 

  ( )                       
 

 ( )
     

 

 ( )
           (  ) 

 

2- If     ( )      ,   then the particular sol. will be as a form  

  
 

 ( )
 
  

  
               ……………………………………………...(29) 
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where    ( )  (   )  ( )       is a positive integer,  ( )    

 

فنحصل ( )  نحلل المؤثرلايجوز تطبيق الحالة الاولى عندئذ فصفر مؤثر =اي في الحالة الثانية عندما يكون ال

( ) صفر ويبقى من المعادلة  مؤثر=وهو المتسبب في جعل ال       (   )عامل من نوع على     

 وتكون النتيجة حسب القانون اعلاه
 

Example1: Solve the eq.                        

Sol.: the  Eq. is 

(           )      

1-to find    

(   )(   )(   )                       

the char. Eq. is 

 (   )(   )(   )    

                

         
     

      
    

Where          are arbitrary constants 

2- the particular sol.    is : 

  
 

(   )(   )(   )
          

      ( )  (   )(   )(   )                   , b=4 

→ ( )  (   )(   )(   )       

Note that  ( )    

⸫    
 

 ( )
   →   

 

  
    

The general sol. is                                                                                                                                                                                                                          

     
     

      
    

 

  
    ,    Where          are arbitrary constants 

 ------------------------------------------------ 

Example 2: Solve the eq.                        

Sol.: the comp. fun.   is:       من المثال السابق 
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To find the particular sol.        since b=3 

     ( )  (   )(   )(   )   ( )  (   )(   )(   )           

   
 

(   )(   )(   )
      

 

 

   G(3)=(3-1)(3+2)=10           وان   هو الذي يصفر المقام    نلاحظ ان(   )  

r=1 

The part. Sol.   is 

    
 

 ( )
 
  

  
    

 

  
     

Or: 

   
 

(   ) 
{

 

(   )(   )
    

    
 

(   ) 
{

 

  
   }  

 

  

  

  
    

 

  
     

The general sol. is         
     

      
    

 

  
     

Where          are arbitrary constants 

-------------------------------------------------------------------------------------- 

Remark:             
 

 
 ( )  ∫ ( )   

Prove:   let 
 

 
 ( )                ( )      ( )  

  

  
 

       ∫ ( )   
 

 
 ( )  ∫ ( )   

   
 

 
اي ان   التاثير العكسي للمؤثر  

 

 
بينما   يمثل التكامل بالنسبة الى  

 

  
  عدد   يمثل التكامل بالنسبة الى  

 من المرات

   
 

  
 ∫     

   
 

  
 ∬(  )  
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 ∭(  )  

 

 
   

 

----------------------------------------------------------------------- 

Example3: Solve the eq.                    

Sol.: (         )    

           (    )  (    )    

            (    )(   )              

             (   )(   )(   )    

       →  (   )(   )     

Then the char. Eq. is                                                                                                                                                                                                                                                                    

 (   )(   )    

               

   (      )       
  

To find  the particular sol.  

  ( )  (   )(   )   , b=1 

  ( )  (   )(   ) =0 

                   =0,⸫r=1     =4=G(1) 

    
 

(   )(   ) 
   

  
 

 

 

  
      

 

 
                    

Then the general sol. is: 

             

         (      )       
  

 

 
     

Where          are arbitrary constants 
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Example4: Solve the eq.                 

Solution: (    )                (   )(       )              

The char. Eq. (   )(       )    

                             √  

       
      (     √        √  ) 

The particular sol. is 

 ( )       

 ( )        ( )            

     
 

 ( )
      

 

 ( )
    

  

  
    

The general sol. is:                                                                                                                                                                                                                                                                         

      
      (     √        √    

  

  
    

Where          are arbitrary constants 

 

The second case     
 

If   ( )                      ( )          to find the particular solution in this case 

we can using one of the three cases 

 

A)   from                          we get: 

      
          

 
        and          

          

  
         

 

After that we find the particular solution of         as in the first case when 

  ( )       ( )     . 

 ( الى دوال اسيةsin bx, cos bxتحويل الدوال المثلثية) الاولى سوف نستخدم قانون اويلر ل حالةاي ان في ال

( ) يقة في حالة ان تكون )والعمل على الحالة الاولى ويتم اللجوء الى هذه الطر ( اي ان المقام يصبح   

( ) )تكون )وتستخدم ايضا عندما   صفرا بعد التعويض وهذا لايجوز لذلك نلجا الى الطريقة الاولى    

 انها طريقة عامة لهذه الحالةي ا

B) If  ( )                               then the particular sol. is: 
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 (  )
                     

 

 (   )
                     (   )     

                                                                                                                          ….(30) 

        
 

 (  )
            

 

 (   )
                     (   )          

C) If we have the following formula: 

        
 

     
          or when F(D) of odd order then the particular Sol. is: 

عندما يكون المؤثر ذو رتبة فردية او ظهر فيه رتب فردية فالحل الخاص سيكون باستخدام طريقة العامل 

 المرافق كالاتي:

  
 

     
       

 

      
                                                                                                                                                                                                                                      

                         
      

       
 )  نضرب بالعامل المرافق (            

                         
      

     
       

                         
 

     
(               ( 

 

Example1: Solve the diff. eq.   (    )        

Solution:     the complementary function is: 

                                            , Where       are arbitrary constants 

The particular sol is  

  (  )       

  (   )             , b=4 →  (   )                   

    
 

    
      

 

 ( )   
       

 

  
      

The general solution is         

                   
 

  
      

Where       are arbitrary constants 
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Example2: Solve the diff. eq.   
   

   
  

  

  
         

Solution:   (       )    

                 (   )         

   the char. Eq. is    (   )                   

     ( )  (      )       ,  Where       are arbitrary constants 

   
 

       
             

 
 

        
       

  
 

 
 

 

(   )
        

 

 

   

(     )
      

  
 

 
(   )

 

      
      

 

  
(             ) 

 
 

  
(              ) 

     ( )    ( ) 

     (      )  +
 

  
(              ) 

Example3: Solve the eq.                 

Solution:  the char. Eq. is                            

                      

We know that  (  )        (   )           ; b=2 

   cos2x دالة ن المقام صفر لايجوز الحل بالطرق المباشرة فنستخدم قانون اويلربما ا

   (    )   
          

 
 

     ( لان الدالة الاصلية       حيث نجد الجزء الحقيقي يمثل الحل الخاص للدالة)  

   
 

(    )(    )
     

 

(    )(    )
      

 

                    u                                          w 

To find u :       b=2i  then: 
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To find w;      b=-2i then: 

  
 

   
 

 

  
       

 

 
                                                                                 

                                                                                                                             

       
 

 
      

 

 
       

  
            

  
 

           

                    +           

,  Where       are arbitrary constants 

Example4: Solve the eq.   (       )        

Solution:  1- the char. Eq.     (   )(   )                  
     

    

                2- To find     

    
 

       
       

      
 

       
      

 

     
      

     

       
      

      
  

   
(     )       

     
  

   
(              ) 

The general sol. is       
     

    
  

   
(              ) 

Where       are arbitrary constants 

 

----------------------------------------------------------------------------------- 

The third case      

 

           If the  ( )  is a polynomial of    to find the particular solution of the eq.  
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  ( )      where   is a positive  integer number we write 
 

 ( )
 as a power 

ascending to   

 

For example if  ( )      

a- 
 

 ( )
 

 

   
                  

b- 
 

 ( )
 

 

   
                  

c- 
 

 ( )
 

 

(   ) 
                (   )     

d- 
 

 ( )
 

 

(   ) 
                (   )                                                                                                                                                                                                                                                                                            

 

Since the              the particular solution is  
 

  
 

 ( )
    (              )   

               
 

Example to explain:                                    

 ------------------------------------------------------------------- 

Example1: Solve the diff. eq.              

Solution:                                

                                                                           the char. Eq. is                 

                             

      ( )                  

    The part. Sol. is  

       
 

    
    

 

 (  
  

 
)
    

           (  (
  

 
)  (

  

 
)
 

  )    (   
  

 
)         

   The general sol. is  

                             

Where       are arbitrary constants 
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Example 2: Solve the diff. eq.   (        )          

Solution:             
 

 

 
     

 الدالة المتممة          

   
 

        
(       )  

 

  (  (
 
 

  
 
 

 )
 

)

 (       ) 

                                                                                                                            

       
 

 
(  (

 

 
  

   

 
)  (

 

 
  

   

 
)
 

  ) (       ) 

       
 

 
(       )  

 

 
(    )  

 

 
( )  

  

 
( ) 

       
 

 
      

  

 
 

Then the general sol. is : 

      
 

 

 
     

   
 

 
      

  

 
 

Where       are arbitrary constants 

 

The fourth case      

If the    ( )      ( )      where  

 ( )  {
     

           
        

   

The particular solution   ( ) is 

  ( )  
 

 ( )
      ( )      

 (   )
  ( )         …………………………..(31) 

 

Example1: Solve the diff. eq.   (       )      

Solution:       (       )          

              The char. Eq. is: 

                            

          (   )                                          
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             ( )     (               ) 

             ( )  
 

       
         

(   )   (   )  
  

                                                   

 (  
 

 
 

  

 
)
   

                                                
 

 
  (  

 

 
   )  

                                                
 

  
  (  

 

 
)       

The general sol. is:                                                                                               

    ( )    ( )    ( )    

  ( )     (               )  
 

  
  (  

 

 
)  

Where       are arbitrary constants 

 

-------------------------------------------------------------------------------------------------- 

Example2: Solve the eq.   
   

   
  

  

  
         

Solution:      
    (       )           

The char. Eq. is 

                        (   )                                          

      ( )  (      ) 
  

  اص نكتب بدلالة المؤثر لايجاد الحل الخ          

(       )              

           
 

       
        

                    

(   )   (   )  
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 (    
  

 
)
    

                 
 

 
   (  (

  

 
  )  (

  

 
  )

 

  )     

                 
 

 
   (   

 

 
     )   

                 
 

 
   (      

 

 
) 

      (      ) 
  

 

 
   (      

 

 
)       

Where       are arbitrary constants 

 

Example3: solve the diff. eq.   (       )          

Solution:             
            

The particular sol. is  

     
 

(   )   (   )   
       

         

              
       

         

       
      

         

       
                        

         

    
      

           

       
          

         

   
(    )       

    
  

   
(              ) 

The general sol. is: 

            

        
             

  

   
(              )    

Where       are arbitrary constants 



Chapter 5 

 

ASMAA ABD & MAY MOHAMMED Page 38 
 

The fifth case     الحالة الخامسة                                               

If  ( )     ( )    where    ( )         or  ( )           

    To find the particular solution for this case we take the following examples.                                                                             

Example1: Solve the eq.   (    )          

Solution:  To find     we have 

                              

      ( )                 , Where       are arbitrary constants 

  ( )  
 

    
               

 

(    )   
   

              

        
         

  (  
  

 
  

  

 
)
    

          
 

 
    [  

   

 
 

  

 
 (

   

 
 

  

 
)   ]     

          
 

 
    (  

   

 
 

  

 
 

    

 
  )   

          
 

 
    (   

   

 
 

  

 
) 

          
 

 
(            ) [(   

  

 
)  

   

 
] 

          
 

 
[(   

  

 
)       

  

 
     ] 

         ( )    ( ) 

Example2: Find the general sol. of   (   )        

Solution: The char. Eq. is:                       

         
         the comp. sol. 

The particular sol.  

       
 

   
           

           
 

   
{    } 
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(   )(  
 

   
)
  

       
   

   
 
   

   
(  

 

   
  )  

       
   (   )

 
(  

 

   
) 

             
   

 
( (   )  

   

   
 
   

   
 

            
          

 
( (   )   )) 

            
 

 
(         )  

 

 
     

               

Exercises 

Solve the following diff. equations. 

1- (       )      

2- (       )       

3- (      )        

4- (       )     

5- (       )        

6-              

7-             

8- (     )       

9- (      )          

10-  (    )                                                                                                   
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Section 2: Reducing the order of a differential equation( with  

variable coefficients) 

           The second order differential equation is in the form 

  (          )                                                         ……………(1) 

And it can be reduced to the first order according to its type, we have two types here: 

 

The first type: if the dependent variable   does not appear in the equation 

 في المعادلة )بمعنى يظهر خالي من المشتقات(  اذا لم يظهر المتغير المعتمد 

Then we suppose that  

                 
  

  
    

Then  equation (1) will be  

 (      )                                                                      ……………. (2) 

And this is an equation of first order can be solved as in ch.2 to get  , then we return 

the variable   and solve it to get an equation in term of    and   represents the general 

sol. 

معادلة تفاضلية من الرتبة الثانية ذات معاملات متغيرة باستخدام طريقة تخفيض الرتبة مما سبق نفهم انه لحل 

 توجد حالتين

 في المعادلة  عندما لا يظهر المتغير المعتمد  - أ

                 
  

  
             

ي الفصل الثاني من حيث نعوض في المعادلة الاصلية فنحصل على معادلة من الرتبة الاولى تحل كما ف

بدلالة المشتقة    ثم نقوم بارجاع …كونها قابلة للفصل او خطية 
  

  
ونحل المعادلة الناتجة ايضا كما في  

 على الحل العام لالفصل الثاني فنحص

Example (1): solve the following eq. 

                       (  )                                                           ………..(3) 

Solution: 

     Note that  eq. (34) does not contain the variable      

Let                  
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Sub. in (3) 

  
  

  
          

  
  

  
                       

  

  
 

 

 
  

 

  
 (4) ..………………………………      برنولي                                 

     

  
 

 

 
    

 

  
                                     ……………………….…………. (5) 

Let               
  

  
       

  
 

Sub. In (5) 

[ 
  

  
 

 

 
  

 

  
]     

  

  
 

 

 
  

  

  
               linear 

     ∫
 
 
            

    ∫ 
 

  
         

     ∫      

                                                   ………………………..…………..(6) 

  
     

  
   

Replacing                                                                                                   

   

 

 
 

     

  
          

  

    
 

   (      
  

 

    
)   

Integrating both sides 

  
   

 
       

   |    |                         are constant 
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The second type: If the independent variable   does not appear in the equation  

 في المعادلة   اذا لم يظهر المتغير المستقل           

Then we suppose that 

                
   

   
 

  

  
 

  

  
 
  

  
 

  

  
 
  

  
  

  

  
 

Then equation (1) will be  

 (     
  

  
)                                                                          ……………. (7) 

And this equation is of the first order with dependent variable   and independent 

variable   solve it to get an equation with       then return the variable   
  

  
 and 

solve it to get the general solution. 

 

Example (2): Solve the following eq. 

                          (  )                                                      ………..(8) 

Solution:    نلاحظ ان     غير ظاهرة بالمعادلة  

                         
  

  
 

Sub. in eq. (8), we get: 

  
  

  
         

 ( 
  

  
    )    

            
  

  
                                 Singular sol. 

Or 

 
  

  
                            

  

  
 

 

 
  

  

 
    linear 

   
∫ 

 
 
  

           

     ∫    
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            p  بارجاع 

  

  
       

  

     
           

 

  
  |     |       where             are constants  

And this the general sol. 

Exercises: 

Solve the following equations: 

1)     (  )      

2)          

3)        

4)          

5)     (  )    

6)     (  )    

  

 



 

 

 كلية التربية للعلوم الصرفة ابن الهيثم

 قسم الرياضيات            

 المرحلة الثانية           

 المعادلات التفاضلية الاعتيادية
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Chapter six 

About the Laplace transform 

The Laplace transform method solves differential equations and corresponding 

initial and boundary value problems, Laplace transform reduce the problem with 

differential to an algebraic problem. 

Definition:  

Let 𝑓(𝑥)   be an arbitrary function defined for  𝑥 ≥ 0 , then: 

𝑭(𝒑) = 𝑳[𝒇(𝒙)] = ∫ 𝒇(𝒙)𝒆−𝒑𝒙∞

𝟎
𝒅𝒙          --------------------- (6.1) 

Where 𝑝 is a real number is the (Laplace transform) of 𝑓(𝑥). 

Remark: 

 The original function 𝑓 depends on 𝑥 and the new function 𝐹 depends on 𝑝. 

- 𝑓(𝑥) in (6.1) is called the inverse transform of 𝐹(𝑝) and will be denoted by 

𝐿−1[𝐹(𝑝)] 

(i.e.)       
           F(𝑝) = 𝐿[𝑓(𝑥)] ⟺ 𝑓(𝑥) = 𝐿−1[𝐹(𝑝)] 

Theorem: linearity of Laplace transforms 

𝑳[𝒂𝒇(𝒙) + 𝒃𝒈(𝒙)] = 𝒂𝑳[𝒇(𝒙)] + 𝒃𝑳[𝒈(𝒙)]          --------------- (6.2) 

Where a & b are constants. 
 

Laplace transform of some functions: 

1- Let 𝒇(𝒙) = 𝟏 when 𝒙 ≥ 𝟎 , then 𝑳[𝟏] =
𝟏

𝒑
 ; 𝒑 > 𝟎 

Proof: from the definition (6.1), we get: 

𝐿[𝑓(𝑥)] = 𝐿[1] = ∫ 1. 𝑒−𝑝𝑥
∞

0

𝑑𝑥 

       =
1

−𝑝
𝑒−𝑝𝑥  

∞
]
0
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                      =
1

−𝑝
[ lim

𝑥−∞
𝑒−𝑝𝑥 − 𝑒0] 

                                                =
1

−𝑝
(−1) =

1

𝑝
                          , 𝑝 > 0 

2- If 𝒇(𝒙) = 𝒙      𝑡ℎ𝑒𝑛   𝑳[𝒙] =
𝟏

𝒑𝟐
            ;     𝒑 > 𝟎  

Proof: from the definition (6.1), we get: 

𝐿[𝑥] = ∫ 𝑥𝑒−𝑝𝑥∞

0
𝑑𝑥                           𝑢 = 𝑥 → 𝑑𝑢 = 𝑑𝑥 

                                                            𝑑𝑣 = 𝑒−𝑝𝑥𝑑𝑥 → 𝑣 =
−1

𝑝
𝑒−𝑝𝑥       

  

      =
−𝑥

𝑝
𝑒−𝑝𝑥 

∞
]
0

    +
1

𝑝
∫ 𝑒−𝑝𝑥∞

0
𝑑𝑥 

      = lim
𝑥→∞

(
−𝑥

𝑝
𝑒−𝑝𝑥) − 0 +

1

𝑝
.

1

𝑝
 

      =
1

𝑝2              ;      𝑝 > 0  

 

 من الخاصية الاولى 
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3- If 𝒇(𝒙) = 𝒆𝒂𝒙 where 𝑎 is a constant then  

 𝐋[𝒆𝒂𝒙] =
𝟏

𝒑−𝒂
           ;   𝒑 > 𝒂 

Proof: from equation (6.1) 

𝐿[𝑒𝑎𝑥] = ∫ 𝑒𝑎𝑥
∞

0

. 𝑒−𝑝𝑥𝑑𝑥 

            = ∫ 𝑒(𝑎−𝑝)𝑥∞

0
𝑑𝑥 

            =
1

𝑎−𝑝
𝑒(𝑎−𝑝)𝑥

∞
]
0
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            =
1

𝑎−𝑝
( lim

𝑥→∞
𝑒(𝑎−𝑝)𝑥 − 𝑒0)                                Since 𝑝 > 𝑎     then  𝑎 − 𝑝 < 0 

            =
1

𝑎−𝑝
(−1)                                                                                                     ⇒ 𝑒−∞ = 0 

 

            =
1

𝑝−𝑎
 

By the same way we can find the Laplace transform for another function as 

𝑐𝑜𝑠𝑎𝑥 , 𝑠𝑖𝑛𝑎𝑥 , 𝑥𝑛 , … 

 

Ex. 1: Let 𝒇(𝒙) = 𝒄𝒐𝒔𝒉𝒂𝒙 , 𝒇𝒊𝒏𝒅 𝑳[𝒇(𝒙)] 

Sol: 𝐿[𝑐𝑜𝑠ℎ𝑎𝑥] = 𝐿 [
1

2
(𝑒𝑎𝑥 + 𝑒−𝑎𝑥)] 

=
1

2
𝐿[𝑒𝑎𝑥] +

1

2
𝐿[𝑒−𝑎𝑥] 

 =
1

2
(

1

𝑝−𝑎
+

1

𝑝+𝑎
) =

𝑝

𝑝2−𝑎2
 

 

Ex. 2: Find 𝑳[𝒇(𝒙)]𝒘𝒉𝒆𝒏𝒇(𝒙) = {
𝒙            𝟎 < 𝒙 < 𝟒
𝟓               𝒙 > 𝟒     

  

Sol: 𝐿[𝑓(𝑥)] = ∫ 𝑓(𝑥)
∞

0
𝑒−𝑝𝑥𝑑𝑥 

                      = ∫ 𝑥𝑒−𝑝𝑥𝑑𝑥 + ∫ 5. 𝑒−𝑝𝑥𝑑𝑥
∞

4

4

0
  

Using integration by parts, we get  

𝐿[𝑓(𝑥)] = [
−𝑥

𝑝
𝑒−𝑝𝑥 −

1

𝑝2
𝑒−𝑝𝑥

4
]
0

+ [
−5

𝑝
𝑒−𝑝𝑥

∞
]
4

 

                     = −
4𝑒−4𝑝

𝑝
−

𝑒−4𝑝

𝑝2
+ 0 +

1

𝑝2
+

5

𝑝
𝑒−4𝑝 

 =
1

𝑝2
+

𝑒−4𝑝

𝑝
  −   

𝑒−4𝑝

𝑝2
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Exercises 6.1 

Find the Laplace transforms of the following: 

1- 𝑓(𝑥) = 2𝑥 + 6 

2- 𝑓(𝑥) = sin 𝜋𝑥 

3- 𝑓(𝑥) = 𝑒𝑎−𝑏𝑥 

4- 𝑓(𝑥) = sin(3𝑥 + 5) 

5- 𝑓(𝑥) = 𝑥3 − 𝑥2 + 4𝑥 

6- 3𝑒4𝑥 − 𝑒−2𝑥 

7- cos2 8𝑥 

8- 𝑓(𝑥) = {
4,                 0 < 𝑥 < 1
3,                 𝑥 > 1

 

9- 𝑥2𝑒−3𝑥 

10- 5𝑒2𝑥 sinh 2𝑥 
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Table of Laplace transform 

 𝒇(𝒙) = 𝑳−𝟏[𝑭(𝒑)] 𝑭(𝑷) = 𝑳[𝒇(𝒙)] 

1 1 
1

𝑝
 

2 𝑒𝑎𝑥 
1

𝑝 − 𝑎
 

3 𝑥𝑛                      𝑛 = 1,2,3, … 
𝑛!

𝑝𝑛+1
 

4 sin(𝑎𝑥) 
𝑎

𝑝2 + 𝑎2
 

5 cos (𝑎𝑥) 
𝑝

𝑝2 + 𝑎2
 

6 𝑥 𝑠𝑖𝑛(𝑎𝑥) 
2𝑎𝑝

(𝑝2 + 𝑎2)2
 

7 𝑥 𝑐𝑜𝑠(𝑎𝑥) 
𝑝2 − 𝑎2

(𝑝2 + 𝑎2)2
 

8 𝑠𝑖𝑛ℎ(𝑎𝑥) 
𝑎

𝑝2 − 𝑎2
 

9 𝑐𝑜𝑠ℎ(𝑎𝑥) 
𝑝

𝑝2 − 𝑎2
 

10 𝑒𝑎𝑥sin (𝑏𝑥) 
𝑏

(𝑝 − 𝑎)2 + 𝑏2
 

11 𝑒𝑎𝑥cos (𝑏𝑥) 
𝑝 − 𝑎

(𝑝 − 𝑎)2 + 𝑏2
 

12 𝑒𝑎𝑥sinh (𝑏𝑥) 
𝑏

(𝑝 − 𝑎)2 − 𝑏2
 

13 𝑒𝑎𝑥cosh (𝑏𝑥) 
𝑝 − 𝑎

(𝑝 − 𝑎)2 − 𝑏2
 

14 𝑥𝑛 𝑒𝑎𝑥              𝑛 = 1,2,3, … 
𝑛!

(𝑝 − 𝑎)𝑛+1
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The inverse transform (𝑳−𝟏): 

We said that before 

           𝐹(𝑝) = 𝐿[𝑓(𝑥)] 𝑡ℎ𝑒𝑛    𝐿−1[𝐹(𝑝)] = 𝑓(𝑥) 

So we can find 𝐿−1for some function as follows: 

1- 𝐿[1] =
1

𝑝
→  𝐿−1 [

1

𝑝
] = 1 

2- 𝐿[𝑥] =
1

𝑝2
→  𝐿−1 [

1

𝑝2
] = 𝑥 

3- 𝐿[𝑒𝑎𝑥] =
1

𝑝−𝑎
→  𝐿−1 [

1

𝑝−𝑎
] = 𝑒𝑎𝑥 

4- 𝐿[sin 𝑎𝑥] =
𝑎

𝑝2−𝑎2
      →   𝐿−1 [

𝑎

𝑝2−𝑎2
] = sin 𝑎𝑥 

         .  
 . 
 . 

 And so on 

السابق    الجدول  خلال  من  الدوال  من  لكثير  ومعكوسه  لابلاس  تحويل  ايجاد  يمكن  هنا وهكذا    وسنبين 

  ببعض الامثلة كيفية ايجاد معكوس تحويل لابلاس باستخدام بعض العمليات البسيطة بالاضافة الى الجدول.

 

Ex. 3: Evaluate (a) 𝑳−𝟏 [
𝟏

𝒑𝟓
]     (b) 𝑳−𝟏 [

𝟏

𝒑𝟐+𝟕
] 

Sol:  

(a) 𝐿−1 [
1

𝑝5
] =

1

4!
𝐿−1 [

4!

𝑝5
] =

1

4!
𝑥4 

(b) 𝐿−1 [
1

𝑝2+7
] =

1

√7
𝐿−1 [

√7

𝑝2+7
] =

1

√7
sin √7 𝑥 

 

 

Ex. 4: Find 𝑳−𝟏 [
𝟑𝒑+𝟐

𝒑𝟐+𝟒
] 

Sol:  

       𝐿−1 [
3𝑝+2

𝑝2+4
] = 𝐿−1 [

3𝑝

𝑝2+4
+

2

𝑝2+4
] 
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        = 3𝐿−1 [
𝑝

𝑝2+4
] + 𝐿−1 [

2

𝑝2+4
] 

          = 3cos 2𝑥 + sin 2𝑥 

Ex. 5: Find 𝑳−𝟏 [
𝒑+𝟓

(𝒑+𝟐)𝟐+𝟗
] 

Sol:  

 𝐿−1 [
𝑝+5

(𝑝+2)2+9
] = 𝐿−1 [

𝑝+2+3

(𝑝+2)2+9
] 

 = 𝐿−1 [
𝑝+2

(𝑝+2)2+9
] + 𝐿−1 [

3

(𝑝+2)2+9
] 

 = 𝑒−2𝑥 cos 3𝑥 + 𝑒−2𝑥 sin 3𝑥 

 

Ex. 6: Evaluate 𝑳−𝟏 [
𝟑

𝒑(𝒑+𝟑)
] 

Sol:  

𝐿−1 [
3

𝑝(𝑝 + 3)
] 

= 𝐿−1 [
1

𝑝
−

1

𝑝 + 3
] 

 = 𝐿−1 [
1

𝑝
] − 𝐿−1 [

1

𝑝+3
] 

 = 1 − 𝑒−3𝑥 

 Exercises 6.2 

 

Find 𝐿−1[𝐹(𝑝)]for the following: 

1. 𝐿−1 [
1

𝑝2+2𝑝+10
] 

2. 𝐿−1 [
3𝑝

𝑝2+4𝑝+13
] 

3. 𝐿−1 [
1

𝑝2+4𝑝+4
] 

4. 𝐿−1 [
𝑝2−2𝑝+3

(𝑝−1)3
] 

توضيح: تم استخدام تجزئة  
 الكسور

 
3

𝑝(𝑝 + 3)
=

𝐴

𝑝
+

𝐵

𝑝 + 3
 

        =
𝐴𝑝+3𝐴+𝐵𝑝

𝑝(𝑝+3)
 

∴ 𝐴 + 𝐵 = 0 
3𝐴 = 3 ⇒ 𝐴 = 1 

∴ 𝐵 = −1 
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Using Laplace Transform to Solve the (LODEs) With Constant 

Coefficients 

One of the main applications of the Laplace transform (LT) is the solution of 

linear differential equations with constant coefficients in the existence of boundary 

and initial conditions, where the ordinary linear differential equation (OLDE) is 

transformed into an algebraic equation using the following theorem. 

 

احد اهم تطبيقات تحويل لابلاس الرئيسية هو حل المعادلات التفاضلية الخطية ذات المعاملات الثابتة  ان  

بوجود شروط حدودية وابتدائية حيث يتم تحويل المعادلة التفاضلية الخطية الاعتيادية الى معادلة جبرية باستخدام  

 المبرهنة الاتية. 

 

Theorem: if 𝑓(𝑥)and its derivatives𝑓′(𝑥),  𝑓(2)(𝑥), 𝑓(3)(𝑥), … , 𝑓(𝑛)(𝑥),  exist then: 

……. (6.3) 

 

 من هذا يتوضح ان  

𝐿[𝑓′(𝑥)] = 𝑝𝐹(𝑝) − 𝑓(0) 

and 

𝐿[𝑓′′(𝑥)] = 𝑝2𝐹(𝑝) − 𝑝𝑓(0) − 𝑓′(0) 

 

     . 

 . 

 . 

And so on 

Now to solve the following diff. eq. by LT 

 

………… (6.4) 

 

Step 1:Taking LT for both sides and using eq. (6.2), we get: 

𝑎0𝐿[𝑦(𝑛)] + 𝑎1𝐿[𝑦(𝑛−1)] + ⋯ + 𝑎𝑛𝐿[𝑦] = 𝐿[𝑔(𝑥)]                     ……………. (6.5) 

𝐿[𝑓(𝑛)(𝑥)] = 𝑝𝑛𝐹(𝑝) − 𝑝𝑛−1𝑓(0) − 𝑝𝑛−2𝑓′(0) − ⋯ − 𝑝𝑓(𝑛−2)(0) − 𝑓(𝑛−1)(0)     

𝑎0𝑦𝑛 + 𝑎1𝑦(𝑛−1) + 𝑎2𝑦(𝑛−2) + ⋯ + 𝑎𝑛𝑦 = 𝑔(𝑥); 
 

𝑦(0) =∝0             ,           𝑦′(0) =∝1   , … ,    𝑦(𝑛−1)(0) =∝𝑛−1              
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Step 2: From eq. (6.3) we can find 𝐿[𝑦(𝑛)], 

𝐿[𝑦(𝑛−1)], … , 𝐿[𝑦′′]  , 𝐿[𝑦′] 

 

For example: 𝐿[𝑦′] = 𝑝𝑌(𝑝) − 𝑦(0) 

 𝐿[𝑦′′] = 𝑝2𝑌(𝑝) − 𝑝𝑦(0) − 𝑦′(0) 

And from the table of LT we can find 𝐿[𝑔(𝑥)] 

  

Step 3: substituting the initial conditions 𝑦(0) =∝0, 

𝑦′(0) =∝1   , … , 𝑦(𝑛−1)(0) =∝𝑛−1 in (6.5), we'll get an algebraic for 𝑌(𝑝), after 

solving it we take the 𝐿−1for both sides 

Step 4: from the table we return all the functions to the original variables. 

EX.7: solve    𝒚′ − 𝒚 = 𝟏       , 𝒚(𝟎) = 𝟎 𝒃𝒚 𝑳𝑻 

Sol. :  

Taking LT for both sides 

𝐿[𝑦′] − 𝐿[𝑦] = 𝐿[1] 

𝑝𝑌(𝑝) − 𝑦(0) − 𝑌(𝑝) =
1

𝑝
 

 (𝑝 − 1)𝑌(𝑝) − 0 =
1

𝑝
 

 𝑌(𝑝) =
1

𝑝(𝑝−1)
 بتجزئة الكسور                            

 =
−1

𝑝
+

1

𝑝−1
 

Taking 𝐿−1for both sides we get: 

            𝐿−1[𝑌(𝑝)] = −𝐿−1 [
1

𝑝
] + 𝐿−1 [

1

𝑝−1
] 

          →  𝑦(𝑥) = −1 + 𝑒𝑥                      from (table of LT) 
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EX.8: solve 𝒚′′ + 𝟐𝒚′ + 𝟓𝒚 = 𝟎    ,   𝒚(𝟎) = 𝟏 , 𝒚′(𝟎) = 𝟓 

Sol.: taking LT for both sides 

𝐿[𝑦′′] + 2𝐿[𝑦′] + 5𝐿[𝑦] = 0 

                                                                                     

[𝑝2𝑌(𝑝) − 𝑝𝑦(0) − 𝑦′(0)] + 2(𝑝𝑌(𝑝) − 𝑦(0)) + 5𝑌(𝑝) = 0 

𝑝2𝑌(𝑝) − 𝑝 − 5 + 2𝑝𝑌(𝑝) − 2 + 5𝑌(𝑝) = 0 

(𝑝2 + 2𝑝 + 5)𝑌(𝑝) = 𝑝 + 7 

𝑌(𝑝) =
𝑝 + 7

𝑝2 + 2𝑝 + 5
 

=
𝑝 + 1 + 6

𝑝2 + 2𝑝 + 1 + 4
 

=
𝑝 + 1 + 6

(𝑝 + 1)2 + 4
=

𝑝 + 1

(𝑝 + 1)2 + 4
+

6

(𝑝 + 1)2 + 4
 

Taking 𝐿−1for both sides we get: 

𝐿−1[𝑌(𝑝)] = 𝐿−1 [
𝑝 + 1

(𝑝 + 1)2 + 4
] + 3𝐿−1 [

2

(𝑝 + 1)2 + 4
] 

From the table of LT (n.10) , (n.11), we get 

𝑦(𝑥) = 𝑒−𝑥 cos 2𝑥 + 3𝑒−𝑥 sin 2𝑥 

EX.9: Solve 𝒚′′ − 𝟑𝒚′ + 𝟐𝒚 = 𝟏 − 𝟒𝒙 + 𝟐𝒙𝟐,   y(0)=4  ,   y'(0)=5 

Sol.: taking LT for both sides 

 𝐿[𝑦′′] − 3𝐿[𝑦′] + 2𝐿[𝑦] = 𝐿[1] − 4𝐿[𝑥] + 2𝐿[𝑥2] 

 𝑝2𝑌(𝑝) − 𝑝𝑦(0) − 𝑦′(0) − 3(𝑝𝑌(𝑝) − 𝑦(0)) + 2𝑌(𝑝) =
1

𝑝
−

4

𝑝2
+ 2.

2!

𝑝3
 

 𝑝2𝑌(𝑝) − 4𝑝 − 5 − 3𝑝𝑌(𝑝) + 12 + 2𝑌(𝑝) =
1

𝑝
−

4

𝑝2
+

4

𝑝3
 

 (𝑝2 − 3𝑝 + 2)𝑌(𝑝) = 4𝑝 − 7 +
𝑝2−4𝑝+4

𝑝3
 

 ⇒ 𝑌(𝑝) =
4𝑝−7

𝑝2−3𝑝+2
+

𝑝2−4𝑝+4

𝑝3(𝑝2−3𝑝+2)
 

                          =
4𝑝−7

(𝑝−2)(𝑝−1)
+

(𝑝−2)2

𝑝3(𝑝−1)(𝑝−2)
 



CHAPTER 6: LAPLACE TRANSFORM 

 

  
ASMAA ABD AND MAY MOHAMMED 13                                                                                                              

 

𝑌(𝑝) =
4𝑝−7

(𝑝−2)(𝑝−1)
+

𝑝−2

𝑝3(𝑝−1)
 تجزئة كسور            

=
1

𝑝
+

1

𝑝2
+

2

𝑝3
+

1

𝑝 − 2
+

2

𝑝 − 1
 

Taking 𝐿−1for both sides 

𝐿−1[𝑌(𝑝)] = 𝐿−1 [
1

𝑝
] + 𝐿−1 [

1

𝑝2
] + 𝐿−1 [

2

𝑝3
] + 𝐿−1 [

1

𝑝 − 2
] + 2𝐿−1[

1

𝑝 − 1
] 

 ⟹ 𝑦(𝑥) = 1 + 𝑥 + 𝑥2 + 𝑒2𝑥 + 2𝑒𝑥 

 

EX.10: solve 𝒚′′ − 𝟑𝒚′ + 𝟐𝒚 = 𝒆−𝟒𝒕  , 𝒚(𝟎) = 𝟏     , 𝒚′(𝟎) = 𝟓    

Sol.: taking LT for both sides 

             𝐿[𝑦′′] − 3𝐿[𝑦′] + 2𝐿[𝑦] = 𝐿[𝑒−4𝑡] 

    [𝑝2𝑌(𝑝) − 𝑝𝑦(0) − 𝑦′(0)] − 3[𝑝𝑌(𝑝) − 𝑦(0)] + 2𝑌(𝑝) =
1

𝑝+4
 

               (𝑝2 − 3𝑝 + 2)𝑌(𝑝) − 𝑝 − 5 + 3 =
1

𝑝+4
 

               (𝑝2 − 3𝑝 + 2)𝑌(𝑝) − 𝑝 − 2 =
1

𝑝+4
 

              (𝑝2 − 3𝑝 + 2)𝑌(𝑝) = 𝑝 + 2 +
1

𝑝+4
 

 𝑌(𝑝) =
𝑝+2

𝑝2−3𝑝+2
+

1

(𝑝+4)(𝑝2−3𝑝+2)
 

          =
𝑝2+6𝑝+9

(𝑝+4)(𝑝2−3𝑝+2)
 

         =
𝑝2+6𝑝+9

(𝑝+4)(𝑝−2)(𝑝−1)
 

           =
𝐴

𝑝−1
+

𝐵

𝑝−2
+

𝐶

𝑝+4
 

      𝐴 =
−16

5
     ,     𝐵 =

25

6
     ,      𝐶 =

1

30
 

 

Then  

                     𝑌(𝑝) =
−

16

5

𝑝−1
+

25
6⁄

𝑝−2
+

1
30⁄

𝑝+4
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Taking 𝐿−1 for both sides, we get: 

 𝐿−1[𝑌(𝑝)] = −
16

5
𝐿−1 [

1

𝑝−1
] +

25

6
𝐿−1 [

1

𝑝−2
] +

1

30
𝐿−1[

1

𝑝+4
] 

            𝑦(𝑡) = −
16

5
𝑒𝑡 +

25

6
𝑒2𝑡 +

1

30
𝑒−4𝑡 

 

  

Exercises 6.3 

Solve the following initial-value problems by the Laplace transform method 

1- 𝑦′′ − 9𝑦 = 6 cos 3𝑥         ,   𝑦(0) = 0     ,     𝑦′(0) = 3 

2- 
𝑑𝑦

𝑑𝑥
+ 2𝑦 = cos 𝑥            ,       𝑦(0) = 1 

3- 𝑦′′ + 4𝑦 = 10 sin 3𝑥 − 5 cos 3𝑥            ,    𝑦(0) = 2      ,        𝑦′(0) = −4 

4- 𝑦′′ − 6𝑦′ + 9𝑦 = 6𝑥2𝑒𝑥       ,     𝑦(0) = 𝑦′(0) = 0 

5- 𝑦′′ + 9𝑦 = 40𝑒𝑥        ,       𝑦(0) = 5    ,      𝑦′(0) = −2 

6- 𝑦′′ − 2𝑦′ = −4          ,      𝑦(0) = 0    ,    𝑦′(0) = 4 

7- 𝑥′′(𝑡) − 2𝑥′(𝑡) = 6 − 4𝑡         ,   𝑥(0) = 2   ,    𝑥′(0) = 0 

8- 𝑦′ = 2𝑒𝑡          ,      𝑦(0) = −1 

9- 𝑦(3) − 𝑦′ = sinh 2𝑥       ,       𝑦(0) = 𝑦′(0) = 𝑦′′(0) = 0 

10- 𝑦′′(𝑡) − 6𝑦′(𝑡) + 9𝑦(𝑡) = 6𝑡2𝑒𝑡        , 𝑦(0) = 𝑦′(0) = 0 





 

 

 

 

 

CHAPTER SEVEN 

 

POWER SERIES SOLUTION OF THE 

LINEAR DIFFERENTIAL EQUATION 

 

 

 

 

 

 

 

 



Chapter 7 : Power series solution of the linear differential equations 
 

  

ASMAA ABD 2 

 

 

 

Content 

 

Page 

 
Introduction 

 

3 

1.Basic definitions 

 
3 

2.Maclaurin Series 

 
4 

3.The power series method (the power series solution 

about x=0) 

 

5 

4.Some properties of power series 

 

9 

Exercises 

 

11 

 

 

 

 

 

 



Chapter 7 : Power series solution of the linear differential equations 
 

  

ASMAA ABD 3 

 

                                                                                                         

Introduction: 

        The power series method is a standard basic method for solving linear 

differential equation with variable coefficients. It gives solutions in the form of 

power series , this explains the name. 

1.Basic definitions: 

1. Power series: An infinite series of the form 

∑ 𝒂𝒏(𝒙 − 𝒙𝟎)𝒏 = 𝒂𝟎 + 𝒂𝟏(𝒙 − 𝒙𝟎) + 𝒂𝟐(𝒙 − 𝒙𝟎)𝟐 + ⋯                      (𝟏)

∞

𝒏=𝟎

 

is called a power series in (x-𝒙𝟎). 

where 𝑎0,𝑎1,𝑎2,… are constants, called the coefficients of the series.  

𝑥0 is called the center of the series. 

 

𝒇𝒐𝒓 𝒆𝒙𝒂𝒎𝒑𝒍𝒆: the power series 

∑ (𝑥 + 1)𝑛  ∞
𝑛=0 is centered at 𝑥0 = −1 

 

2. A power series in x: It is an infinite series (1) when 𝑥0 = 0 

 

∑ 𝒂𝒏𝒙𝒏 = 𝒂𝟎 + 𝒂𝟏𝒙 + 𝒂𝟐𝒙𝟐 + ⋯                                                            (𝟐)

∞

𝒏=𝟎

 

 

3. Ordinary point: A point 𝑥 = 𝑥0 is called an ordinary point of the equation: 

𝑦″ + 𝑃(𝑥)𝑦′ + 𝑄(𝑥)𝑦 = 0                                                                        (3) 

If both the functions P(x) and Q(x) are analytic at x=𝑥0.  
 

4. Singular point: If the point x=𝑥0 is not an ordinary point of the diff. eq.(3) , 

then it is called a Singular point of eq.(3).  

There are two types of singular points: 

(i) regular Singular point 

(ii)irregular Singular point 

A singular point x=𝑥0 of the diff. eq. (3) is called regular singular point of 

the Diff. eq. (3) if both (𝒙 − 𝒙𝟎)𝑷(𝒙) and (𝒙 − 𝒙𝟎)𝟐𝑸(𝒙) are analytic at 

x=𝑥0. 
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         A singular point, which is not regular is called an irregular singular point. 

5. Standard equation: equation (3) that in the form 

 𝑦″ + 𝑃(𝑥)𝑦′ + 𝑄(𝑥)𝑦 = 0                                                                         

Is called a standard equation. 

Example1.1: Determine whether x=0 is an ordinary point or a regular singular point 

of the differential equation    2𝑥2𝑦″ + 7𝑥(𝑥 + 1)𝑦′ − 3𝑦 = 0. 

Sol. Dividing by 2𝑥2, the given equation becomes, 

𝑦″ +
7(𝑥 + 1)

2𝑥
𝑦′ −

3

2𝑥2 𝑦 = 0                                                                        (4) 

Comparing (4) with (3) we have  

𝑃(𝑥) =
7(𝑥+1)

2𝑥
                                and                                      𝑄(𝑥) = −

3

2𝑥2 

Since both P(x) and Q(x) are undefined at x=0, so both P(x) and Q(x) are not analytic 

at x= 0. Thus x=0 is not ordinary point so x=0 is a singular point 

Also,  (𝑥 − 0)𝑃(𝑥) =
7(𝑥+1)

2
                     and                     (𝑥 − 0)2𝑄(𝑥) = −

3

2
 

Are analytic at x=0. Then x=0 is a regular singular point. 

EXERCISES: 

1.Show that x=0 is an ordinary point of   𝑦″ − 𝑥𝑦′ + 2𝑦 = 0  . 

2.Show that x=0 is an ordinary point of   (𝑥2 − 1)𝑦″ + 𝑥𝑦′ − 𝑦 = 0  , but x=1 is a 

regular singular point. 

3. Determine the nature of the point x=0 for the equation 𝑥𝑦″ + 𝑦 sin 𝑥 = 0 

2. Maclaurin Series: 

Some functions can be expressed by the power series and are called Maclaurin series: 

1

1 − 𝑥
= ∑ 𝑥𝑛 = 1 + 𝑥 + 𝑥2 + 𝑥3 + ⋯                                                                    (5)

∞

𝑛=0
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Where |𝑥| < 1,its called the geometric series. 

𝑒𝑥 = ∑
𝑥𝑛

𝑛!

∞

𝑛=0

= 1 + 𝑥 +
𝑥2

2!
+

𝑥3

3!
+ ⋯                                                                         (6) 

cos 𝑥 = ∑
(−1)𝑛𝑥2𝑛

(2𝑛)!

∞

𝑛=0

= 1 −
𝑥2

2!
+

𝑥4

4!
−

𝑥6

6!
+ ⋯                                                      (7) 

 

sin 𝑥 = ∑
(−1)𝑛𝑥2𝑛+1

(2𝑛 + 1)!

∞

𝑛=0

= 𝑥 −
𝑥3

3!
+

𝑥5

5!
−

𝑥7

7!
+ ⋯                                                (8)    

 

3.The power series method (the power series solution about x=0): 

           Suppose the second order linear diff. eq. in the standard form is: 

𝑦″ + 𝑃(𝑥)𝑦′ + 𝑄(𝑥)𝑦 = 0                                                                                            (3)     

and x=0 is an ordinary point. Therefore, to solve the above equation we take the 

following power series, 

𝑦 = ∑ 𝑎𝑛𝑥𝑛

∞

𝑛=0

= 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 + ⋯                                                         (9) 

Differentiating (9) twice w.r.t. (x), we get 

𝑦′ = ∑ 𝑛𝑎𝑛𝑥𝑛−1

∞

𝑛=1

= 𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥2 + ⋯                                                        (10) 

𝑦″ = ∑ 𝑛(𝑛 − 1)𝑎𝑛𝑥𝑛−2

∞

𝑛=2

= 2𝑎2 + 3 ∙ 2𝑎3𝑥 + 4 ∙ 3𝑎4𝑥2 + ⋯                           (11) 

Substituting equations. (9), (10) and (11) in (3) and collecting the like terms into x 

(which have the same powers), equating to zero the coefficients of the smallest 

power of x starting with the constant terms, the terms containing x, the terms 

containing 𝑥2, etc. 
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This gives us a relation between the coefficients which helps in determining the 

nature of the solution.  

Remark: A solution of the form 𝑦 = ∑ (𝑥 − 𝑥0)𝑛∞
𝑛=0  is said to be a solution about 

the ordinary point 𝑥0 

Example 3.1: Solve   𝑦′ − 𝑦 = 0   𝑎𝑏𝑜𝑢𝑡 𝑥 = 0                                                  (12) 

Sol: starting with (9) and (10)  

𝑦 = ∑ 𝑎𝑛𝑥𝑛

∞

𝑛=0

= 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 + ⋯                                                         (9) 

𝑦′ = ∑ 𝑛𝑎𝑛𝑥𝑛−1

∞

𝑛=1

= 𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥2 + ⋯                                                        (10) 

Substituting in (12), we get 

(𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥2 + ⋯    ) − (𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 + ⋯   ) = 0         (13)   

Now we collect the terms of similar power to x: 

(𝑎1 − 𝑎0) + (2𝑎2 − 𝑎1)𝑥 + (3𝑎3 − 𝑎2)𝑥2 + ⋯ = 0                                            (14) 

Then 

 (𝑎1 − 𝑎0) = 0  →𝑎1 = 𝑎0 

 (2𝑎2 − 𝑎1) = 0 → 𝑎2 =
𝑎1

2
=

𝑎0

2!
 

  (3𝑎3 − 𝑎2) = 0→ 𝑎3 =
𝑎2

3
=

𝑎0

3(2)
=

𝑎0

3!
 

… 

Substituting in (9), we get: 

𝑦 = 𝑎0 + 𝑎0𝑥 +
𝑎0

2!
𝑥2 +

𝑎0

3!
𝑥3 + ⋯                                                         (15) 

Or 

 𝑦 = 𝑎0 (1 + 𝑥 +
1

2!
𝑥2 +

1

3!
𝑥3 + ⋯ ) = 𝑎0𝑒𝑥                                               
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Example3.2: Solve    𝑦′ = 2𝑥𝑦   𝑎𝑏𝑜𝑢𝑡 𝑥 = 0                                                     (16)           

(use the power series method) 

Sol: we arrange the equation as follows 

 𝑦′ − 2𝑥𝑦 = 0                                                                                                              (17)   

 From (9) and (10) 

𝑦 = ∑ 𝑎𝑛𝑥𝑛

∞

𝑛=0

= 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 + ⋯                                                          

   𝑦′ = ∑ 𝑛𝑎𝑛𝑥𝑛−1∞
𝑛=1 = 𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥2 + ⋯                                                             

Substituting in (17) we get 

(𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥2 + ⋯ ) − 2𝑥( 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 + ⋯ ) = 0           (18)     

(𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥2 + 4𝑎4𝑥3 + 5𝑎5𝑥4 + 6𝑎6𝑥5 + ⋯ ) − (2 𝑎0𝑥 + 2𝑎1𝑥2  

+ 2𝑎2𝑥3 + 2𝑎3𝑥4 + 2𝑎4𝑥5 + 2𝑎5𝑥6 + ⋯ ) = 0                         

Then 

 𝑎1 = 0                                          ⋇ 

 2𝑎2 = 2𝑎0  → 𝑎2 = 𝑎0    

 3𝑎3 = 2𝑎1 → 𝑎3 = 0                ⋇ 

 4𝑎4 = 2𝑎2 → 𝑎4 =
𝑎2

2
→ 𝑎4 =

𝑎0

2!
 

 5𝑎5 = 2𝑎3 → 𝑎5 = 0                ⋇ 

 6𝑎6 = 2𝑎4 → 𝑎6 =
𝑎4

3
→ 𝑎6 =

𝑎0

3!
 

… 

Note that the odd coefficients are equal to zero. 

Substituting in (18) we get: 

 𝑦 = 𝑎0 (1 + 𝑥2 +
𝑥4

2!
+

𝑥6

3!
+ ⋯ )                                                           (19) 
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     = 𝑎0 ∑
(𝑥2)𝑛

𝑛!

∞

𝑛=0

= 𝑎0𝑒𝑥2
                                                                      (20) 

 

Example 3.3: Solve 𝑦″ + 𝑦 = 0 about x=0                                                      (21) 

                      (use the power series method) 

Sol: From (9) and (11)  

𝑦 = ∑ 𝑎𝑛𝑥𝑛

∞

𝑛=0

= 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 + ⋯                                                         (9) 

𝑦″ = ∑ 𝑛(𝑛 − 1)𝑎𝑛𝑥𝑛−2

∞

𝑛=2

= 2𝑎2 + 3 ∙ 2𝑎3𝑥 + 4 ∙ 3𝑎4𝑥2 + ⋯                           (11) 

Substituting in (21), we get 

 (2𝑎2 + 3 ∙ 2𝑎3𝑥 + 4 ∙ 3𝑎4𝑥2 + ⋯ ) + ( 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + ⋯ ) = 0                (22) 

Collecting like powers of x, we find 

(2𝑎2 + 𝑎0) + (3 ∙ 2𝑎3 + 𝑎1)𝑥 + (4 ∙ 3𝑎4 + 𝑎2)𝑥2 + ⋯ = 0                                (23) 

Then 

 2𝑎2 + 𝑎0 = 0       →   𝑎2 = −
𝑎0  

2
= −

𝑎0

2!
 

 3 ∙ 2𝑎3 + 𝑎1 = 0   →  𝑎3 = −
𝑎1

3∙2
    →𝑎3 = −

𝑎1

3!
     

 4 ∙ 3𝑎4 + 𝑎2 = 0   →𝑎4 = −
𝑎2

4∙3
     →𝑎4 =

𝑎0

4!
      

… 

Substituting in (9) we get 

 𝑦 = 𝑎0 (1 −
𝑥2

2!
+

𝑥4

4!
 − ⋯ ) + 𝑎1(𝑥 −

𝑥3

3!
+

𝑥5

5!
− ⋯ )                         (24)  

     = 𝑎0 cos 𝑥 + 𝑎1 sin 𝑥 
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4.Some properties of power series: 

I.   ∑ 𝐹(𝑛)𝑘
𝑛=𝑝 = 𝐹(𝑝) + 𝐹( 𝑝 + 1) + ⋯ + 𝐹(𝑘)       , 𝑘 > 𝑝                               (25) 

Where k and p are integer numbers. 

II.∑ 𝑎𝑛𝐹(𝑛)𝑥𝑛+𝑝∞
𝑛=𝑝 = ∑ 𝑎𝑛+𝑝𝐹(𝑛 + 𝑝)𝑥𝑛+2𝑝 ∞

𝑛=0                                             (26) 

III. ∑ 𝑎𝑛𝑥𝑛−𝑘∞
𝑛=𝑘 + ∑ 𝑎𝑛𝑥𝑛−𝑚∞

𝑛=𝑚 = ∑ 𝑎𝑛+𝑘𝑥𝑛∞
𝑛=0 + ∑ 𝑎𝑛+𝑚𝑥𝑛∞

𝑛=0  

                                                         = ∑ (𝑎𝑛+𝑘 + 𝑎𝑛+𝑚)𝑥𝑛∞
𝑛=0                           (27) 

IV. If ∑ 𝑎𝑛𝑥𝑛∞
𝑛=0 = ∑ 𝑏𝑛𝑥𝑛∞

𝑛=0 → 𝑎𝑛 = 𝑏𝑛 ,           ∀𝑛 ≥ 0                                    (28) 

For example: 𝑖𝑓  ∑ 𝑛𝑎𝑛𝑥𝑛∞
𝑛=1 = ∑ 𝑎𝑛−1𝑥𝑛∞

𝑛=1   then 

                         𝑛𝑎𝑛 = 𝑎𝑛−1 → 𝑎𝑛 =
𝑎𝑛−1

𝑛
 

So , if n=1→𝑎1 = 𝑎0 

       if n=2→𝑎2 =
𝑎1

2
→ 𝑎2 =

𝑎0

2
 

       if n=3→𝑎3 =
𝑎2

3
→ 𝑎3 =

𝑎0

3∙2
=

𝑎0

3!
  

V.(Identity property of power series): 

 If ∑ 𝑎𝑛𝑥𝑛∞
𝑛=0 = 0, for every x number in the interval of convergence (i.e. in a 

neighbourhood of 0), then 𝑎𝑛 = 0, for all n. 

Example 4.1: Solve  𝑦″ + 𝑥𝑦 = 0                                                                                (29) 

Sol: Let 𝑦 = ∑ 𝑎𝑛𝑥𝑛∞
𝑛=0    and   𝑦″ = ∑ 𝑛(𝑛 − 1)𝑎𝑛𝑥𝑛−2∞

𝑛=2  

        Substituting in (29) ,we get: 

∑ 𝑛(𝑛 − 1)𝑎𝑛𝑥𝑛−2

∞

𝑛=2

+ 𝑥 ∑ 𝑎𝑛𝑥𝑛

∞

𝑛=0

= 0                                                                     (30)  

∑ 𝑛(𝑛 − 1)𝑎𝑛𝑥𝑛−2

∞

𝑛=2

+ ∑ 𝑎𝑛𝑥𝑛+1

∞

𝑛=0

= 0                                                                    (31) 
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2𝑎2 + ∑ 𝑛(𝑛 − 1)𝑎𝑛𝑥𝑛−2

∞

𝑛=3

+ ∑ 𝑎𝑛𝑥𝑛+1

∞

𝑛=0

= 0                                                        (32) 

From property II, we get, 

2𝑎2 + ∑(𝑘 + 1)(𝑘 + 2)𝑎𝑘+2𝑥𝑘

∞

𝑘=1

+ ∑ 𝑎𝑘−1𝑥𝑘

∞

𝑘=1

= 0                                             (33)  

Where for the second term we take k=n-2→ n=k+2, so if n=3 then k=1 

And for the third term we take k=n+1→ n=k-1, so if n=0 then k=1 

From property III, eq. (33) will be: 

2𝑎2 + ∑[(𝑘 + 1)(𝑘 + 2)𝑎𝑘+2 + 𝑎𝑘−1]

∞

𝑘=1

𝑥𝑘 = 0                                                      (34) 

From property V, we get: 

 2𝑎2 = 0 → 𝑎2 = 0                                                                                              (35) 

 (𝑘 + 1)(𝑘 + 2)𝑎𝑘+2 + 𝑎𝑘−1 = 0 

Then 

𝑎𝑘+2 = −
𝑎𝑘−1

(𝑘 + 1)(𝑘 + 2)
                                                                                            (36) 

So, if  

K=1→𝑎3 = −
𝑎0

(2)(3)
                                                                                             

K=2→𝑎4 = −
𝑎1

(3)(4)
                                                                                             

K=3→𝑎5 = −
𝑎2

(4)(5)
  = 0              

K=4→𝑎6 = −
𝑎3

(5)(6)
 =

𝑎0

2∙3∙5∙6
        

K=5→𝑎7 = −
𝑎4

(6)(7)
=

𝑎1

3∙4∙6∙7
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K=6→𝑎8 = −
𝑎5

(7)(8)
 = 0                

K=7→𝑎9 = −
𝑎6

(8)(9)
=

𝑎0

2∙3∙5∙6∙8∙9
 

… 

Substituting in  

 𝑦 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 + 𝑎4𝑥4 + 𝑎5𝑥5 + 𝑎6𝑥6 + 𝑎7𝑥7 + ⋯                 (37) 

 𝑦 = 𝑎0 + 𝑎1𝑥 −
𝑎0

2∙3
𝑥3 −

𝑎1

3∙4
𝑥4 +

𝑎0

2∙3∙5∙6
𝑥6 +

𝑎1

3∙4∙6∙7
  𝑥7 +

𝑎0

2∙3∙5∙6∙8∙9
𝑥9 + ⋯      (38) 

 

EXERCISES: 

Solve the following equations using the power series method: 

1.
𝑑𝑦

𝑑𝑥
= 𝑥2 − 𝑦  

2. (1 − 𝑥2)𝑦″ − 2𝑥𝑦′ + 6𝑦 = 0 

3. 𝑦″ + 𝑦′ − 𝑥𝑦 = 0 

4.𝑦″ − 𝑦 = 0 

5. 𝑦′ = 𝑥 + 𝑦 

6. (𝑥2 + 1)𝑦″ + 𝑥𝑦′ − 𝑦 = 0 

7. 𝑦″ + 𝑥2𝑦′ + 𝑥𝑦 = 0 
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