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Ordinary Differential Equations
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Applications of first order and first degree differential equations

CHAPTER THREE

Applications of first order and first degree differential
equations

The emergence and development of differential equations came from
physical application and most of the laws of nature were derived and proven
using differential equations, so in this chapter we will review some applications
of the equation of first order and first degree in different sciences.
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3.1: Geometrical applications dowaia iyl

Some relationships related to curve such us slope, tangent parts and
perpendicular are expressed using derivative. The relationship based on one of
these quantities forms a differential equation and by solving it we get the
equation of integration curves for that differential equation. In this section we
will deal with such relationships.

We know that the tangent slope (m;) to a given curve in any point (x,y) on a
function, let it be f(x,y) then

dy
= =f@y)
By solving this differential equation, we get the required equation.
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Applications of first order and first degree differential equations

Example 1:

Find the equation of the curve that passes through the point (3,4) and
its slope at any point (x,y) on itis equal to (— E)

dy

Where m, =
t dx

= -DE-D=c
Sub. (3,4) ineq. (4), we get
4-1)B-1)=c — Sub. In (4)

Eq. (5) is the required equation.

Example 2:
Find the function that equal to its derivative and satisfied with the point (1,3)
Solution:

Let the function equal y, then

Where k =e€
Sub. The point (1,3) in eqg. (3), we get
3=kel o> k=2 Sub. In eq. (3)

e
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Applications of first order and first degree differential equations

X -

y_e

Eq. (4) is the required eq.

3.1.1: Orthogonal Trajectories dalaial) &) jlesal)

When all the curves of one family of curves F(x,y,c;) = 0 intersect

orthogonally all the curves another family (x,y,c,) = 0, then the families are

said to be orthogonal trajectories i.e. m; = 7;—1
1

EX.: (@) - The family y = — %x + ¢, and y = 2x + ¢, are orthogonal
trajectories.

(b) - The families y = ¢;x3 and x? + 3y? = c, are orthogonal trajectories.

(c) - The families y = ¢, x through the origin of the family x? + y? = ¢,
of concentric circles are orthogonal trajectories.

( Prove the above cases)

Remark: eThere is a solution depended on the slopes on two orthogonal
trajectories at the point of intersection.

o If my = f(x,y) is the slope of F(x,y,c) =0 at (x,y) , then the

slope of orthogonal trajectories is m, = — ﬁ at the same point.
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Applications of first order and first degree differential equations

Example 3:

Find the orthogonal trajectories of concentric circles(JS) <l 3asia il 40) at the
origin x2 + y? = ¢?

Solution:

Baalaiall <l jlusal) Alan

dy_z _
== = Iny =Inx + Inc

3aaleiall il el Jias
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Applications of first order and first degree differential equations

Example 4:
Find the orthogonal trajectories of y2 = 4ax .

Solution:

2yy'x —y* _ o

1
—syi=—x+q

Where ¢, = —2¢;
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Applications of first order and first degree differential equations

3.1.2: The polar coordinate  Asuadl) cildlaay)

To find the orthogonal trajectories to the curves F(r,0,c) = 0

1) Form its diff. eq. in the form f (r, 9,2—;) =0 by eliminating c

I1)  Replacing in this diff. eq.z—; by

Remark: tanp =~ &

r

Example 5:
Find the orthogonal trajectory of r = a cos @ , where a is a constant
Solution:
r =acosb

Derive both sides of eq. (1) w.r.t. 6

dr .
— = —qasinf
ao

_r23y ar
Put (—r dr) instead of (de)

deo
= —rza=—asin6 =7

ao a sin@

— = “r=acosf
dr T

ae

= r— = tan6
dar

dr dae
el —_ =
r tan @

Integrating both sides , we get:

cos @

= In|r|={ df + In|c|

sin 6
In|r| = In|sin 8] + In|c]|
= r=csinf

Eq.(4) is the orthogonal trajectory of r = acos®
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Applications of first order and first degree differential equations

Example 6:

Find the orthogonal trajectory of 72 = a? cos @
Solution: 72 = a?cos6
Derive eq. (1) w.r.t. 6
Zr;i—; = —a?sin6

(= 2r)

dr 1 a?sin® dr
= = N

e  2° r a6

dr 1 .
— = —,r.tan® , since 1% =a?cos6

d
22 —rtanéd
de

- eyl . dr dr
1 oS0 Baalaiall Gl jloeall alalatl) Aaledd) B 2= e o —12 22 2
Os5S53 <l s ol — e dy —r — L=

do
—2r? — =rtan 6

r = c¢sin?(0)

Exercises:
Find the orthogonal trajectory of

y=x+e*+c

Xy =a

r=a(l—cosB)

r =a(2+ sin0)
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Applications of first order and first degree differential equations

3.2: Growth and Decay of population Ol JSlaaiaal g gal

The initial-value problem: % =kx , x(ty) = xo

Where k is constant of proportionality occurs in many physical theories
involving either growth or decay:

For example: in biology it is often observed that the rate at which certain
bacteria grow is proportional to the number of bacteria present at any time t:

Then if p(t) is the size of bacteria at t , then we can write:

PO = kp(t) and p(0) = po

Where k a positive constant and the sol. , then

dp(t)
p(t)

p(t) = poe™
Where p, = e€

= kdt - Inp(t) = kt + ¢ > p(t) = e*tt¢

Example (1):
If the rate of growth is proportional to the number of bacteria present if

this number at some times is (10)° bacteria and after one hour be %(10)6
bacteria. Find the number of bacteria after four hours.

Solution: Let p(t) is the number of bacteria, then :

PO = kp(t) - "”(” = kdt > Inp(t) = kt + ¢
> p(t) = poe* po=(10)° , p(1)=32(10)°
3 3
5(10)6 = (10)661'k = == k =1In (E)

p() = (10)%™2 = p(e) = (10)°(3/y)"

4
p(4) = (10)°. <3/2> = 5.0625 x 10° Bacteria
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Applications of first order and first degree differential equations

Example (2): Cane sugar dissolved in water, under certain conditions, turns
into dextrose at a rate proportional to the unconverted quantity at each moment.
If the amount of cane sugar dissolved at the beginning (t=0) was 75 grams, and
8 grams were transformed after 30 minutes. How much cane sugar turn into
after 90 minutes?

Lo\_)i:75‘$§(t=0 )\Amz\_ghﬁ\g:\g\ﬂ\)&J\@MM\SB&_M&&MM\
2381 90 L e 2y ualll S e Jgah oS | 4881 30 2y Sl & 8 lgia Iy
Solution:

Let the amount of cane sugar equal p, and the dextrose equal D,

When p, =75 ,p(30) =75—-8 =67, we get:

an(®) _ _ an(®) _ _
kp(t) - s kdt

- Inp(t) = —-kt+c

> p(t) = pee™™

- p(30) = poe”
— 67 = 7530k

30k

67
_ ln(7—5)

-30

-k

67
tln%/
30

p(t) = 75e

When t=90 - p(90) = 75e
p(90) = 75(22)°=53.468= 53.5 gr
DP=75- p (90)=75-53.5= 21.5 gr Jsiall Sl
Exercises:

1- If the population of a city doubles in 50 years, in how many years will the
population become three times the original number, if you know that the
rate of population increase is proportional to the number of population.
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Applications of first order and first degree differential equations

2- A herd of buffaloes has 1000 buffaloes in it, and the population is
growing exponentially. At time t=4 it has 2000 buffaloes. Write a formula
for the number of buffaloes at arbitrary time t.

3- A herd of elephants is growing exponentially. At time t=2 it has 1000
elephants in it, and at time t=4 it has 2000 elephants. Write a formula for
the number of elephants at arbitrary time t.

4- A colony of bacteria is growing exponentially. At time t=0 it has 10
bacteria in it, and at time t=4 it has 2000. At what time will it
havel00,000 bacteria?

5- A colony of ants is growing exponentially. At time t=0 it has 1000 ants in
it, and at time t=3 it has 3000. At what time will it have10,000 ants?

3.2: Cooling problem sl Jilewe

Physical information: Experiment show that the time rate of charge
dT /dt of the temperature T of a body is proportional to the difference between
T and T,,, (the temperature of the surrounding medium). This is called Newton's
low of cooling.

@ ol O A€ i asall 3l s da ) (Oded/ay 58) Bl pall (s o pilal e
_(M\SJ\J&J\:\.;JA)'&M\ ?m;ﬂ_jjnga.d\.laujl\B)\PX;JJJMW\BJ\)AZ\..AJJ

- . .o dT - - - . . - ” - -
@JJEM‘E’@M}\OJ‘F‘@JJTWL,t[JAJJ.\.Cem.AMbJ‘JA‘\éJJdMJ T(t) oS
1O sSs Ol 5yl (55 5 O 3l Apualy Sl daa il Al 5t (e 3 Apilly ansall B ) e

T = k(T = Tpy) ol alf Bl K
= k(T — Tp)
e Jians VA0 e dolialail) Aolaall o328 Jal
= kdt = In|T —T,,| =kt + ¢,

= T =T,+ce*
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Applications of first order and first degree differential equations

Example (1):

Suppose that you turn off the heat in your home at night 2 hours before
you go to bed, call this time ¢ = 0, if the temp. Tatt = 0 is 66 F and at time
you go to bed (t = 2) has dropped to 63°F , what temp. can you expect in the
morning, say 8 hours later (t = 10)? (of course, this process of cooling off will
depend on the outside temp. T,,, which we assume to be constant at 32°F ).

QiS¢ =0 ) de ) Odicbay a6l 2180 18 ol e 8 Al Glaha) @bl i yi

Gl (= 2) Ofiels oy o5 (Gdiebs a5l J8 gl) A =0 266 F 3, 5al 4a )0

e}\&\w&"_\\.c\.uSJug\cw\mwﬂd\o‘)“)ﬂ\%‘).l@u6gof: %ﬂﬁ)‘ﬂ\&;)d
(T = 32) 32°F (Ml g Ja) g lall sl sallda o of Wle (8 = 10)

Solution:
T(0) = 66 , T(2)=63 , T, =32
T =T, + ce® = T =32+cek
66 = 32 + cekt wt=0 = 66=32+c
= c¢=34
63 = 32 + 342k (whent = 2)
. 63—32
34
2k =1n(0.9118) = 2k =-0.0923 k = —0.04615

T(lO) =32+ 346—0.04—615><10 =32+ 346_0'4615
= 32+ 34(0.630) = 32+ 21.42 = 53 °F

e = e?k =0.9118

Example (2):

Suppose we know that the temperature of an object is 95°C, that the ambient
temperature is 20°C, and that exactly 20 minutes after the object began to cool
its temperature was 70°C. Write a formula for the temperature at arbitrary time t.

20 2. 20°C 2 Bndl 35 2 A2 00y, 95°C (s Lo pun Byl oa dn 2 plad Ll (a4 e
5l s a3 Jidd A (€1 709C 43 ) s A3 Cimseal 53 5 5ll el ¢ty (e Japally 23

i ) Lﬁij PIEN|
Solution:

T(0) = 95°C, T(20) = 70°C, T, = 20
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Applications of first order and first degree differential equations

T(t) =T, + ce*t
- T(t) =20 + ce®t
When t=0 , we get:
T(0)=20+¢c—>95-20=c—->c=175
Sub. ineg. (1)
T(t) = 20 + 75e*t
When t=20 , we get:
T(20) = 20 + 75e20k

70 = 20 + 75e2% — 50 = 75020k _, g — @20k

> k = =In(®)= -0.02027
20 3

T(t) =20+ 75e20""s

Eq.(3) is the required equation
Exercises:

1. Suppose we know that the temperature of an object is 95°C, that the
ambient temperature is 20°C, and that exactly 20 minutes after the object
began to cool its temperature was 70°C.

a) Determine the object’s temperature 45 minutes after cooling began.
b) Determine the number of minutes, after cooling began, until the object
reaches a temperature of 35°C.

. If the rate of decrease in the temperature of a hot object is proportional to
the increase in the temperature of the object over the ambient

temperature. (i.e.)

dT— AT —T,

Where T is the object temperature , T, is the ambient temperature and A is
the constant of proportionality. Prove that the temperature of the object
after ttime is :

T—Ty=(T,— m)e_At

Where T; is the initial temperature of the object.
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