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The Natural Number: 4l 3lac) sl

&) ZlaasY Al ) @ e ) ligad) e de seae o alaic YU drdall slac Y1 Al ) oS5
e allall LadiSal 3 523 3l 5 (Peano's AXIomS) sibs gy cansi Gl 5 (Ol
(Giuseppe Peano)

Peano's AXioms: ke cilbga

1.1eN

2.3a: N - N\{1} bijective map s.t. a(n) =n*=n+1 Vne
N

n* is called the successor g\ of n
3. Induction Axiom &)_&iuY) Ay
VMCN;If[(leMAkeM)thenk™ e M]thenM =N
Sum on N 4ahll ey 4s gana o aaad)
AU Ledy ot 5 daadall Slac Y e aeal) dilee
1ln+0=n VneN
2.Vn € N definen+1=n"
3.Vn,m € N definem + n* = (m + n)*
Example 4.1: Use the definition above to find 2 + 1and 2 + 3
241=2* [n+1=n"]
=3

2+3=242" [n+1=n"]
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=2+2) m+n"=(m+n) ]

Example 4.2: Find 5 + 4 (HW.)

Theorem 4.3:

ln+1=14+n=n" VneN
2.(m+n)+p=m+Mn+p) vmmnpeN
3m+n=n+m VYVnmeN (H W)

Am+n=p+niffm=p

odle ) 1ia sl a5 sl Gl (e G Lo LAl Bt e adinie sAdiadla

Proof1: LetM C Ns.t M={m€eN:m+1=1+m=m"} T.P.
M = N (Axiom3)

1. Provel e M
2. Assume k € M

3.Provek* e M

1L.T.Pm=1€eM

e, T.P.1+1=1+1=2
m+l=1+1=1"=2..()
1+4m=141=1"=2...Q2)

From(l)and (2),1+1=14+1=2=1€eM
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2.Supposek eM (k+1=1+k=k")....(3)

3.T.P.k*eM (T.P.k*"+1=1+k*=k"™)

k*+ 1=k ...(4)

1+k*=0A+k)=(k+1) (from3,1+k=k+1)
= k**...(5)

From (4) and 6) = k™ e M

Hence, M = N (Axiom3)

>m+l=1+m=m" VmeM

Proof2: LetM S Nst M={peN:-(n+m)+p=n+(m+
p VYmneN} T.P. M=N

1. Provel €M

2. Assume k € M

3.Prove k* € M

1. T.P.1eM (TP(n+m)+1=n+(m+1))

m+m)+1=mn+m)=n+m"=n+(m+1)

2.Suppose k EM (m+m)+k=n+ (m+k))

3T.Pk*eM(T.P.(n+m)+k*=n+ (m+k"))
(n+m)+k*=((n+m)+k)*=(n+(m+k))*=n+(m+k)*

=n+(m+k")
~k*eM
“M=N

Proof 4: =) Supposem+n=p+n T.P.m=p
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LetM S Nst M={neN-m+n=p+n =m=p Vm,p€ N}
TP.M=N

1. Provel €M

2. Assume k € M

3.Prove k" € M

1. T.Pn=1eM
le,m+1=p+1T.P.m=p

m+1l=p+1

m* = p*

a(m) = a(p) (by axiom2)

m=p (aisl-l)j=1eM

2.Supposek eM(m+k=p+k = m=p)

3T.P.k*eM (ifm+k*=p+Kk*T.P.m = p)

m+k*=p+k”

(m+k)=(m+k)

= a(m + k) = a(p + k)

=m+k=p+k (aisl-l)

= m=p (from2)

= k*eM

Hence, M = N (Axiom3)

=)letm=pTP.m+n=p+n

LetMS Nst. M={neNm=p =>m+n=p+nVm,p €N} T.P.
M=N
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1.T.Pn=1eM
Letm=pTP.m+1=p+1
m=p= a(m) = a(p) (aiswell defined)
= m*" =p* (byaxiom 2)
= m+1l=p+1
~1eM
2.Suppose k e M (if m=p=m+k=p+k)
3T.PkreM(ifm=p TPm+Kk*=p+k*)
m=p =m+k=p+k (from2)
= a(m+ k) = a(p +k) (aiswell defined)
= (m+k) =((p+k) (byaxiom2)
> m+k*=p+k*
=k*eM
“M=N
Multiplication on N dsdall dac¥) de gana o Gl dples
(SIS Ly 35 5 Amalall 2ae ) e o pual dlee
1.n0=0 VneN
2.n.1=n VneN

dmn =mmn+1)=mn+m VnmeN

Example 4.4: Use the definition above to find 2.3 and 5.4

23=22"=22+2 (m.n* =m.n+m)
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=21"+2

=21+2)+2 (mn"=mn+m)
=2+2)+2

=2+1)+2 (n"=n+1)
=2+1)+2

=242 (m'=n+1)
=3"+2

=442=4+41"=4+1)"=4"=5"=6

Find5.4 (H. W.)
Theorem 4.5:

lnl=1n=n VneN

2m.n=mn+n VnmeN

3. p.(m+n)=pm+pn VYVnmp€eN

4. (m.n).p=m.(n.p) vnmp€eN (H.W.)
bmn=nm VnmeN
6.(m+n)p=mp+np Vnmp€eN (H W)

7.1f mp=n.pthenm=n (H. W.)

Proof1: LetM S Nst. M={neN:nl=1n=n} TP.M=N
(Axiom3)

Sl Gaaty SN gily s

1. Provel €M
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2. Assume k € M
3.Prove k" € M
1. T.Pn=1eM
e, T.P.11=11=1
l1=1=>1eM
2.Suppose k e M (k.1 =1k =k)....(1)
3.T.P.k* e M(T.P.k*.1 = 1.k* = k")
k*.1=k* (n.1=n)....(2)
1.kr=1k+1
=k.1+1 (Lk=k1)
=k+1=k"...(3)
From(2)and 3) = k*e M
Hence, M = N (Axiom3)
=nl=1ln=n VneM

Proof2: LetM S Nst. M={neN: m"n=mn+n VmeN} TP.
M = N (Axiom3)

Sl ety G il Ja
1. Provel e M
2. Assume k € M
3.Provek* e M
1. T.Pn=1eM
e, TPm".1=m1+1

m.1=m" [n.1=n]...(1)
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ml+l=m+1 [m1l=m]
=m".....2)
From(l)and(2) =>1eM

2.Suppose k e M (m*.k =m.k + k)....(3)

3T.P.k*eM(T.P.m".kK* = m.k* + k")

m*.kK* =m*.k+m*
=(m.k+k)+m* (from3)
=(mk+k)+(m+1)
=m.k+ (k+m)+1 (+isassociative)
=m.k+(m+k)+1 (+iscommutative)
=(m.k+m)+ (k+1) (+isassociative)
= m.k* + Kk~

= k*eM

Hence, M = N (Axiom3)

m.n=mn+n VnmeN

Proof3: LetM S Nst. M={n€eN:p.(m+n)=p.m+p.n Vm,p €
N}

T.P. M = N (Axiom3)

) 1eM? TP.p.(m+1)=p.m+p.1 Vm,p€eN

p(m+1)=pm+p [mn+1) =mn+mj
=pm+p.1 (n.1l=n)

2) Suppose k E M [p.(m+k) =p.m+p.k Ym,p € N]
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)TP.k*eM (T.P. p.(m+k*)=p.m+p.k")

p.(m+k*)=p.(m+ k)" [m+n" = (m+n)’]
=p.(m+k)+p [m.n* =m.n+m]
=(@p.m+p.k)+p [from?2]
=p.m+ (p.k+p) [+ is associative]
=p.m+pk* [mn" =mn+m]

= k*eM

Hence, M = N

= p.(m+n)=p.m+p.n Vmmnp€N

Proof5: Let M C Nst. M={n€N: mn=n.m VmE N}

T.P.M = N (Axiom3)

H1eM? TPPm1=1mVmeN
ml=1m=m [froml(n.l=1n=n VneEN)]
2) Suppose k € M [k.m = m.k Vm € N]|
3)TP.k*eM (T.P. m.k*=k*>.m)

mk*=m.k+m

=k.m+m [km=mbk VmEN]
=k*.m [from 2]
= k*eM
Hence, M = N
= mn=nm VmneN

Definition 4.6: Let x € N, then
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.xMMl=x"x1 vneN

Theorem 4.7: Letx,y,n,m € N. Then:

1. xm.xn — xm+n

2. (x™)™ = x™ (H.W.)

3. (x.y)t=x"y* (H. W)

Proof l: LetM S Nst. M ={n € N: x™.x" = x™" ¥m € N}
T.P.M = N (Axiom3)
1) 1€ M? TP.x™ x1 =x™1 vmeN

xM™xl=xmx [x!=x]

m+1 n+1

=x [x"t1 = x™ x1]
2) Suppose k € M [x™.x* = x™tk vm € N]

3TP.k*eM (T.P. x™x¥ =x™"* vmeN)

x™tE x1 (from2)

= xMmtk+1

— xm+k*
= k*eM
Hence, M = N

= xMx"=x"" vym,neN
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Ordered on N 4kl daey) o cus yil
The relation < is defined as follows
m<n eo3IlreNs.t.m+r=n
ms<nem=nvm<n VmneN

Theorem 4.8:

1. vm,n €N, either m=norm<norn<m (S o) pbai¥l o8

2.1f m<nandn <mthenn=m (see Example 3.75 (anti symm.) from
Mathematical logic and set theory)

. If m<nandn<pthenm<p (see Example 3.75 (transitive) from
Mathematical logic and set theory)

dm<neoem+p<n+p VpeN  (see Example 3.45)
Sm<nemp<np VpeEN (see Example 3.45)
6.1f p<m<pthenm=porm=yp*
Proof 6: Assume m # p and m # p* ,dilw e Ola
=p<mandm < p*
p<m= 3JkeNs.t.p+k=m...(1)
m<p*= AreNs.t.m+r=p*....(2)
Substitute (1) in(2) = p*=p+k+r
= p+1l=p+k+r
= 1=k+7r )slegnen doala Guenb e 33 Y (=il

= m=porm=p"
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Least Element ) paial)

Let M € N and a € N.Then a is called least element in M if a <
x Vx € M.

Example 4.9: LetM = {3,45} S N

Then 3 is the least element of M because 3 <x Vx e M

Well-Ordered Set I 4t yal) ds ganall

Let =M S N and a € N.Then M is called well-ordered if each non
empty subset of M contains least element

e NG e 308 e 5430 Ja A sane IS S 1Y o Ll JAS 50 95S5 M Ae sendl
)
‘)M

Integer Numbers System 4asauall Jlacy) alas

Aae Y sl b as g Ledie dgapal) slae V) alal (e g gl (gaae plas 0 K5 N Aaladl & jela
Sl e 6l e YAl Jsla dag) e jold e bl

S5+x=20r 10+y=1 Vx,y€N

Slac ¥ alkas g o YT N aleall e g 51388 3 Jall (5 sm g sl oo sl alagl o3 @lla
Z bl e pn Al gdamall

Construction of Integer Numbers 4asaall 3y de gaaa sl

Definition 4.10: Let N be the set of natural numbers then

N XN ={(n,m):n,m € N}

Define arelation ~on N X N as
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(ny, my)~(ny,my) iff ny + my =my +n, V(ny,my),(n,,my) ENXN

Example 4.11: (6,3)~(10,7) since 6 + 7 = 3 + 10
(5,2)~(8,4)since5+4+2+8

Theorem 4.12: The relation ~ on N X N is an equivalence relation

Proof:

Reflexive? T.P. (n,m)~(n,m) vn,me€ N
TP.n+m=m+n (def. of ~)

Sincen+m =m+n (+is commutative on N)

(n, m) ~ (n, m)

Symmetric? Let (n,m)~(r,s) T.P. (r,s)~(n,m)
Since (n,m)~(r,s) = n+s=m+r (defof~)
=s+n=r+m (+iscommutative on N)
=r+m=s+n
= (r,s)~(n,m)
Transitive? Let (n,m)~(r,s)and (r,s)~(p,q) T.P. Let (n,m)~(p,q)
(n,m)~(r,s) > n+s=m+r (def.of ~) ....(1)
(r,s)~(p,q) =>r+qg=s+p (def.of ~)....(2)
By summing up (1) and (2)
=n+s+r+qgq=m+r+s+p

=n+G+r)+g=m+(s+r)+p (+comm.and assoc.on N)
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=n+q+G+r)=m+p+(s+r) (+comm. onN)
= n+q = m+ p (by theorem 4.5(4), <l ) 58)
(n,m)~(p,q)

.~ Is an equivalence relation

Definition 4.13: Let ~ be a relation on N x N. Since ~ is an equivalence
relation, then we can define an equivalence classison N X N

H ={[(n,m)]: nnm € N} ={[n,m]: n,m € N}
Where [n,m] = {(r,s): (n,m)~(r,s)}

Definition 4.14: The set of all different equivalence classes on N X N form
the set of integer numbers

Mathematically,
Zt ={[n,m]: n>mandn,m€ N}
0 ={[n,m]:n=mandn,m € N}

Z-={nml:n<mandn,m € N} = {—[m,n]:m > n}

Example 4.15: [3,1] = 2; [2,3] = —[3,2] = -1; [3,3] =0

Example 4.16: Find [(2,3)], [(10,7)],[0,0]

[(2,3)] =[2,3] ={(r,s) e N X N:(r,s)~(2,3)}
={(r,s):r+3=s+2}
={(r,s):r+1+2=s+2}
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={(r,s):;r+1=s, r,s €N}
={(1,2),(2,3),(3,4),....} = —1 (from def.7)

Ao sbuie 58S Cashia Ll (e 58S Cain 833 53 gl yualiall () 58S o gia 530 (4
3 !
O

[2,3] = [(1.2)] = [3,4] = [(4,5)] = -

[10,7] = {(r,s) € N X N:(r,5)~(10,7)}
={(r,s):r+7=s+10}
={(r,s)ir+7=s5+3+7}
={(r,s)ir=5+3, 1,5 €N}
={4,1),(5,2),(6,3), ....} = 3 (from def.7)

~ [10,7] = [4,1] = [5,2] = [6,3] = -
[0,0] = {(r,s) € N X N:(r,s)~(0,0)}

={(r,s):r+0 =5+ 0}

={(r,s): r = s}

={(1,1),(2,2),(3,3),....} = 0 (from def.7)
~[0,0] =[1,1] =1[2,2] =[3,3] = -

SIS Cam (K e 45 (S rman 20 (S

Addition and Multiplication on Z
Let x,y € Z such that x = [n,m] and y = [r, s]. Define
x+7y =[nml]+;[r,s]=[n+r,m+s]

X.; ¥y =[n,m].y[rs] =[nr+ms,ns+mr]

Example 4.17: Find (3)+;(=5), (=1)+,(-3), (—=2)., (4)
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(3)+2(=5) = [5,2]44[1,6] =[5+ 1,2+ 6] (def.of +,)
= [6,8] = —2
(=1)+2(—3) = [5,6]+,[1,4]
=[5+1,6+4] (def.of +y)
= [6,10] = —4
(=2).z (4) = [2,4] .2 [8/4]
= [(2.8) + (4.4), (2.4) + (4.8)]  (def.of ;)
= [16 + 16,8 + 32]

= [32,40] = —8

Example 4.18: (H. W.) Find (—3)+,(4), (—=5)., (—1)

Theorem 4.19: Properties of the sum on Z

l.x+,y=y+,x Vx,y€Z

2.(x+zy)tzp =x+z(y+zp) Vx,y,p €Z

3.30 e Zsuchthatx+,0=0+,x=x Vx€Z

4 x+,p=y+,p=Sx=y Vx,y,pEZ

So.VxeZdyeZs.t.x+,y=0

Proof1: TP. x+,y=y+,x Vx,y€Z

Let x = [n,m] and y = [r, s] such that n,m,r,s € N
X+, y = [n,m]+,[r,s]

=[n+r,m+s] (def. of +,)
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=[r+mn,s+m] (+iscomm.on N)
= [r,s]+,[n,m] (def. of +,)
=ytzx
Proof3: T.P. 30 € Zsuchthatx+,0=04+,x=x Vx€Z
Let x = [n,m] and O = [r, s] such that n,m,r,s € N
x+,0=x= [nm]+,]r,s] =[nm]
= [n+1r,m+s| = [n,m] (def. of +,)
= (n+r,m+s)~(n,m) ([a] =[b] = a~b)
=n+r+m=m+s+n (def.of ~)
= n+m)+r=m+m)+s (+comm.and assoc)
= r =s (Bytheorem 4.5(4))
~0=1rs]=[rr] ={[11]122],133], ..}
Similarly, 04+, x = x
~30=[r,r]s.t.x+;,0=0+,x=x Vx€Z
Proof 4:
Letx = [n,m],y =[r,s]and p = [h, k] such thatn,m,r,s,h,k € N
Xtzp=Yy+tzp
& [n,m]+, [h k] = [r,s]+; [h k]
S n+hm+k]l=[r+hs+k] (def of +,)
S nm+hm+k)~(r+hs+k) ([a] =[b] = a~b)
Sn+h+s+k=m+k+r+h (def. of ~)

on+s+(h+k)=m+r+ (h+k) (+comm.and assoc)
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Sn+s=m+r (Bytheorem4.5(4))
& [n,m]~[r,s] (def. of ~)
< [n,m] =[r,s] (a~b= la] = [b])
Sx=y
Proof5: T.P.Vx € Z,3y e Zs.t.x+,y=0
Letx = [n,m] andy = [r, 5]
Suppose x+, y =0
[n, m]+7 [r,s] = [h, h]
[n+7r,m+s] =[hh] (def of+;,)
(n+r,m+s)~(hh) ([a] = [b] = a~b)
n+r+h=m+s+h (def of ~)
n+r=m-+s
[n,m]~[s,r] (def.of ~)
[n,m] =[s,r] (a~b = [a] = [b])
x=-y=][sr]

=Vx€ZIAyEZs.t.x+,y=|[s,r]+;[r,s]=[s+r,r+s]=0

Theorem 4.20: Properties of the multiplication on Z

l.x,y=y,x Vx,yeZ (H W)
2. (X7 V)gw=x,,w) Vx,y,w € Z (H. W.)

3.31€Zsuchthatx., 1=1,x=x Vx€Z
193 e osblew G - Al Jiie o




Foundation of Mathematics el e

4 x,w=y,weex=y Vx,yyweZ (H W)
5, 0=0,x=0 vxeZ (H W)
6.x., (Yt W) =x., y+zx, W VX, y,WEZ
Proof 3:
Letx =[n,m]and 1 =[2,1] = [3,2] = -
TPx,1=1,x=x Vx€Z
x., 1=[nm].;[21]
=[2n+m,n+2m] (def. of .;)
=[n+n+mn+m+m]
=n+m+nn+m+m]
= [n+m,n+ m]+,[n,m]

0+,[n,m] =x

Similarly, 1., x =x (H.W.)

Proof6: T.P.x ., (y+,w)=x., y+z,x ., w Vx,yweZ
Letx = [n,m],y =[r,s] andw = [p, q]
x.z Ytz w) =[nm] .z ([r,s]+z[p,q])
=[nm].;[r+ps+q] (def.of +;)
=n@+p)+m(s+q),n(s+q)+m.(r+p)] (def. of.;)
= [nr + np + ms + mq, ns + nq + mr + mp]

= [(np + mq) + (nr + ms), (nq + mp) + (ns + mr)] (+is
comm. &asso0.)
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= [np + mq,nq + mpl+, [nr + ms,ns + mr] (def. of +,)
= ([n,m] .z [p,qD+, (In,m].z [r,s])  (def. of )
=(x.zwHtz(x.z¥)

Ordering on Z daxaall slaey) o qu Al

Let x = [n, m] be an integer number then

1. x is called positive integer number if m < n.

2. x is called negative integer number if - x is positive or if n < m.

Example 4.21: x = [10, 3] is positive because 3 < 10

y = [1,5] is negative because -y is positive (or because 1 < 5)

Theorem 4.22: Let x and y are positive integer numbers then x4+, y is
positive integer number

Proof: Let x be a positive integer number = x = [n,m] s.t.tm<n ....(1)
Let y be a positive integer number = y = [r,s] s.t.s <71 ....(2)

From (1) &2) = m+s <n+r (bythm4.8(4))...(3)

x+,y=[nml+,[r,s]=[n+r,m+s] (def. of +,)

Sincem+s <n+r = x4+, yispositive integer number

Definition 4.23: Let x and y are two integer numbers such that x = [n, m]
and y = [r,s]. y — x is positive integer number iff x < y

In other words,
y —x = [r,s] — [n,m] is positive

= [r,sl+z[mn] (=x=[m,n])
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=[r+m,s+n] (def. of +;)

Since, y —x ispositive =>s+n<r+m

Example 4.24: let x = [2,3] = [n,m]and y = [5,1] = [r,s]. Isx < y?

s+n=3<8=r+m= y—xispositive

= x<Yy

Example 4.25: let x = [10,5] = [n,m] and y = [6,1] = [r, 5]

s+n=11> 1=6-5= x -y is positive

= y< x

Definition 4.26: Let x be an integer number. Then

1. x is a positive integer number & x > 0
2. x IS a negative integer number < x < 0
dx<ymeansx <yorx =y

4. x=>ymeansx >yorx =y

Theorem 4.27: Foreach x,y,p € Z

1.Ifx>0andy>0thenx., y>0 (HW.)
2.1fx<0andy<Othenx., y>0 (H.W.)
3.Ifx<0andy >0thenx., y<O0

dx<y oxt,p<y+;p

196 e osblew G - Al Jiie o




Foundation of Mathematics el e

bx<yox,p<yzp VpeZ" (H W)

Proof3: Letx =[n,m] <0, y=1[r,s]>0T.P. x., y<O0
Sincex<0=n<m =m=n+ky; kyj€N...(1)
Sincey>0=r>s=r=s+ky; k, EN ....(2)
X.; Y=[n,m] ., [r,s] = [nr + ms,ns + mr] (def.of.; )
= [n(s + k,) +ms,ns + m(s + k,)] (using (2))
= [ns + nk, + ms,ns + ms + mk,|

=[ns+nk,+ (n+ky)s,ns+ n+ky)s+ (n+kyk,] (using (1))

=[ns+m+ky)s+nk, ns+n+ky)s+m+kyk;]
=ns+n+ky)s+nk, <ns+ n+ky)s+nk,+kik,
= x.;, <0
Proof4: =) Letx=[nm]<y=|[rs] T.P.x+,p<y+,p
Since x < y = y — x is positive
= [r, s]+, [m,n] is positive
= [r + m, s + n] is positive
=s+n<r+m
=r+m=s+n+k; KeN....(1)
Letp =[u,v]; wuveN T.P.x+,p<y+;p
T.P. (y+; p) — (x4, p) is positive

T.P.[r+u,s+v]—[n+um+ v]ispositive
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T.P.[r+u,s +v]+,[m+ v,n + u] is positive
T.P.[r+u+m+v,s+v+n+ulispositive
TPr+u+m+v>s+v+n+u
From(l),r+m=s+n+k; KeN
= r+m+@U+v)=s+n+k+ (u+v)
= (r+u+m+v)=(s+n+u+v)+k; keEN
=S r+u+m+v>s+v+n+u
= xt;p<ytzp
<) Suppose x+,p<y+,pT.P.x <y
Sincex+,p<y+;p=>r+u+m+v>s+v+n+tu
= T+u+m+v)=(s+n+u+v)+k; keN
= r+m+@u+v)=s+n+k+(u+v)
= r+m=s+n+Kk
=r+m>s+n
= [r + m, s + n] is positive
= [r, s]+; [m, n] is positive

= y-—xIispositive=>x<y

Embedding: s

Let (M,x, #, R,) and (L,*', #', R,) are two number systems with the T.O.R
relation R,, R,. We say that
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(M,*, #,R;) isembedded 3.s2=in (L,*',#',R,) if and only if there exist
a:M — L such that « is 1-1 and the following conditions hold: For all

nmeM

1. a(n+m) = a(n) « a(m)
2. a(n#m) = a(n)# a(m)
3.nRym < a(n)R, a(m)

Theorem 4.28: (N U {0}, +,., <) is embedded in (Z,+,.,<)

Proof: Definea: N U {0} » Zs.t. a(n) = [n,0] VneEN
1. T.P.aisl-1
Leta(n) =a(m) T.P.n=m
[n,0] = [m, 0] = (n,0)~(m, 0)
=n+0=m+0=n=m= aisl-1
2.T.P. a(n+m) = a(n) + a(m)
a(n+m) =[n+m,0] =[n0]+, [m,0] (def. of +,)
= a(n) + a(m) (def. of @)
3. T.P. a(n.m) = a(n). a(m)
a(n.m) =[n.m,0] = [n,0]., [m,0] (def.of.;)
= a(n).a(m) (def. of )
4. T.P.n<m  an) < a(m)
n<mSn+0<m+0
& [n,0] < [m,0]
& a(n) < a(m)

=~ (NU{0},+,.,<) isembedded in (Z,+,.,<)
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