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CHAPTER SIX

Binary Operations 45Ul cilblel)

Chapter Three Contents:
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2. Properties of binary operations 4=l ciblel) (el sa

3. Group, Ring and Field Jaadl g 4alalf g 5 s 30
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Definition 3.1: Let A be a nonempty set. Any mapping from A X A into A is
called a binary operation on A. The binary operation is denoted by the
symbols x, #, $, o, ....

Mathematically,

*: A X A - Aisabinary operation iff
1. % ((a,b)) =a b € A (closure condition)
e, Va,bEA>axb€EA

2.ifa,b,c,d € As.t. (a,b) = (¢c,d)thena xb = c xd (well defined
condition).

Example 3.2: Let A = {0,1, —1}, let * be an operation on A such that
a*xb=b?* VabeA
Is * binary operation on A?
Solution:
Closure? Leta,b € A= a* b € A?
Va,b €A = axb =b%* € A= xisclosure
Well defined? Let a,b,c,d € Ast. (a,b) = (c,d) = a*xb =cx*d?
Since (a,b) = (c,d) = a=c ANb=d
axb = b? (def. of *)
=d? (b =d)
=cx*d (def. of %)
=~ * 1S well defined
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~ * 1S a binary operation on A

Example 3.3: Let A = {0,1, —1}, let * be an operation on A such that
axb=a—-—b VabeA

Is * binary operation on A?

Solution:

Closure? Leta,b e A= a*b € A?

If abEA=axb=a—b¢&A
Takea=1,b=-1=axb=a—-b=1+1=2¢A

~ * is not closure

~ *Is not a binary operation on A

Example 3.4: Let A = N, let # be an operation on N such that
atb=a—-b Vab€eN

Is # binary operation on N?

Solution: Closure? Leta,b € N = a#b € N?

If abeEN = atb=a—b &N
Takea=2,b=5=a#th=a—-b=2—-5=-3¢N

=~ # 1s not closure

~ # 1s not a binary operation on N

Example 3.5: (H. W.) Let A = Z, let * be an operation on Z such that
a*xb=a+b+1 VabeZ

Is * binary operation on Z?
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Example 3.6: (H. W.) Let A = E, let * be an operation on E such that
axb=2ab Vab€E
Is * binary operation on E?
Example 3.7: (H. W.) Let A = 0, let * be an operation on O such that
axb=a+b VabeO
Is * binary operation on 0?
Example 3.8:
l. LetA=N,axb=a+b VabeN
"+" is a binary operation on N 4suhll dac ¥l de geana o 400 Al aeal)

2."+" Is a binary operationon Z,R,Q, E

3."-" is a binary operation on Z,R, Q, E

4."x" is abinary operationon Z,R,Q,E,O,N
5."=+" is a binary operation on R\{0}, Q\{0}

6. "+" is not a binary operation on N\{0}, Z\{0}

Properties of Binary Operations 4l cilbled) (al sa

1. Commutative Binary Operation Al il dlasl)

A binary operation * on a set A is called commutative iffa * b = b *
a VabeA

Example 3.9:

"+" Is a commutative binary operationon N, Z, R, Q, E

" 1S a commutative binary operationon N, Z, R, Q, E
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"-" Is not commutative binary operationon N, Z, R, Q, E

Example 3.10: Leta*xb =a+ b+ ab Va,b € Z. Is* commutative
binary operation on Z?

Solution: * binary operation?
Closure? Leta,beZ=a+b€Z=a+b+abeZ
.. *is closure
well-defined? Let a,b,c,d € Zst. (a,b) = (c,d) = a*b =c*d?
Since (a,b) =(c,d) = a=c ANb=d
= axb=a+b+ab (def. of *)
=c+d+cd (a=cAb=d)
=cx*d
~ * 1s well defined
~ *Is a binary operation
Commutative?axb=a+b+ab=b+a+ba=>b=xa
* IS commutative

Example 3.11: Let a$h = a Va, b € Q. Is $ commutative binary operation
on Q?

Solution: $ binary operation? (H.W.)
Comm.? a$h = a and b$a = b

= a*hb

Takea=§andb=5

a$h :iand b$a =5
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Example 3.12: LetA* B=AUB VA,B € P(X). Is U commutative
binary operation on P(X)?

Solution: * binary operation?
Closure? Let A, BE P(X) >A*B=AUBC X = Ax*B € P(X)
.. Uis closure

well-defined? Let A,B,C,D € P(X)st.(A,B)=(C,D) = A+«B =C
D?

(4,B)=(C,D)=A=C AB=D
= A*B=AUB (def. of *)
=CuD (A=CAB=D)
=CxD
~ *is well defined
~ * Is a binary operation
Commutative? (H.W.)

2. Associative Binary Operation dssaail) Uil dalasl)

A binary operation * on a set A is called associative if and only if

(ax*b)*xc=ax(b*xc) Va,b,ce A

Example 3.13: Leta.b =a+b —2 Va,b € Z.Is"." associative,
commutative binary operation on Z?

Solution: "." binary operation? (H.W.)

Associative? Leta,b,c € Z,(a.b).c = a.(b.c)?
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(@b).c=(a+b—2).c (def. of .)
=(a+b—-2)+c—2 (def of))
—a+b+c—4...(1)

a.(b.c)=a.(b+c—2) (def. of .)
=a+(+c—2)—2 (def. of )
=a+b+c—4...Q2)

From (1) &(2), (a.b).c = a.(b.c)

Commutative? (H.W.)

Example 3.14: (HW.) LetAxB =AUB VA,B € P(X). Is U associative
binary operation on P(X)?

Example 3.15: (HW.) LetAxB =ANB VA,B € P(X).Is N associative,
commutative binary operation on P(X)?

3. Distributive Property s 4sals

Let * and # are two binary operations on a set A. Then * is distributive over
# from the left if and only if

a* (b#c) = (axb)#(a*c) Va,b,ce A

Also, * is distributive over # from the right if and only if

(b#tc)xa=(b+xa)#(c+xa) Va,b,c €A

Remark 3.16:

1. a * (b#c) + (b#c) *a (in general)
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2. If a = (b#c) = (b#c) = a then we say that = is distributive over #

Example 3.17: Let * be a binary operation on Z such that

axb=a Va,b€Z
Let # be a binary operation on Z such that a#b =a+ b —2 Va,b € Z
Is * distributive over # from left and from right?
* distributive over # from left ?

We must show if a = (b#c) = (a*b)#(a*c) Va,b,c €Z

a* (b#c) = a (def. of ¥).....(1)
(a+*b)#(a *c) = atta (def. of *)

=a+a—2 (def. of#)

=2a—-2...2)
From (1) and (2), a * (b#c) # (a *xb)#(a * c)
=~ * is not distributive over # from left
* distributive over # from, right ?
We must show if (b#c) xa = (b *a)#(c*a) Va,b,c€e A
(b#c) x a = b#c (def. of *)

=b+c=2 (def of#)...(1)

(b *xa)#(c+a) = b#c (def. of *)

=b+c—2 (def of#)....Q2)
From (1) and (2), (b#c)*a = (b *a)#(c *a)

=~ * is distributive over # from right
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Example 3.18: (H.W.) Let = be a binary operation on N such that a x b =
ab Va,b € N

Let # be a binary operation on N such that a#tbh =a+ b Va,b € N

Is * distributive over # from left and from right?

Example 3.19: (H.W.) Let * be a binary operation on P(X) such that
AxB=AUB VA,B € P(X)

Let # be a binary operation on P(X) such that A#B = ANB VA,B €
P(X)

Is * distributive over # from left and from right?

Definition: The Identity Element ulaal) uaisll

Let = be a binary operation on a set A and e € A, then e is called the
identity elementof Aifandonlyifaxe=exa=a Va€A

Example 3.20:
1. "0" is the identity element of the sets Z, Q, R with respect to (w.r.t.) (+)
peall Alaal iy 7, Q, R Do ganall plaall juaiall 0 guall
i.e.,a+0=0+4+a VaeZ QR
2."0" is not the identity element of the sets Z, Q, R with respect to (w.r.t.) (-)
bl el fpnilly Z, Q, R e sanall yaall juainll oy inall
i.e., da€Z Q,Rs.t. a—0#0—a

3. "1"is the identity element of the sets N, Z, Q, R w.r.t. (.)
160 e osblew G - Al Jiie o




Foundation of Mathematics el e

G_pall Ll il N, Z, 0, R le sanall pladll juaiall s 2al 4l
i.e.,a.1=1.a Va€eN,Z QR

4. "1"is not the identity element of the sets Q — {0}, R — {0} with respect
to (w.r.t.) (/)

dedll el Loilly Q — {0}, R — {0} Sle sanall slaall jaiall Jiag¥ 2al 5l
i.e., da€Q—{0},R—{0} s.t. %;e%
Example 3.21: Let # be a binary operation on R\{—1} such that

a#tb =a+ b+ ab Va,b € R\{—1}. Find the identity element of R\{—1}
with respect to #.

Solution: Let e be the identity element of R\{—1} s.t. a#te = e#fa =
a Va € R\{—-1}

We must find e?

atte =a = a+e + ae = a (def. of #)
—et+ae=0
=e(l+a)=0

Eithere = 0

orl+a=0=a=-1¢R\{—1} e

~e=0€eR\{-1}....(D)

eta =a = e+ a+ea =a (def. of #)
—et+ea=0
=e(l+a)=0

Eithere = 0

orl+a=0=a=—-1¢R\{-1} s
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~e=0€R\{-1}....(2)
From (1) and (2),e =0
Example 3.22: (H. W.) Let # be a binary operation on Z\{—1} such that

a#th =a+b+ab Va,b € Z\{—1}. Find the identity element of
Z\{—1} with respect to #.

Example 3.23: (H. W.) Let * be a binary operation on N such that

a*b=a+b—1 Va,b € N.Find the identity element of N with respect
to *.

Example 3.24: Let = be a binary operation on P(X) such that

AxB=AUB VA,B € P(X). Find the identity element of P(X) with
respect to *.

Solution: Let e be the identity element of P(X) st. Axe =e* A =
A VAeP(X)

e=0because AUP=QPUA=A VAeP(X)
Example 3.25: (H. W.) Let * be a binary operation on P(X) such that

AxB =ANB VA, B € P(X). Find the identity element of P(X) with
respect to *.

Theorem 3.26: Let e is the identity element of a set A with respect to *,
then e is unique.

Proof: Let e is the identity element of a set A with respect to *
Suppose e’ is another identity of A w.r.t. *

Since e istheidentity = exe’' =e'xe=-¢e'....(1)

Since e’ is the identity =>=¢e'xe=exe' =e....(2)

From (1) and (2),e = e’
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~ e isunique
Definition: The Inverse Element kil uail)

Let * be a binary operation on a set A and e is the identity element of A. Let
a € A,then b € A is called the inverse element of a ifand only if a x b =
bx*xa=e.

The inverse element b is denoted by a™*. So

Example 3.27: Find the inverse element of each element in Z, Q, R w.r.t "+"
Solution: The identity elemente = 0
axal=0=a+a! =0=al=-a VvaeZQR

AND,
alsa=0=al! +ta=0=al=-a vaeZQR

~al=-a vVa€eZQR

Example 3.28: Find the inverse element of each element in Q\{0}, R\{0}

w.r.t”.

Solution: The identity elemente = 1

1
axal=e=a.a?! =1=>a‘1=g va € Q\{0}, R\{0}

AND,
1
al+sa=1=a?l! a=1=at =~ Vae Q\{0}, R\{0}

saTt =2 Va€ Q\(0},R\(0}

Example 3.29: Let # be a binary operation on Z\{—1} such that
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a#th =a+ b+ ab Va,b € Z\{—1}. Find the inverse element of each
element in Z\{—1} (if exist).

Solution: From Example 3.22,e =0

Let a € Z\{—1} and alis the inverse of a

=axa l=q1

xa=e
a*al=e=a+al4aa =0

—a+al(l+a)=0
a

=al=—-—
1+a

alsa=e=al4+a+ala=0
=a+a'(1+a)=0
a

-1 _ _ &
= a = 1+a€Q

2ac Laa yhai g = 0,—2 \qcug;_;mmc}mZ\{—H‘;qmdS)#thsJM
G

f a=0=a1=0€e2Z\{-1}=01=0
fa=-2=al=2=-2=a"1=-2€2\(-1)
fa=3=a"' == ¢Z\(-1}

~ a = 3 has no inverse

~VYa#0,-2,a ¢ Z\{-1}

Example 3.30: (H. W.) Let * be a binary operation on Q\{0} such that

a*b = 2ab Va,b € Q\{0}. Find the identity element of Q\{0} with
respect to *.
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Find the inverse of each element in Q\{0} (if exist).

Example 3.31: (H. W.) Let x be a binary operation on Z such that

axb=a+b+5 Va, b € Z.Find the inverse of each element of Z with
respect to *.

Group 33

Let G be a nonempty set and * be a binary operation on G. The pair (G,*) is
called group if and only if * is associative, there is an identity element and
each element have an inverse.

Mathematically,

(G, *) is called group iff

1.G#0

2. *Is a binary operation on G

3. * Is associative on G

4. 3 identity elemente e Gst.axe =exa=a

5.Ya€EG,daleGstaxal=alsa=e

Remark 3.32: If (G,*) is a group and * is a commutative then (G,*) is
called commutative group.

Mathematically,

A group (G,*) is called commutative iffaxb =b*a Va,b €G
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Example 3.33: Show that (Z, +) is a commutative group
1.Z+0
2. + Is associative binary operation on Z
3.3e=0€Zs.t.a+0=0+a=a Va€eZ
4.3a'=-a€Z Va€Zs.t.atal=al+a=0
~ (Z,+) isagroup

YVa,beEZ a+b=b+a
~ (Z,+) is a commutative group

Example 3.34:

(Q,+) isacomm. group

(R, +) is a comm. group

(N, +) is not a group

(Z,.) isnot a group

(0,+) isnot agroup

(R\{0},.) is a group

(R,.) is not a group
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Example 3.35: Show that (Z,*) is a commutative group such thata * b =
a+b—-5

Solution:
1. Closure: leta,b € Z=a*b=a+ b —5 € Z = closure is true
well-defined: let a,b,c,d € Zs.t. (a,b) = (c,d) = axb =c*d?
Since (a,b) = (c,d) =>a=c ANb=d
= a*xb=a+b—5 (def. of *)
=c+d-5 (a=cAb=d)
=cx*d
=~ * 1S well defined
~ *Is a binary operation
2. associative (H.W.)
3. Identity: leta € Zwefinde € Zsuchthata*xe =exa=a
axe=a
=a+e—5=a
=e=5€Z..(1)
Similarly, e xa = a
=e+a—5=a
=e=5€Z...2)
From (1) &(2) ,e =5

4. Inverse: Va€e Z,wefinda ' e Zsuchthata*xa '=a lxa=c¢e
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=al=10-a€Z..(1)
Similarly,a™xa =e
=al+a-5=5
=al=10—a€Z ...Q2)

From (1) &(2),a 1 =10—-a

~ (Z,*) isagroup

Commutative: (H.W.)

Example 3.36: Is (P(X),U) group?

Solution:

1. U is a binary operation (see Example 3.12)

2. U is associative (see Example 3.14)

I EP(X)StLAUD=0UA=A
ne=0

4. Inverse: VA € P(X),wefindA™! € P(X)suchthatAuA=t=4"1u
A=0

fA=0thenA ™' =0st AUA™t=0
When A # @ then there is no inverse to A
B J A b ld o g Al sas gl de ganll
~ (P(X),V) is not a group
Example 3.37: (H.W.) Is (P(X),n) group?
Is (P(X),\) group?
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Example 3.38: Let F(A) = {f, f: A = Als bijective map.}
let * be an operation on F(A) s.t. f * g = fog

Is (F(A),*) commutative group?

Solution:

1. Closure: let f,g € F(A) = f xg = fog € F(A)?

f €EF(A) = f:A — Ais bijective

g € F(A) = g: A — Ais bijective

~ fog: A — Ais bijective

Closure is true

well-defined: let fi, f5, 91,9, € F(A) st. (f,f2) = (91,92) = fixfo =
g1 * 927

Since (fi.f2) =(G1.92) = fi=01 N =9,
= f1 * f, = fiof, (def. of *)
=910, (i=g1 N[ =92)
=91*92
=~ * 1S well defined
~ *Is a binary operation
2. associative: Vf, g, h € F(A)
(fog)oh = fo(goh) (by theorem 4.26(4), chapter4)

3. Identity: Ji,: A - A is bijective such that foi, = ijof = f Vf €
F(A)(by thm 4.25, ch4)

.'.e=iA
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4. Inverse: Vf € F(A) = f: A - A s bijective
3f~1: A - Ais bijective = f~! € F(A)

Suchthat fof ™' = f~lof =i, (bythm 4.26(2), ch4)

~ (F(A),o0) isagroup

Commutative:

Since f:A—-Aandg:A—- A

fog = gof

=~ (F(A), o) is a commutative group

Semi Group 8 4pd

Let A be a nonempty set and * be a binary operation on A. The pair (4,*) is
called semi group if and only if * is associative.

Mathematically,

(A, *) is called semi group iff
1L.A+0

2. * is a binary operation on A

3. * Is associative on A

Example 3.39:

(N, +) is a semi group but not a group

(Z,.) is a semi group but not a group

Remark 3.40: Every group is a semi group.
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Ring PRI

Let R be a nonempty set and * and # be two binary operations on R. The
ordered triple (R,*, #) is called ring if and only if

1.R+ 0
2. (R,*) is a commutative group
3. (R, #) is a semi group

4. # is distributed over * (from left and right)

Example 3.41: (Z,+,.) isaring

1. (Z,+) is a commutative group

2. (Z,.) is asemi-group

3.a.(b+c)=ab+a.c VYab,c € R (distribution from left)
(b+c).a=b.a+c.a Va,b,c € R (distribution from right)

Example 3.42: (Q,+,.) isaring
(R,+,.) isaring

Commutative Ring 4dlay) 4alal)
Aring (R,*,#) is called commutative iff a#b = b#a Va,b € R
Al dleal) e @3ty o) g JIY)
Example 3.43: (Z, +,.) is a commutative ring because a.b = b.a Va,€ Z
(Q,+,.) is acommutative ring
(R, +,.) is a commutative ring

Ring with Identity Element saall jaiall i3 48k
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A triple (R,*, #) has an identity element with respect to (#) if and only if

ate =e#ta=a Va €R

Example 3.44: (Z,+,.),(Q,+,.), (R, +,.) are rings with e = 1 because
a.l=1.a

Ordered Ring 4! 4alal)

A triple (R,*, #) is called totally ordered ring if and only if there is a totally
ordered relation such that

1. (R*,#) isaring

2. The relation < is totally ordered relation T.O.R
3.Va,b€eRif a < bthenaxc < bxc, Vc€ER
4.Va,b €€Rif a< bthena#c <X b#c, Vc=>0

The totally ordered relation is denoted by (R,*, #, <)

Example 3.45: (Z, +,.,<) is a totally ordered ring since
1. (Z,+,.) isaring (from Example 3.38)

2.(Z,<)isT.O.R (see Example 3.85 from Mathematical logic and set
theory)

3.VabeZandceZif a<bTP.a+c<b+c

Leta<b=a=b—-1r,r=>0
=a+c=(b+c)—r, ceZandr =0
= a+c<b+c

4.Va,beZandc =0, if a< bthena.c < b.c
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Leta<b=a=b-r, r=0
= a.c=b.c—cr Vc=>0
= a.c=b.c—cr cr=0

= a.c<b.c

Example 3.46: (H.W.) Show that (Z, +,.,>) is a totally ordered ring
Definition: Field Jaad)

Let F be a nonempty set and * and # be two binary operations on F. The
ordered triple (F,x, #) is called field if and only if

1.LF+0

2. (F,x) is a commutative group

3. (F\{e}, #) is a commutative group

Where e is the identity w.r.t. *

4. # is distributed over * (from left and right)
Example 3.47: (R, +,.) is field since

1. (R, +) is comm. Group

2. (R\{0},.) is a commutative group

3. (.) dist. over (+)

Example 3.48: (H.W.) Show that (Q, +,.) is field
Ordered field il Jaad)

Atriple (F,*, #) is called totally ordered field if and only if there is a
totally ordered relation such that

1. (F,* #) is a field
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2. The relation is totally ordered relation T.O.R
3.Va,beFifa < bthenaxc < bxc, Vc€eR
4. Va,beFifa < bthena#fic < b#c, Vc=0

The totally ordered relation is denoted by (F,*, #, <)

Example 3.49: (R, +,., <) is a totally ordered field since
1. (R, +) isa comm. Group

2. (R\{0},.) isa comm. Group

3. (.) is distributive over (+)

4. (R, <)isT.O.R (see Example 3.86 from Mathematical logic and set
theory)

5.Va,be Randc € Rif a < bthen a+ c < b + c (see example 3.42)
6.Va,b e Randc >0, if a< bthena.c < b.c  (see example 3.42)
Example 3.50: show that (R, +,.,>) is a totally ordered field

show that (Q, +, ., >) is a totally ordered field

show that (Q, +, ., <) is a totally ordered field
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