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THEOREM:
Let f be continuous on the symmetric interval [ -a, a].

(a) If fis aven,then/af(x) dx = Z/Hf(x) dx.
—a o
(b) If f is odd, Ihenfﬂf(xj dx = 0.

2
4 _ 42
EXAMPLE: Evaluate L(x 4+ B
SOL: Since f(x) = x* — 4x? + 6 satisfies f{ -x) =f{x) , it is even on the symmetric interval [ - 2, 2]

, 50
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f(x4—412+6)dx:2](x4—4x2+6]dx
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DEFINITION: If y = f{x) is nonnegative and integrable over a closed interval [a, b], then the area

under the curve y = fix) over [a, b] is the integral of ffrom ato b.
b
A= f f(x)dx
a

I £(x) is negative then A= [ [F()]dx

EXAMPLE

Let f(x) = x* — 4, compute (a) the definite integral over the interval [-2,2], and (b) the area between

the graph and the x-axis over [-2,2].

Solution:

. ¥ B 8 8 32

@) Lﬂx)dx = {T_ QL = (g— s) - (—3 + 8) =5
32
3

(b) The area between the graph and the x-axis is |7§| ==

fix) =x*—4
EXAMPLE: Find the area between the graph f(x) = x3 — 2x2 — x
SOL: f(x)=0 then (x% — 1)(x — 2) = 0 thatis x=1, -1 and x=2
A=Ay + A = [1IfCOldx + [FIF(0)ldx

xt B x? xt 3 A
25 +[F-25 -5+ 24
EXAMPLE: Let the function f{x) = sin x between x = 0 and x = 2. Compute
(a) the definite integral of f{x) over [0, 2m].

(b) the area between the graph of fix) and the x-axis over [0, 27].

Solution
(a) The definite integral for f(x) = sinx is given by

2 20
f sinvdxy = —cosx | = —[cos2m —cos0] = =[1 =1]=0.
0 0

(b) To compute the area between the graph of f{x) and the x-axis over [0, 2] we should find the
points in which f is intersect x-axis i.e. f(x)=0 this implies to sin x=0 i.e. x=0, x=w or x=27

Now subdivide [0, 2rr] into two pieces: the interval [0, ] and the interval [, 2m].

" ”
f sinxdv = —msx} = —[cos 7 = cos 0] = —[=1 = 1] = 2

o 0
% /z'sin.sdx = —st]h = =[cos2m — cosw] = =[1 = (=1)] = =2

ea = 2]+ |=2| = 4.
eAAMPLE:

Find the area of the region between the x-axis and the graph of
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(b) To compute the area between the graph of f{x) and the x-axis over [0, 2] we should find the
points in which f is intersect x-axis i.e. f(x)=0 this implies to sin x=0 i.e. x=0, x= or x=21

Now subdivide [0, 2mr] into two pieces: the interval [0, 7] and the interval [m, 2m].
f"sinxdr = —msx]” = ~[cosm = cos0] = —[=1 = 1] = 2
0 0
2w 2%
/ sinx dy = —WSX] = —[cos2m —cosmw] = ~[1 = (=1)] = -2

Area = |2] + |=2]| = 4.

EXAMPLE:

Find the area of the region between the x-axis and the graph of
fx) = 2% — x* — 2x, -1 <x<2

Solution

First find the zeros of f. f(x) = x* — x* — 2x =0
x(x?P-x-2)=0
x(x+Dx-2)=0

x =0, -1, and 2 . The zeros subdivide [-1,2] into two subintervals: [-1, 0], on which {2 0, and [0, 2],

on which f=0. We integrate f over each subinterval and add the absolute values of the calculated

integrals.
"t = = 20 de = [AT‘?]‘XZK=0-[%+%— ‘]’15_2
e U SR
Total enclosed area =]5—2+ ‘—%‘ %

EXAMPLE: Find [* [x - 1]dx

since lx—11={*~ 1 %21 then v tldx = [} (x4 Dax + [oe- Dax

.3 Indefinite Integrals and the Substitution Method

Since any two antiderivatives of f differ by a constant, the indefinite integral notation means that

for any antiderivative F of f,
ff(x) dx = F(x) + C,

where C is any arbitrary constant.

THEOREM:
The Substitution Rule If u = g(x) is a differentiable function whose range is an interval I, and f is

continuous on I, then

ff(g(x))g'(x)dx = ff(u) du.

?/ ifferentiable function of x and n is any number different from -1, the Chain Rule tells us that

) o ndu
l)’“"dx‘

ntl

+ C.
n+1

Therefore [u”ﬂak= L
dx
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THEOREM:
The Substitution Rule If u = g(x) is a differentiable function whose range is an interval I, and f is

continuous on I, then

ff(g(X))g'(x)d.r = ff(u) du.

Substitution: Running the Chain Rule Backward

If u is a differentiable function of x and n is any number different from -1, the Chain Rule tells us that

d [ _oadu
de\n+1) 7" ax

wei o u"
Therefore /u ey = 2o

+

+C
atl
As well as f“""" ATt C then = %dx
EXAMPLE:
Find the integral \f(x‘ + x)%(3x + 1) dv.,
Sol: let u = x* + x.then du =%dx = (37 + Ddx,

s0 that by substitution we have :

6

/‘(x3 + )53 + l)dr=/u5dn Letu = x* + x,du = (3 + 1) dx
=—+C

=

Integrate with respect to i

2|

3 0
= % +C Substitute x” + x for u
EXAMPLE:
Find the integral | [VZ\' + ldx.
SOL: let u=2x+1 and n=1/2,  dy = %dx = 2dx

because of the constant factor 2 1s missing trom the integral. So we write

:%jumu‘u Letw = 2¢ + |,du = 2dx.

32
= %;/—2 +C Integrate with respect to u
= %11.: + 1 C Substitute 2¢ + 1 for u
EXAMPLE: Find j sec? (St + 1)+S dt.
SOL: Let u=5t+ 1 and du = 5 dx. Then,
fsecz(S.Ur l]‘Sdr—/wczudu Letw = 5t + 1,du = S .
= tanu + C Aot = sec’u
=tan(5t + 1) + C Substitute 5¢ + 1 for
9

EXAMPLE: /cos(‘re + 3) db.
SOL: Let u = 760+ 3 so that du = 7 df. The constant factor 7 is missing from the d@ term in the
integral. We can compensate for it by multiplying and dividing by 7. Then,

fcos['fﬂ +3)do = —.',f:uma +3)07d0  Place factor 1/7 in front of integral

1
- cos u du Letw =70 + 3,du = 740,

sinw + C Integrate

7
?/ - %sin(?ﬂ +)+C Substitute 78 + 3 for u.

LE: fxz!in(xl)dx = /ﬁil\(.\'")'xzd.v

Letu = x',du = 3x? dx,

. 1
=/smu~§du (1/3)du = x* dx




