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.1 L'Hopital's Rule

THEOREM L'Hopital's Rule: Suppose that f(a) = g(a) = 0 or w, that f and g are differentiable on
an open interval I containing a, and that g' (x) #0 on [ if x #a. Then

i 12 - i £
x—=a g(x)  x—a g'(x)’
Indeterminate Form 0/0
EXAMPLE 1
. 3x=sinx _ . 3=—cosx _ 3= cosx _
e L
1
oMb x—1_ . 2Vi+x 1]
(b) lim T = lim ==
50 x=0 1 2
Vit x=1=x/2
© lim ——————
=0 X
020 X7 =12
= lim ——————
x—0) 2x
A VL O
T 2 TE
lim = sinx
® Jim =55
= lim | = cosx
=0 3x?
- lim sinx
x—0 6x
_opocosx 1
TimTe s
EXAMPLE 2
li 1 = cosx
im 3
=0 x +x
.o_sinx _ 0 _
Iy =70
EXAMPLE 3
. osinx
a) lim ——
@ 0" x?
. COSX
= lim —5—= o0
x—0" 2%
. osinx
lim_——
(b) Jim =3
= lim 3 = —o0
=0~ 2%
Indeterminate Forms o\ o . «0.0 and w-xo
EXAMPLE 4: find the limit:
2
. sec x . Inx . e
Lt I £
@) ,—llwﬂ 1 + tanx ®) ,—I-“‘:n 2\/; © ,I_‘.’L", x?
Solution:
. secx o
aj —Ok D ke
( Jr__I(l::;l,z]_l ey = from the lef
= gjm SEXOX gy giny =
x=(m/27 sec’x x=(mj2)"
o Ly By Lo M VA1
=V e Ny e g Y

e .oer .oer
e € i £ tim €= oo
% B, 7= lim, o= Jim, 3

ZLE 5: Find the limits of these oo + 0 forms:

(a) l_i_m xsin% (b) I_i‘rn.\/;lnx
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L] ‘+ ese
. secx . Inx i e
® x—h-T,lz 1 + tanx ) xl_l‘ngc 2\/; © xl—l"go ¥
Solution:
(a) l_.l(iﬂn_% = from the Jeft
- &;{mx = Lm sinx=1
x=(m2)” sec”x = (mf2)”
. Inx . 1/x . 1 s Ve i
(b) lim =lim —== lim —&==10 = - — =
=2y e NV e vy Wt Vi
Lot et et
© Jlim 7= lim 5= lm 7=
EXAMPLE 5: Find the limits of these o« 0 forms:
(@) lim (x sin%) () lim Vilnx
x=>00 x=0*
: R I 1. i, SiDA N )
(a) Kl_l_xrgc(.rsm .\:) = !‘l_l.rr';_(',I .smh) = hl_t’na‘ o 1 0;Leth = 1/x
i = i In.x 20 + () converted to 00/ oc
(b) x'l{fn'_\/;lnx ]]_l.llg. Ve 0 -0 converted
= j‘mo‘ W 1'Hopital’s Rule
= Jim(-2Vx) =0
EXAMPLE 6  Find the limit of this 00 — 00 form:
PR G B
JEPD(SM)-‘ X)'
Solution If x— 0", then sinx — 0" and
1 1
—— == =00 = 00
sinx X .
Similarly, if x — 07, then sinx — 07 and
1 1
-3 -0 = (=) = -0 + 00,
sinx X ( )
Solution Ifx— 0", then sinx — 0" and
1 1
sinx X T ®
Similarly, if x = 07, then sin x — 07 and
1 1
—— == — 00 — (—=00) = —00 + 00,
siny ¥ ( )
Neither form reveals what happens in the limit. To find out, we first combine the fractions:
3
1 1 _ x=sinx )
el e Common denominator is x sin x
sinx Xsinx
Then we apply I’'Hopital’s Rule to the result:
. 1 1Y _ . x—sinx 0
lim|l—=——=+]=lim ~——
r—o\sinxy X r—0 XSsinx 0
? = lim -1 05X _ still
x—0 Sinx + xcosx 0
D sinx 0

= lim 5———————=5=0. [ ]
r—0 208X — xsinxy 2
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TING 1M, g+ IN J(X). Since
Inf(x) = In(1 + 9% = Lin(1 + ),

I'Hépital’s Rule now applies to give

X o In(l +x) 0
Jim In f) = lim ——— ¢
1
. 1 +x
= lim
=0t 1
S
=1= 1

If limy—4 In f(x) = L, then
lim f(x) = lim e"/® = ¢k,
x=a x=*a

Here a may be either finite or infinite.
Therefore, lim (1 + x)'/* = lim_f(x) = lim_e™/® = ¢! = ¢,
x—0 x—=0" x—=0*

EXAMPLE 8  Find lim, o0 x /%,

Solution  The limit leads to the indeterminate form 00, We let f(x) = x'/* and find
lim; o0 In f(x). Since

Inx
In f(x) = Inx'¥ = =57,
4
I’'Hopital’s Rule gives
: T | B
i ) = lim 5%
X
= lim ——
=00 1
_0_
=7 0.
Therefore lim x'* = lim f(x) = lim "/ = ¢ = |, n
= 00 X— 00 =00
v
.2 INTEGRATION: s
1) The Definite Integral
$0= 3 e an = 3 e (B52),
- N o a4 & xox omoy oy Koy b *
Ax; = Ax = (b — a)/n forall k
o P o
7= Jim Seste)(P52) = tim, Sisten & s = - o

‘The function is the integrand.

Upper limit of integration
Fa
x is the variable of integration,

Integral sign —_ b
~ dx I’
%

When you find the value

.
Lower limit of integration = ===/ 4f he integral, you have
Integral of f froma o b = evaluated the integral.
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$0= % e an = 3 e (B52), ‘m H ﬂ ﬂ

x
0 5 1 o no oy Ty b

Axy = Ax = (b = a)/n for all k

. n P . n
J= ,.l—l.“:}c ZI(C‘)( n ) N ;.I—Io“gc ;ﬂq) N Ax = (b — a)/n

“The function is the integrand.

Upper limit of integration
e
x s the variable of integration.

Integral sign —_ b
‘[ fe)dx”

P When you find the value
Lower limit of integration =~ ===/ s pc iniegral, you have

Integral of / froma o b~ evaluated the integral.

Rules satisfied by definite integrals

a b
1. Order of Integration: f flx)dx = —/ flx) dx A Definition
b a
Cl -
2. Zero Width Interval: / fx)dy =0 :!::i‘;'["'}']":;mh

b b
3. Constant Multiple: j kf(x)dx = k / f(x) dx Any constant k
) b b
4. Sum and Difference: j(j(x) + g(x))dy = f flx)ydy + / glx) dx

b e ¢
5. Additiviy: f Jx)ds + ] ) de = j f)dv
a b a

b b
6 flx) = glx)on [a, b] =/f(x)dx2/g(x)dx

b
fx) = 0on[a,b] = / f(x)dx = 0 (Special Case)

5

EXAMPLE:

1 4 1
b ff(x)dx =5, f flxydx = -2, and f B dx = 7.
Then: ' ! -1

1 4
L [I(X)dx - —[I ) = ~(=2) = 2

1 1 1
2. ] [2f(x) + 3h(x)] dv = / fx) dx + 3] hix) dx
=1 -1 -1
= 2(5) + 3(7) = 31

4 1 4
3. Lf(x]rtx=L,r(x)dx+[f(x)dx=5+(—z)=3

2.1 Integration by Substitution
THEOREM Substitution in Definite Integrals: If g' is continuous on the interval [a, b] and f'is

continuous on the range of g(x) = u, then

N glb)
f Flg() g ds = f“ ) da.
, ”
1
EXAMPLE: Evaluate f VT T

SOL: 1 Letu = x* + 1,du = 3x" dx
33V + 1dx Whenx=-lLu=(=1}+1=0
1

Whenx = Lu=(1)'+1=2.

2
= [ Vudu
o
2 2
?/ = 3 uyz] Evaluate the new definite integral.
S o
Z2(pn ] =2 _ 42
L =5[22 - 0] = $[2v2] = =5
/2 0 Let u = cot#, du = —csc* f df,
(@) / cot f csc? 6 df = f u-(—du) —du = csc? 6 db.
w4 1

When @ = m/4, u = cot(m/4)

e /3
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EXAMPLE:

1 4 1
= f fx)dx =5, f flx)dx = =2, and f h(x)dx = 7.
Then: /' ! -

1 4
L [f(x)ux - —[Ifmm S ey -2

1 1 1
2. f [2f(x) + 3h(x)] dx = / flx) dx + 3] hlx) dx
- - -1
=2(5) + 3(7) = 31

3. _/‘f(x)rix = /II(x}dx + f‘f(x)dx =54 (=2)=13
=1 -1 1

2.1 Integration by Substitution
THEOREM Substitution in Definite Integrals: If g' is continuous on the interval fa, b] and f is

continuous on the range of g(x) = u, then

b b}
ff(s(X))'g'(x)dx = f“ flu) du.
a sla

1
EXAMPLE: Evaluate f AV T

SOL: 1 Letu = x° + |, du = 3x’dx
VX3 4+ lde Whenx=-lLu=(=1)+1=0
-1 Whenx = T,u = (1)' + 1 =2,
2
= Vit du
o
5 2
= 5 w? Evaluate the new definite integral.
o
. 2 2 42
EXAMPL =227 -0 = $[2Vv2] =
3 3 3
/2 0 Let u = cot#, du = —csc’ 0 do),
(@) / cot B csc?6 dff = / u (—du) —du = csc? 6 df
wft f When 0 = /4, u = col(m/4)
When @ = 7/2,u = cot(w/2)
0
= 7/ wdu
1
5]
Ea
—[er_ar_y
2 2 2
/4 =/
(b) / tan x dx :j cs:]"T';dx
/4 —n4
N Letu = cos x,du = —sin x dx
_ du When x = —m/d,u = V2/2
vip “ When x = m/4,u = V2/2.
Va2
= ~In u| =0 Integrate, zero width interval
Vi
6
THEOREM:

Let f be continuous on the symmetric interval [ -a, a].

(a) If fis even,then‘[af(x) dx = quf(x) dx.
—a o
74

sodiﬂ]enfnj(xjdx= 0.

2
4_ 42
_E: Evaluate [2“ 4 + 6)dr.

since f(x) = x* — 4x% + 6 satisfies f{ -x) = f{x), it is even on the symmetric interval [ - 2, 2]
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THEOREM:
Let f be continuous on the symmetric interval [ -a, a].

(a) If fis aven,then/af(x) dx = Z/Hf(x) dx.
—a o
(b) If f is odd, Ihenfﬂf(xj dx = 0.

2
4 _ 42
EXAMPLE: Evaluate L(x 4+ B
SOL: Since f(x) = x* — 4x? + 6 satisfies f{ -x) =f{x) , it is even on the symmetric interval [ - 2, 2]

, 50

2 2
f(x4—412+6)dx:2](x4—4x2+6]dx
-2 o
5 2
:2{}‘——%::]4-6):]

5 0

— (32 _32 232
-2(5 2 12)- =2
DEFINITION: If y = f{x) is nonnegative and integrable over a closed interval [a, b], then the area

under the curve y = fix) over [a, b] is the integral of ffrom ato b.
b
A= f f(x)dx
a

I £(x) is negative then A= [ [F()]dx

EXAMPLE

Let f(x) = x* — 4, compute (a) the definite integral over the interval [-2,2], and (b) the area between

the graph and the x-axis over [-2,2].

Solution:

. ¥ B 8 8 32

@) Lﬂx)dx = {T_ QL = (g— s) - (—3 + 8) =5
32
3

(b) The area between the graph and the x-axis is |7§| ==

fix) =x*—4
EXAMPLE: Find the area between the graph f(x) = x3 — 2x2 — x
SOL: f(x)=0 then (x% — 1)(x — 2) = 0 thatis x=1, -1 and x=2
A=Ay + A = [1IfCOldx + [FIF(0)ldx

xt B x? xt 3 A
25 +[F-25 -5+ 24
EXAMPLE: Let the function f{x) = sin x between x = 0 and x = 2. Compute
(a) the definite integral of f{x) over [0, 2m].

(b) the area between the graph of fix) and the x-axis over [0, 27].

Solution
(a) The definite integral for f(x) = sinx is given by

2 20
f sinvdxy = —cosx | = —[cos2m —cos0] = =[1 =1]=0.
0 0

(b) To compute the area between the graph of f{x) and the x-axis over [0, 2] we should find the
points in which f is intersect x-axis i.e. f(x)=0 this implies to sin x=0 i.e. x=0, x=w or x=27

Now subdivide [0, 2rr] into two pieces: the interval [0, ] and the interval [, 2m].

" ”
f sinxdv = —msx} = —[cos 7 = cos 0] = —[=1 = 1] = 2

o 0
% /z'sin.sdx = —st]h = =[cos2m — cosw] = =[1 = (=1)] = =2

ea = 2]+ |=2| = 4.
eAAMPLE:

Find the area of the region between the x-axis and the graph of
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(b) To compute the area between the graph of f{x) and the x-axis over [0, 2] we should find the
points in which f is intersect x-axis i.e. f(x)=0 this implies to sin x=0 i.e. x=0, x= or x=21

Now subdivide [0, 2mr] into two pieces: the interval [0, 7] and the interval [m, 2m].
f"sinxdr = —msx]” = ~[cosm = cos0] = —[=1 = 1] = 2
0 0
2w 2%
/ sinx dy = —WSX] = —[cos2m —cosmw] = ~[1 = (=1)] = -2

Area = |2] + |=2]| = 4.

EXAMPLE:

Find the area of the region between the x-axis and the graph of
fx) = 2% — x* — 2x, -1 <x<2

Solution

First find the zeros of f. f(x) = x* — x* — 2x =0
x(x?P-x-2)=0
x(x+Dx-2)=0

x =0, -1, and 2 . The zeros subdivide [-1,2] into two subintervals: [-1, 0], on which {2 0, and [0, 2],

on which f=0. We integrate f over each subinterval and add the absolute values of the calculated

integrals.
"t = = 20 de = [AT‘?]‘XZK=0-[%+%— ‘]’15_2
e U SR
Total enclosed area =]5—2+ ‘—%‘ %

EXAMPLE: Find [* [x - 1]dx

since lx—11={*~ 1 %21 then v tldx = [} (x4 Dax + [oe- Dax

.3 Indefinite Integrals and the Substitution Method

Since any two antiderivatives of f differ by a constant, the indefinite integral notation means that

for any antiderivative F of f,
ff(x) dx = F(x) + C,

where C is any arbitrary constant.

THEOREM:
The Substitution Rule If u = g(x) is a differentiable function whose range is an interval I, and f is

continuous on I, then

ff(g(x))g'(x)dx = ff(u) du.

?/ ifferentiable function of x and n is any number different from -1, the Chain Rule tells us that

) o ndu
l)’“"dx‘

ntl

+ C.
n+1

Therefore [u”ﬂak= L
dx
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THEOREM:
The Substitution Rule If u = g(x) is a differentiable function whose range is an interval I, and f is

continuous on I, then

ff(g(X))g'(x)d.r = ff(u) du.

Substitution: Running the Chain Rule Backward

If u is a differentiable function of x and n is any number different from -1, the Chain Rule tells us that

d [ _oadu
de\n+1) 7" ax

wei o u"
Therefore /u ey = 2o

+

+C
atl
As well as f“""" ATt C then = %dx
EXAMPLE:
Find the integral \f(x‘ + x)%(3x + 1) dv.,
Sol: let u = x* + x.then du =%dx = (37 + Ddx,

s0 that by substitution we have :

6

/‘(x3 + )53 + l)dr=/u5dn Letu = x* + x,du = (3 + 1) dx
=—+C

=

Integrate with respect to i

2|

3 0
= % +C Substitute x” + x for u
EXAMPLE:
Find the integral | [VZ\' + ldx.
SOL: let u=2x+1 and n=1/2,  dy = %dx = 2dx

because of the constant factor 2 1s missing trom the integral. So we write

:%jumu‘u Letw = 2¢ + |,du = 2dx.

32
= %;/—2 +C Integrate with respect to u
= %11.: + 1 C Substitute 2¢ + 1 for u
EXAMPLE: Find j sec? (St + 1)+S dt.
SOL: Let u=5t+ 1 and du = 5 dx. Then,
fsecz(S.Ur l]‘Sdr—/wczudu Letw = 5t + 1,du = S .
= tanu + C Aot = sec’u
=tan(5t + 1) + C Substitute 5¢ + 1 for
9

EXAMPLE: /cos(‘re + 3) db.
SOL: Let u = 760+ 3 so that du = 7 df. The constant factor 7 is missing from the d@ term in the
integral. We can compensate for it by multiplying and dividing by 7. Then,

fcos['fﬂ +3)do = —.',f:uma +3)07d0  Place factor 1/7 in front of integral

1
- cos u du Letw =70 + 3,du = 740,

sinw + C Integrate

7
?/ - %sin(?ﬂ +)+C Substitute 78 + 3 for u.

LE: fxz!in(xl)dx = /ﬁil\(.\'")'xzd.v

Letu = x',du = 3x? dx,

. 1
=/smu~§du (1/3)du = x* dx
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EXAMPLE: / cos (70 + 3) db.
SOL: Let u = 76+ 3 so that du =7 dfl. The constant factor 7 is missing from the d@ term in the

integral. We can compensate for it by multiplying and dividing by 7. Then,

/cns(?& +3)do = %_/cm('lﬂ + 3)7d0 Place factor 1/7 in front of integral.

N %fcuﬁudw Letw = 70 + 3,du = 7 do
1 .

= gsinu +C Integrate

- %sin(?ﬂ +3)+C Substitute 78 + 3 for u

EXAMPLE: [ sin)ds = [sin)-'ax
. 1 Letu = x* du = 3x? dx
= | sinu-ydu (1/3)du = x* dx
= %/ sinu du
= %(—CD& u) + C Integrate

- —%cns{r]) +C Replace u by x

EXAMPLE: Evaluate / TV L
Nt 1 1
SOL: u=2x + I to obtain x = (u - 1)/2, and find that AV2x 4 lde = o (u = ”'5\/‘;4"-

The integration now becomes

/xVZr+ 1dx =%f(u— DV du = %f{u = Du'Pdu subsimute

_ %f @2 = u'?) du Multiply terms.
_ %(%usu .\3%‘6 Integrate.
!]Lﬂ(zx+l)m~_%(7_‘.+1)m+c Replaccuby2x + 1. @
22dz _ [ du
V2 + 1 u'?
- fu—l/J du In the form [ o du
TGLR Integrate
2/3 '
=3n+c
. %(z2 + 1+ C  Replaceuby 2 + 1

10
Method 2: Substitute u = Vz* + | instead.
2zdz [ 3utdu Letu=VZ + 1,
‘3/21 +1 a u w=2+ 1,3ldu = 2zdz
?/ =3 f udu
D
= 3'§ + C Integrate

= %(13 + 1P 4+ C  Replaceuby (& + 1)/,
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Method 2: Substitute u = V/z* + 1 instead.

2zdz _ [ 3uldu Let u +1,
VZ+1 u W=+ 1,3 de = 2de
= 3/u du
IS
= 3‘? +C Integrate
- 3( 2 2/3 2 13
=50+ 13+ C Replace u by (2 + 1)

Example: The Integrals of sin®x and cos2x

(a) fsinzxdx =f7' - ;Dszrd‘ wiatz = 1 ‘:"’:‘

=3 (1 = cos 2x) dx
_ 1. _ 1sin2x _ X _sin2x
"2%T77 tCTzTd e
b fwszx‘bf:fl+§0§2xdr=%+sir:12x+c col x |u‘...:. s

DEFINITION: If u is a differentiable function that is never zero, f %,;,, =Inlu| +C.
Ingeneral [ /') .
[f(x) de = In | f(x)] + C

EXAMPLE
2 -1 .
2x du u=x*=5 du=2udx,
o xz_sdx_[s Inlul} s u(0) = =5, w(2) = -1
=In|=1]=In|=5] =Inl =In5 = =In5
The In f X X X

sinx " cosx > Oon(—w/2, w/2),
1- /tanxdr /cosx‘i‘ / du = —sinx ds

= =In|u| + C = —In|cosx| + C

—L _ic=m |secx| + C. Reciprocal Rule
|r:osx\
o cosxdy _ du u = sinx,
2- f“""‘"'-"— simx | du = cosx dx

=In|u| + C=In|sinx| + C= —In|escx| + C.

B (secx + tanx) sec’ x + secxtanx
3- jsacxdx—/secx (mI+Mx)dr j ~x T ox &

/"" infu| + € = In|secx + tanx| + € R 4 s

du = (sccxtanx + sec” x) dx

(escx + cotx) esc’x + cscxcotx
4- [CWXd'( /csc.r (cscx + cmr)'# cscx + cotx dx
u=cscx + cotx
du = (=ecsc x cot x = csc” x)dx

—du
u

% sgrals of the t t, cot t, secant, and t functi

= 7l|||u| +C= 7ln||:scx + cotxl +C

In[sec x + tanx| + C

tan xdx = In[sec x| + C jsccxdx
s
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EXAMPLE :
n2 3 In§ 1 u = 3x, llthr =dx, u(0)=0,
o = o= E i
(ﬂ) 0 e 0 e 3 du u(ln2) =32 =In2 In8

1 In8
-4 u
3£ e" du

N l “]Inﬂ
3l
w2 ) w/2
(b) f e cosx dy = e""‘] Antiderivative from Example 2¢
0 0
=el—el=¢—1
The integral of a*
fa"du -l + C.
Ina
12

EXAMPLE :

@ L3 = 3m3
® L3 = 30 3) L (=x) = ~37In3
d sinx . qsinx d . = 3sinx
(©) EJ =3 (JnJ)E(sm.\') = 3""%(In3)cosx

(d)f2’dx=l+c

In2
2l|
i x - " o —
(e)/Z cos x dx f’ldu In2+C
_zlinx
“m2tC
Example :
d .1 d _ 3
@ grlogo(r + 1) = (= gy -Br + 1) WG T
logs x 1 !
(h)/ ?m:m]%dx D
:ﬁ‘/udu u Inx, du = —dx
_ 1 u? 1 (nx)?* _ (Inx)
Th2z T mr 2 T am TC

Ation Formulas
?/ — M _ i (%) +C o (valid foru® < a?)
5 i
_ %ta.n_] (%) +C (Valid for all z)

= %sec_ll%l +C  (Valid for |u| > a > 0)
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s ~ 1 (nx)* ~ (Inx)
"2z T w2 2 ¢ Tme

+C
Integration Formulas

1. /% = sin”! (%) +C (Valid for u® < a?)
2 f du %t}m—] (%) +C (Valid for all u)

a’ + u?

3 [ —f Lo |+ (validfor |u] > a>0)
wWiri—at “ 4

EXAMPLE
V32 d

e _ si,,-rx]\/sﬂ - gin™! (ﬁ) — sin” (ﬁ) _m_m_m
Viz V1 =2 V272 2 374 12
dx 1 du
o [t tf
V3i—a? 2 Vet -
= %sin—I (%) +C

= %sin‘I (%) +C

(a)

(=]

dx - dufu
) f\/ez"—ﬁf Viu? - a2
=f#
uVu® — a*
1

- bt 0

_ ﬁm-' (\2) +C

Example :
fe, f‘—e_: - _/e:rixl Multiply by (e*/e") = 1
_ du Letu = e, u’ = &
W+ 1 du = ¢ dx
=tan'u + C Integrate with respect to u
= lan"(f‘) +C Replace u by &'
Example
dx dx
a —— b S ———
()fv4x—x2 ()]4x2+4x+2
Solution

(a) we first rewrite 4x — x? by completing the square:

dr—x?=—(x?—dx) = —(xP—dx +4) + 4 =4 — (x — 2"

dx :f dx
?/ 4x — x? V4 —(x = 2)7
D

_ du L
fﬁ - (1) + €




