€AY I %) Q= “al

Qe Y S Jolw S

Calculus 2

1 L'Hopital’s RUE........cccccemmscnemsisnisiossscmsssssnssmsns e st sescssassssssmsmmenssss sssases 2

.2 INTEGRATION: ..... 5
2.1 Integration by SubsttUtion ........cccceiimieiiciiies it s 6

.3 Indefinite Integrals and the Substitution Method ... 8

4 HYPERBOLIC FUNCTIONS ...ttt et ssssisss s s s sas st s sassnsenne 15

.5 TECHNIQUES OF INTEGRATION ... e 18
5.0 Integration by PAITS .........ooocooiiiiiuiiiieiiciie ettt esi et s 19
5.2 Trigonometric INTEEIALS .......cc.c..ouiueiiicericiiiees sttt et s e 22

5.3  Trigonometric Substitutions

54  Integration of Rational Functions by Partial Fractions .................... —
.6 APPLICATIONS OF DEFINITE INTEGRALS........ccooiiiiiimiiiicctiietes st 37
6.1  AREAS BETWEEN CURVES: ........cooiiiiiiiiiiin s JI— 7
6.2 Volumes Using Cross-SECtions ............oeeveureeerivreerensisssseesscssensiensenens .40

6.3 Solids of Revolution: The Disk Method...........ccoouruiiieiicciciiiecieccseessees e 41

6.4  Solids of Revolution: The Washer Method .........ccc e e seeenes 44

6.5 ArcLengthu.....oiie e s R

6.6  Areas of Surfaces of Revolution ...........cccoovoiiiiniinineiccicnes S— v |
References:

1. Maurice Weir, Joel Hass, George B. Thomas, Thomas Calculus, 12" ed. (2012).
2. G Stephenson Mathematical Methods for Science Students (1983).
3. Anton Bivens Davis Calculus (2002).

.1 L'Hopital's Rule

THEOREM L'Hopital's Rule: Suppose that f(a) = g(a) = 0 or oo, that f and g are differentiable on
an anen interval | containing a, and that g' (x) #0 on I if x #a. Then
\ . filx)

= xlﬂ g'x)’

% iinate Form 0/0

LE1
. 3x — sinx . 3—cosx _3—cosx
® Jim === im T T Jeme =2
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.1 L'Hopital's Rule

THEOREM L'Hopital's Rule: Suppose that f(a) = g(a) = 0 or w, that f and g are differentiable on
an open interval I containing a, and that g' (x) #0 on [ if x #a. Then

i 12 - i £
x—=a g(x)  x—a g'(x)’
Indeterminate Form 0/0
EXAMPLE 1
. 3x=sinx _ . 3=—cosx _ 3= cosx _
e L
1
oMb x—1_ . 2Vi+x 1]
(b) lim T = lim ==
50 x=0 1 2
Vit x=1=x/2
© lim ——————
=0 X
020 X7 =12
= lim ——————
x—0) 2x
A VL O
T 2 TE
lim = sinx
® Jim =55
= lim | = cosx
=0 3x?
- lim sinx
x—0 6x
_opocosx 1
TimTe s
EXAMPLE 2
li 1 = cosx
im 3
=0 x +x
.o_sinx _ 0 _
Iy =70
EXAMPLE 3
. osinx
a) lim ——
@ 0" x?
. COSX
= lim —5—= o0
x—0" 2%
. osinx
lim_——
(b) Jim =3
= lim 3 = —o0
=0~ 2%
Indeterminate Forms o\ o . «0.0 and w-xo
EXAMPLE 4: find the limit:
2
. sec x . Inx . e
Lt I £
@) ,—llwﬂ 1 + tanx ®) ,—I-“‘:n 2\/; © ,I_‘.’L", x?
Solution:
. secx o
aj —Ok D ke
( Jr__I(l::;l,z]_l ey = from the lef
= gjm SEXOX gy giny =
x=(m/27 sec’x x=(mj2)"
o Ly By Lo M VA1
=V e Ny e g Y

e .oer .oer
e € i £ tim €= oo
% B, 7= lim, o= Jim, 3

ZLE 5: Find the limits of these oo + 0 forms:

(a) l_i_m xsin% (b) I_i‘rn.\/;lnx
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. secx . Inx i e
® x—h-T,lz 1 + tanx ) xl_l‘ngc 2\/; © xl—l"go ¥
Solution:
(a) l_.l(iﬂn_% = from the Jeft
- &;{mx = Lm sinx=1
x=(m2)” sec”x = (mf2)”
. Inx . 1/x . 1 s Ve i
(b) lim =lim —== lim —&==10 = - — =
=2y e NV e vy Wt Vi
Lot et et
© Jlim 7= lim 5= lm 7=
EXAMPLE 5: Find the limits of these o« 0 forms:
(@) lim (x sin%) () lim Vilnx
x=>00 x=0*
: R I 1. i, SiDA N )
(a) Kl_l_xrgc(.rsm .\:) = !‘l_l.rr';_(',I .smh) = hl_t’na‘ o 1 0;Leth = 1/x
i = i In.x 20 + () converted to 00/ oc
(b) x'l{fn'_\/;lnx ]]_l.llg. Ve 0 -0 converted
= j‘mo‘ W 1'Hopital’s Rule
= Jim(-2Vx) =0
EXAMPLE 6  Find the limit of this 00 — 00 form:
PR G B
JEPD(SM)-‘ X)'
Solution If x— 0", then sinx — 0" and
1 1
—— == =00 = 00
sinx X .
Similarly, if x — 07, then sinx — 07 and
1 1
-3 -0 = (=) = -0 + 00,
sinx X ( )
Solution Ifx— 0", then sinx — 0" and
1 1
sinx X T ®
Similarly, if x = 07, then sin x — 07 and
1 1
—— == — 00 — (—=00) = —00 + 00,
siny ¥ ( )
Neither form reveals what happens in the limit. To find out, we first combine the fractions:
3
1 1 _ x=sinx )
el e Common denominator is x sin x
sinx Xsinx
Then we apply I’'Hopital’s Rule to the result:
. 1 1Y _ . x—sinx 0
lim|l—=——=+]=lim ~——
r—o\sinxy X r—0 XSsinx 0
? = lim -1 05X _ still
x—0 Sinx + xcosx 0
D sinx 0

= lim 5———————=5=0. [ ]
r—0 208X — xsinxy 2




