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Standard Integral equation
h(x)

u(x) = f(x) + )LJ k(x, t)u(t)dt (1.1

gx)
A Is constant

k(x,t) is called the kernel of integral (1.1) f_x1+1 e Xeldt

Abel in 1825 italian mathematician, first produced an integral equation.

Integro-differential equation
h(x)

u™(x) = f(x) + 1 j k(x, t)u(t)dt. (1.2)
gx)
h(x)
uwx)=u(x)+ux)+3+1 k(x, t)u(t)dt.
gx)

1.2 Leibnitz Rule for Differentiation of Integrals

One of the methods that will be used to solve integral equations is the
conversion of the integral equation to an equivalent differential equation. The
conversion is achieved by using the well-known Leibnitz rule [4,6,7] for

differentiation of integrals. Let f(x, t) be continuous and % be continuous , and

let
h(x)
F(x) = j f(x, t)dt, (1.3)
g(x)
then differentiation of the integral in (1.3) exists and is given by
, . dF dh(x) dg(x) ("™ af(x,t)
P = = fh) S - frgen L2+ [ R

g(x)
If g(x) = a and h(x) = b where a and b are constants, then the Leibnitz rule
(1.4) reduces to



ba )
F'(x) = L ! (g’; D dt.(15)

. d rcosx
Ex Find — [ ""V1 +t3dt

=0+ (—sinx)y/1 + cos3x — (cosx)y/1 +sin3 x

Ex Find ifxz(x —t)costdt
dx “x
2

X
j costdt + 2x(x — x?) cosx? — 0 = sinx? — sinx + 2x2(1 — x) cos x?
X
Ex Find <= [ xtu(t) dt, = [* xt u(t)dt
dx 70 "dx2J0

F'(x) = x*u(x) + j

0
H.W. Find F'(x), F"'(x), F'"'(x) and F"'"(x) for the following integral

F(x) = Jx(x —t)3 u(t)dt.

1.4 Reducing multiple integrals to single integrals
Show that

X

tu(t)dt, F'"(x) = x%u'(x) + 3xu(x)

jo ' j Fo)deds = j ‘w-of®d ()

da
Ans.: method 1 — [*(x — £)f (t)dt = [; f(t)dt +0—0
integrating both sides from 0 to x we get

fox(x —Df(t)dt = f: (fo f(t)dt> ds

X

udv = uv|j —f vdu

0

X
method 2: f

0

Let u = fosf(t)dt, dv=ds > du=f(s)ds,v=s

fox fosf(t)dtds = fosf(t)dt s|% — fox sf(s)ds



= xjoxf(t)dt—Joxsf(s)ds

=fxxf(t)dt—jxtf(t)dt=fx(x—t)f(t)dt
0 0 0

general form

fox foxl foxz Joxn_l u(x,)dx,dx,_q -+ dx, = n —1 1)! fox(x — O ly(t)dt. (1.6)
Or

n integrals

jox jox jo" fox (x — Hu(t)dtdt - dt = %fo (x — O)™u(t)dt (1.7)

Example 1.4 Convert the following multiple integral to a single integral:

X X1 Xy
f j j u(x3)dx,dx;dx . (1.8)
0o Jo Yo

Using the formula (1.6) we obtain

X X1 X 1 (*
j j j u(x3)dx,dx;dx =—f (x — t)?u(t)dt.
0 Y0 0 2! 0

Example 1.5 Convert the following multiple integral to a single integral:

j ) j ) j x(x — Hu(t)dtdtdt. (1.9)

Using the formula (1.6) we obtain

jox fox _fox(x — u(t)dtdtdt = %Jox(x — t)3u(t)dt

1.4: Classification of integral equations
There are four major types of integral equations
Fredholm integral equations

Volterra integral equations

Integro-differential equations



e Singular integral equations

1. Fredholm integral equations

b
d()ulx) = f(x) + AJ k(x, t)u(t)dt, (1.10)

where a, b are constant, if ¢(x) = 1 then (1.10) becomes

b
ulx) = f(x) + A] k(x, t)u(t)dt, (1.11)

which known as Fredholm integral equation of second kind. If ¢(x) = 0 then
(1,11) becomes

b
Flx) + A f k(x, u(t)dt = 0

which is called fredholim integral equation of First kind

2. Volterra integral equations
h(x)

p())ulx) = f(x) + Af k(x,t)u(t)dt, (1.12)

gx)
where g(x), h(x) are functions, if ¢(x) = 1 then (1.12) becomes

ux)=fx)+1 jx k(x, t)u(t)dt, (1.13)
0

which known as Volterra integral equation of second kind. If ¢(x) = 0 then
(1,13) becomes

X

0
which is called Volterra integral equation of First kind

Fx) + ,1] k(x, Hu(t)dt = 0

Examples of the Volterra integral equations of the first kind are
X
xe X = j et *u(t)dt, (1.14)
0
and

X
5x% + x3 =f (5 + 3x — 3t)u(t)dt. (1.15)
0



However, examples of the Volterra integral equations of the second kind are
X

ulx) =1 —j u(t)dt, (1.16)

0
and

ulx) =x+ fx(x —tu(t)dt, (1.17)
0

1.1.3 Volterra-Fredholm Integral Equations

The Volterra-Fredholm integral equations

X b
ulx) = f(x) + /11J k,(x, t)u(t)dt + Azj k,(x, t)u(t)dt, (1.18)

and

u(x,t) = f(x,t) +Aj jF(x t, &, T, ulé, T))dfdr,(x, t)EN x[0,T],(1.19)
0’0

1.1.4 Singular Integral Equations
Volterra integral equations of the first kind

h(x)
fx) = /1.[ k(x, t)u(t)dt,
g(x)
or of the second kind
h(x)
ulx) = f(x)+ /1.[ k(x, t)u(t)dt,
g(x)

are called singular if one of the limits of integration g(x), h(x) or both are
infinite. Moreover, the previous two equations are called singular if the kernel
K (x,t) becomes unbounded at one or more points in the interval of integration.

In this text we will focus our concern on equations of the form:
X

flx) = f e _1t)au(t) dt, 0<a <1, (1.20)

or of the second kind:

x 1
uC) = f0) + | =
0

1.5 Converting IVP to Volterra Integral Equation

u(t)dt, 0 <a <1 (1.21)



In this section, we will study the technique that will convert an initial value
problem (IVVP) to an equivalent Volterra integral equation and Volterra integro-
differential equation as well. We will apply this process to a second order initial
value problem given by

y'(x) + p(0)y'(x) + q(x)y(x) = g(x) (1.22)
Subject to the initial conditions: y(0) = a,y’(0) = B, (1.23)
Where a and fare constants. The functions p(x)and g (x) are analytic functions,
and g(x) is continuous through the interval of discussion. To achieve our goal
we first set y'(x) = ulx), (1.24)
where u(x) a continuous function. Integrating both sides of (1.24) from 0 to x

yields
Y = y'(0) = fo “u(or, (1.25)
or equivalently
y(x)=p+ fxu(t)dt, (1.26)

Integrating both sides of (1.260) from 0 to x yields

y(x) —y(0) =Bx + jx un(t)dtdt, (1.27)
or equivalently by (1.6) o

y(x)=a+ fx+ Jx(x — tHu(t)dt, (1.28)

0

Substituting (1.24), (1.26), and (1.28) into the initial value problem (1.22)
yields the Volterra integral equation:

u(x) +px) ([? + un(t)dt> + q(x) (a + Bx + fx(x — t)u(t)dt)
0 0

= g(x). (1.29)
The last equation can be written in the standard Volterra integral equation form:

ulx) = f(x) — fxl{(x, tu(t)dt, (1.30)



where

K(x,t) =p(x)+q(x)(x —1), (1.31)
and
fx) =gx) = [Bp(x) + aq(x) + fxq(x)] . (1.32)
Differentiating Volterra equation (1.29) with respect to x, using Leibnitz rule,
we obtain an equivalent Volterra integro-differential equation in the form:

, , Y0K(x,t)
u((x)+K(x,x)u(x) = f(x) —f Tu(t)dt, u(0) =f(0). (1.33)

0
The technique presented above to convert initial value problems to equivalent

Volterra integral equations can be generalized by considering the general initial
value problem:

y® +a;()y™ Y+ +ap ()Y +a()y =g(x),  (1.34)
with the initial conditions

y(0) = c0,¥'(0) = ¢1,¥"(0) = ¢z, YD (0) = ¢y, (1.35)

Let u(x) be a continuous function on the interval of discussion, and we consider
the transformation: y™ (x) = u(x). (1.36). Integrating both sides with respect
to x gives

X

y®D(x) =c,_, + j u(t)dt. (1.37)

0
Integrating again both sides with respect to x yields

X X
y D (x) = ¢y + Cpogx + J f u(t)dtdt
0 YO0

X
=Cp_p +Cp_1x + J (x —t)u(t)dt, (1.38)
0

obtained by reducing the double integral to a single integral. Proceeding as
before we find

1 X X X
y™=3)(x) = ¢35+ cppx + > Cno1X? + f f f u(t)dtdtdt
0 0 0

1 1r*
= Cn3+CnaX 5 Cph1X% + Ef (x — t)?u(t)dt.(1.39)
0



Continuing the integration process leads to

n-1 1 X
y(x)=z ) :" R T jo (x — " Lu(t)dt. (1.40)
Substituting (1.36)—(1.40) into (1.34) gives

u(x) = f(x) — fo(x, Hu(t)dt, (1.41)
0

where K(x, t) = (x — )k 1, (1.42)

k= 1(k 1)'

n—1 Cn i-
and f(x) = g(x) — z} K (Ek N I’;)l K. (1.43)

Notice that the Volterra integro-differential equation can be obtained by

differentiating (1.34) as many times as we like, and by obtaining the initial
conditions of each resulting equation. The following examples will highlight the
process to convert initial value problem to an equivalent Volterra integral
equation.

Example 1.1 Convert the following initial value problem to an equivalent
Volterra integral equation: y'(x) — 2xy(x) = e*’, y(0) = 1. (1.44)

We first set y'(x) = u(x). (1.45) Integrating both sides of (1.44), using the
initial condition y(0) = 1 gives

y(x) —y(0) =j u(t)dt, (1.46)

X

y(x)=1 +f u(t)dt, (1.47)

0
Substituting (1.45) and (1.47) into (1.44)gives the equivalent Volterra integral

equation:
X
u(x) =2x+ e*’ + 2xf u(t)dt. (1.48)
0

Example 1.2 Convert IVVP to an equivalent Volterra integral equation:

y"(x) —y(x) =sinx, y(0)=0, y'(0)=0. (1.49)
Let y'(x) = u(x). (1.50)



Integrating both sides of (1.50), using the initial condition y'(0) = 0 gives
y'(x) = foxu(t)dt (1.51). Integrating (1.51) again, using the initial condition
y(0) = 0, yields

y(x) = Jx fxu(t)dtdt = fx(x —tu(t)dt (1.52)
0o Y0 0

obtained upon using the rule to convert double integral to a single integral.
Inserting (1.50) — (1.52) into (1.49) leads to the following Volterra integral
equation:

u(x) =sinx + Jx(x — tu(t)dt. (1.53)
0

Example 1.3 Convert IVVP to an equivalent Volterra integral equation:

y"'=y"=y"+y=0,y(0)=1y'(0) =2y"(0) = 3.(1.53)
We first set y'""(x) = u(x), (1.54) where by integrating both sides of (1.54)

and using the initial condition y"'(0) = 3 we obtain y"" = 3 + foxu(t)dt.(l.SS)
Integrating again and using the initial condition y'(0) = 2 we find
X X X
y'(x) =2+ 3x+ j f u(t)dtdt =2 + 3x + j (x —tu(t)dt. (1.56)
0o Y0 0

Integrating again and using y(0) = 1 we obtain

3 X X X
y(x)=1+2x+=-x*+ j f f u(t)dtdtdt
2 o Y0 YO

3 1r*
=14+2x+ Exz + E_]- (x — t)?u(t)dt (1.57)
0

Substituting (1.54) — (1.57) leads to the Volterra integral equation:
u(x) =4+x +§x2 + fox[l + (x — t) —% (x — t)z]u(t)dt (1.58)

Remark We can also show that if y(V)(x) = u(x), then



X

Y (x) = y""(0) + f w(O)dt,

0
Y (x) = y"(0) + xy""(0) + f (x — Du()dt
" P , (1.59)
y'(x) = '(0) +xy"(0) +5 27" (0) + 5 f (x - D2u()dt
0

1 1 1r*
V() = y(0) + ' (0) + =x2y" (0) + =x%y""(0) + > j (x — O*u()de
2 6 6,

1.6 Converting Volterra Integral Equation to IVP

The resulting initial value problems can be solved easily by using ODEs
methods that were summarized in Chapter 1. The conversion process will be
illustrated by discussing the following examples.

Example 1.4 Find the initial value problem equivalent to the Volterra integral
equation:

u(x) =e* + fxu(t)dt. (1.60)
0

Differentiating both sides of (1.60) and using Leibnitz rule we find
u'(x) = e* + u(x). (1.61)

Since there is no integral so there is no need for differentiating again. To
determine the initial condition, we substitute x = 0 into both sides of (1.60) to
find u(0) = 1. This in turn gives the initial value problem:

u'(x) —u(x) =e*, u(0)=1. (1.62)
Notice that the resulting ODE is a linear inhomogeneous equation of first order.
Example 1.5 Find the initial value problem equivalent to the Volterra integral
equation:

u(x) = x* + jx(x — tu(t)dt.  (1.63)
0

Differentiating both sides of (1.63) and using Leibnitz rule we find



u'(x) = 2x + fxu(t)dt. (1.64)
0

To get rid of the integral sign we should differentiate (1.64) and by using
Leibnitz rule we obtain the second order ODE:
u''(x) =2+ u(x). (1.65)

To determine the initial conditions, we substitute x = 0 into both sides of (1.63)
and (1.64) to find u(0) = 0 and u'(0) = 0. This in turn gives the initial value
problem:

u'(x) —u(x) =2, u(0)=0, u'(0)=0.
Example 1.6 Find the initial value problem equivalent to the Volterra integral
equation:

1 X
u(x) =sinx — = j (x — t)?u(t)dt.  (1.66)
2 Jo

Differentiating both sides of (1.66) three times to get rid of the integral sign to
find

u'(x) = cosx — jx(x —tu(t)dt, u''(x) = —sinx — jxu(t)dt,

u"""(x) = —cosx — u(x).
Substituting x = 0 gives the initial conditions: «(0) = 0,u'(0) = 1,u"'(0) = 0.
In view of the last results, the initial value problem equivalent to the Volterra
integral equation is a third order inhomogeneous ODE given by

u""(x) +u(x) = —cosx,u(0)=0,u'(0)=1,u"(0) =0. (1.67)
Exercises 2.5
Convert each of the following IVPs to an equivalent Volterra integral equation:
1.y —4y=0,y(0) =1
2.9 +4xy =e 2", y(0) =0
3.+ 4y = 0,y(0) = 0,y(0) = 1
4.y" =y =0,y(0) =2,y'(0) =y"(0) =1
5.y +y" +y =xy(0) =y'(0) =1,y"(0) = y"'(0) = 0



Convert each of the following Volterra integral equation to an equivalent IVP:
X

6. u(x) =x+ 2 f u(t)dt
0

7.u(x)=1+x%+ fx(x — tu(t)dt
0
8. u(x) =1—cosx + ZJ (x — t)?u(t)dt
0

9. u(x) =2+ sinhx + jx(x —t)2u(t)dt
0

10. u(x) =1+e* + Jx(l +x — t)3u(t)dt
0

1.6 Converting BVP to Fredholm Integral Equation
Type I
We first consider the following boundary value problem:

y'(x)+gx)y(x) =h(x), 0<x<b, (1.68)
with the boundary conditions: y(0) = a, y(b) = B.(1.69) We start as in the
previous section and set y"' (x) = u(x). (1.70) Integrating both sides of (1.70)
from 0 to x we obtain

X

jo xy"(t)dt= j u(t)dt,

0
that gives

X

y'(x) =y'(0) +f u(t)de, (1.71)

0
where the initial condition y’(0) is not given in a boundary value problem. The

condition y'(0) will be determined later by using the boundary condition at
x = b. Integrating both sides of (1.71) from 0 to x gives

y) =y + 1/ + [ [ udeat,
0 0

or equivalently by reducing double integral to a single integral.



y(x) =a+xy'(0) + j:(x —tu(t)dt, (1.72)

To determine y'(0), we substitute x = b into both sides of (1.72) and using the
boundary condition at y(b) = S we find

b
y(b) = a+ by'(0) + J (b — tHu(t)dt,
0

that gives

b
by'(0)=f—a— f (b — Hu(t)de,
0

This in turn gives
1 1 (P
y'(0) =3B -a)- B-fo (b —u(t)dt, (1.73)
Substituting (1.73) into (1.72) gives
X b x x
yx)=a+ (B — 0()5 — .[0 E(b — tu(t)dt + -[o (x —tu(t)dt.(1.74)

Substituting (2.70) and (1.74) into (1.68) yields

X bx
ux)+[a+(f—a) E]g(x) — j Bg(x)(b — Hu(t)dt

+ j "9()(x — Du(ddt = h(x). (175)
0

From calculus we can use the formula:
b X b
[o=[o+]o
0 0 X

x% (b — x)tu(t)dt

to carry Eq. (1.75) to

X
uG) = KGO ~ [+ (8 ~ @ F1gC) + |

0

b
4 fx %(x)(b—t)u(t)dt,

that leads to the Fredholm integral equation:



b

u(x) = f(x) +j K(x, t)u(t)dt, (1.76)
0
Where

F0) =he) = (a+ B -07) g,  (177)
and the kernel K (x, t) is given by

%x)(b—x)tfor 0<t<x
xg(x)
b

Example 1.7 Convert the following BVP to an equivalent Fredholm integral
equation: y"'(x) + 9y(x) = cosx, y(0) =y(1) =0.
B=0a=0, g(x) =9and h(x) = cosx. This in turn gives f(x) = cos x.

K(x,t) = (1.78)

(b—t),for x<t<bh

Substituting this into (1.76) gives the Fredholm integral equation:
1

u(x) =cosx +f K(x, t)u(t)dt,

0
where the kernel K(x, t) is given by
_(9t(1 —x), for 0<t<x
K t) = {9x(1 —t), for x<t<1?1
Example 1.8 Convert the following BVP to an equivalent Fredholm integral
equation: y"'(x) + xy(x) =0, y(0) =0, y(3) = 2.
a=0,=2,b=23,g(x) =xand h(x) = 0. This in turn gives f(x) = h(x) —

(a +(f—a) %) glx)=— % Substituting this into (1.76) gives the Fredholm

integral equation:
3

u(x) = —2x2 +f K(x, t)u(t)dt,

0
Where the kernel K (x, t) in (1.78) is given by

tx
?(B—x), for 0<t<x
K(x,t): xz

?(B—t), for x <t<1



Type 11
We next consider the following boundary value problem:
y'x)+gx)y(x) =h(x), 0<x<b, (1.68)
with the boundary conditions: y(0) = a4, y'(b) = B;.(1.79). We again set
y'(x) =ulx). (1.70)
Integrating both sides of (1.70) from 0 to x we obtain

jo xy"(t)dt = jo xu(t)dt

that gives

X

y'(x) =y'(0) +j u(t)dt, (1.80)

0
Where the initial condition y'(0) is not given. The condition y'(0) will be

derived later by using the boundary condition at y'(b) = ;. Integrating both
sides of (1.80) from 0 to x gives

y(x) = y(0) + xy'(0) + f f u(t)dtdt,

or equivalently using the condition y(0) = a; and by reducing double integral
to a single integral.

y(x) = a; + xy'(0) + Jx(x — tu(t)dt, (1.81)

To determine y'(0), we first differentiate (1.81) with respect
to x to get

X

y'(x) =y'(0) +f u(t)dt, (1.82)

0
where by substituting x = b into both sides of (1.82) and using the boundary
condition at y'(b) = B, we find
b

Y =y + [ u@ds,

0
that gives



b
Y(0) = By j; u(ede.

b
y'(0)x = Byx —f xu(t)dt. (1.83)
0

Using (1.83) into (1.81) gives

b X
y(x) =a; + p1x —J xu(t)dt +J (x — tu(t)dt. (1.84)
0 0

Substituting (1.70) and (1.84) into (1.68) yields

b X
() + @ g(x) + Prxg(x) — jo xg(u(t)dt + jo g0 — Du(t)dt
— h(x).(1.85)

or

X b
u(x) = h(x) — (a; + f1x)g(x) + xg(x) [j u(t)dt + f u(t)dt

- g(x)f0 (x — Hu(t)dt.

The last equation can be written as

x b
u(x) = h(x) — (a; + B1x)g(x) + j gx)tu(t)dt + f xg(x)u(t)dt. (1.86)

that leads to the Fredholm integral equation:

b
u(x) = f(x) +f K(x,t)u(t)dt, (1.87)

Where
f(x) = h(x) — (a1 + B1x)g(x). (1.88)
and the kernel K(x, t) is given by

_(tg(x)for 0<t<x
KGxt) = {xg(x),for x<t<bh

Example 2.9 Convert the BVP to an equivalent Fredholm integral equation:
Y'(x) +y(x) =0,y(0) =y'(b) =0.

(1.89)



We can easily observe that a; = 8, = 0,g(x) = 1 and h(x) = 0. This in turn
gives f(x) = 0. Substituting this into equation gives the homogeneous
Fredholm integral equation:

b
u(x) =J K(x, t)u(t)dt,
0

where the kernel K(x, t) is given by
t for 0<t<«x

K(x,t) = {x for x<t<b
Example 2.10 Convert BVP to an equivalent Fredholm integral equation:
y'(x)+2y(x) =4, y(0)=0,y(2) =1
We can easily observe that a; = 0,8, = 1,g(x) = 2 and h(x) = 4. This in turn
gives f(x) = 4 — 2x. Then the inhomogeneous Fredholm integral equation:

u(x) =4 - 2x + [ K(x, Hu(t)de,
where the kernel K(x, t) is given by
2t for 0<t<x

K(xt) = {Zx, for x<t<?2
Converting Fredholm Integral Equation to BVP.
2.6.1 Converting Fredholm Integral Equation to BVP

Type I
We first consider the Fredholm integral equation given by
b

u(x) = f(x) + JO K (x, Ou(t)dt, (1.76)

X b
u(x) = F(x) + j @(b — Dult)dt + f %(x)(b _ Hu(t)dt. (1.76)
0 X

Where

F0) =h(o) = (a+ (B-@7) g0, A77)
and the kernel K (x, t) is given by



%(b—x)t for 0<t<ux
K(x,t) = () (1.78)

—(b—t) forx <t<b

For simplicity reasons, we may consider g(x) = A where A is constant. Equation

(1.76) can be written as

u(x) = f(x) +%(b —X) fxtu(t) dt + A—xfb(b —tu(t)dt. (1.79)
B b 0 b J. T

Each term of the last two terms at the right side of (1.79) is a product of two
functions of x. Differentiating both sides of (1.79), using the product rule of

differentiation and using Leibnitz rule we obtain
X

VN A A A
u'(x) =f'"(x)+ 5 (b — x)xu(x) — Ef tu(t) dt — 5 (b — x)xu(x)

0

b
+ % jx (b — Hu(t)dt,

X

A AP
u'(x) =f"(x) - E_[ tu(t)dt + E_[ (b —t)u(t)dt. (1.80)

0
To get rid of integral signs, we differentiate both sides of (1.80) again with

respect to x to find that

u'(x) = f"(x) - —xu(X) - (b — x)u(x),
that gives the ordinary differential equations:
u"(x) + Aux) = f"'(x),
The related boundary conditions can be obtained by substituting x = 0 and x =
1 in (1.79) to find that u(0) = £(0),u(b) = f(b). Gives the boundary value
problem

y'() + Ay(x) = f7(x), u(0) = f(0),u(b) = f(b) (1.81)

Example 2.11 Convert the Fredholm integral equation

u(x)=e"+f3

0

3t3—x)for0<t<x

k(x,tyu(t)dt, k(x,t) = {3x(3 —t)forx<t<3



X

u(x) = ex+f

0
to an equivalent boundary value problem.

3t(3 — x)u(t)dt + f 3x(3 — t)u(t)dt

The Fredholm integral equation can be written as

u(x) =e*+33 - x)J tu(t)dt + 3xj3(3 — Hu(t)dt (%)
0 x

Differentiating twice with respect to x gives

X 3
u'(x) =e* — BJ tu(t)dt + 3x(3 — x)u(x) + 3] (3 —t)u(t)dt — 3x(3
0 x
—x)u(x)
X 3
u'(x) =e* — 3f tu(t)dt + 3.[ (3 —tu(t)dt. (**)
0 x

and u”’(x) = e* — 9u(x). From (x) u(0) = f(0) =1, u(3) = f(3) = e3, the
BVP is

y'(x)+9y(x) =e*, y(0)=1 y3)=e’.
Example 2.12 Convert the Fredholm integral equation

4(2—x)tfor0<t<x

— .3 2 _
u(x) = 2% + [2 (e, u®)de, kix,t) = {496(2 e ferctes
to an equivalent boundary value problem.

The Fredholm integral equation can be written as

ulx) = x3+42 - x)f tu(t)dt + 4xf2(2 — u(t)dt (%)

x
Proceeding as before we find % = @ =4-5g9(x)=8
u''(x) = 6x — 8u(x).
From (*) u(0) = f(0) =0, u(2) = f(2) = 23 =8,the BVP is
y'(x) +8y(x) =6x, y(0)=0, y(2)=8.

Type |l
We next consider the Fredholm integral equation given by



b

u(x) = f(x) +J0 K(x, t)u(t)dt, (1.76)

Where
f(x) = h(x) — (a3 + B1x)g(x). (1.88)
and the kernel K (x, t) is given by

_(tg(x)for 0<t<x
Kot = {xg(x),for x<t<b

For simplicity reasons, we may consider g(x) = A where A is constant. Equation

(1.93)

(1.76) can be written as
x b
ulx) = f(x) + )Lf tu(t) dt + Axf u(t) dt.
0 x
Each term of the last two terms at the right side is a product of two functions of
x. Differentiating both sides, using the product rule of differentiation and using
Leibnitz rule we obtain

b
u'(x) = f'(x) + Aj u(t)dt

To get rid of integral signs, we differentiate both sides again with respect to x to
find that

u"(x) = f(x) — Au(x),
that gives the ordinary differential equations:

u"(x) + Aux) = f'(x),
The related boundary conditions can be obtained by substituting x = 0 and x =
1 in (1.90) to find that u(0) = £(0),u(b) = f(b). gives the boundary value
problem

y" () + Ay(x) = (), u(0) = £(0),u(b) = f(b) (1.92)

Example 2.13 Convert the Fredholm integral equation:
2

u(x) = e* + f k(x, Oudt, k(xt) ={

0

2tfor0<t<x
2xforx <t <2

to an equivalent boundary value problem.
The Fredholm integral equation can be written as tg(x) = 2t



X

u(x)=ex+2j

0

2
tu@de+ 2% [ u(de ()
X
Differentiating twice with respect to x gives
2
u'(x) =e*+ ZJ u(t)dt
X

and u''(x) = e* — 2u(x). From (*) u(0) = f(0) = 1, u(2) = f(2) = e?, the
BVP is

') +2y(x) =e*, y(0)=1, y(2)=e?
Example 2.14 Convert the Fredholm integral equation

2tfor0<t<x
2xforx <t <3

3
u(x) = x? +f k(x,Hu(t)dt, k(x,t) = {

0
to an equivalent boundary value problem.

The Fredholm integral equation can be written as tg(x) = tg(x) = 2t

X

u(x)=x3+2j

tu(de+ 26 J Su(t)dt, (*)

x
Proceeding as before we find

u''(x) = 2 — 2u(x).

From (*) u(0) = f(0) =0, u(3) = f(3) = 3% =9,the BVP is
y'x)+2y(x) =2, y(0)=0, y(2)=9.
Exercises 2.6
Convert the following BVPs into an equivalent Fredholm integral equation:
1.y"+xy=0, y(0)=y(1)=0
2.y"+2y=x 0<x<1y(0)=1y(1)=0
3.y"+xy=0, y(0)=0,y'(1)=0
4.y"+4y=x, 0<x<1,y(0)=1,y'(1) =0.
Convert the following Fredholm integral equation to an equivalent BVP:

3t(1—x)for0<t<x

5. u(x) = e + [ K(x, )u(t)de, K(x, 1) = {Bx(l _Dforx<t<t



t(l—x)for0<t<x
x(1—t)forx<t<1
4t(1—x)for0<t<x
4x(1—t)forx <t <7
6tfor0<t<x

6xforx <t<1

6. u(x) = 3x% + [ K(x, u(t)dt, K(x,t) = {
7.u(x) = sinhx + [ K(x, Ou(e)dt, K(xt) = {

8.u(x) = x* + [ K(x,u()dt, K(x,t) = {



