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Theory of Differential Equations
Chapter Two: Systems of differential equations
Theorem 2 (Cayley-Hamilton Theorem) Every n X n constant matrix satisfies its
characteristic equation.
Theorem 2 (Cayley-Hamilton). Let p(1) = py + p1A+ ...+ (—1)"p, A" be the
characteristic polynomial of A. Then,
p(A) =py + p1A+...+(-1)"p, A" = 0.

Example let A = [_23 _21] then p(1) = 22 + 41 — 1 = 0 its characteristic
equationso p(A) =A% +44A—-1=0
Home work
1- Find the solution of
-1 -1 0
ax=[20 Lx, b-Xx=|0 -1 o0|X
0O 0 =2
1 1 1

1

? 2 1 -1

0
X, X(0) = (—1)
-3 2 4 —2

1.3 Fundamental matrix solutions ®(t); and exponential matrix e4

X = AX (1)
Definition 2. An n X n matrix function @& is said to be a fundamental matrix for the
vector differential equation (1) provided @ is a solution of the matrix equation (1)
on I, often

cx=[} Yrxo=(}) o 1

Definition 3. An n x n matrix function e“? is said to be an exponential matrix for
the vector differential equation (1) provided

X(t) = eAlt-toC (3)
Example 1.a Find a fundamental matrix solution of the system of differential
_ 3 2 2
equations X=11 4 1 |X
-2 —4 -1

The independent solutions are

1 —2 0
/11=1,3,2:2,/13=3,V1= 0 ,V2= 1 ,V3= 1
-1 0 —1
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D(t) = g2t e3t |,

et —2e% 0
—et 0 —e3t

et —2e? 0
Example 1.b Find the matrix A from the fundamental matrix| 0 et e3t ]
—et 0 —e3t
a b c 1 -2
Sol.LetA=1|d e f]thenxll—lxlz 2, A3 =3,V =0 |,V =]1]|,V3=
g h i -1 0
0
[1 L(A—2ADV =0,=
-1
a—1
[d e — ” ]—0—>a—c—1d f=0g—i=-
g i—1
a—2 b
[d e—2 ” ]—0=> —2a+b=—-4,-2d+e=2,-29g+h =0,
g h i—2
a—3 b
d e—3 f ”1]=0—>b—c=0,e—f=3,h—i=—3,
g h i—3

-b—-2c=-2,b=c=2,a=3,—f+2d=1,f=d=1e=4,9g—h=2,g9
=—2,h=—-4,i=-1.

1 —2 0] A, 0 0
d)ii:@:’)LVl_ 0 Vo = 1 V3 = 1 M=[V1 V, V3],]=[0 A 0
0 0 Aj
1 0 0] [@a b c[1 -2 0
M]=AM—>[ ”0 2 0] d e f] 1 1]
— —1lo o 31 lg h ill-1 0 -1

a—c —2a+b b c
= [ ] d—f —-2d+e ]

g—1i —-2g+h h —1
Theorem 3. Let & (t) be a fundamental matrix solution of the differential equation

X = AX (1)

Then, et = d(t)d~1(0) (4)
In other words, the product of any fundamental matrix solution of (I) with its inverse
att = 0 must yield e,
Lemma 2. A matrix ®(t) is a fundamental matrix solution of (1) if and only if

d(t) = AP(t) and detd(0) # 0. (5)
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Proof of Lemma 2: Let X; (t)X,(t) ... X,,(t) be linearly independent solution of (1).
Let @(t) = [X;(t) X2 (t) ... X,,(t)] then ®(t) is Fundamental solution iff
b(1) = [X,(6) (1) .. Xu(O)] = [AX1(8) AXp(®) - AXy(D)] =
AlX;(t) X,(t) ... X,,(t)] =AP(t) and
®(t) = [eMtV, eh2tV, ... et ] = ®(0) = [V, V, ... V]
Since V; V, ... V, are eigenvectors so they are linearly independent then
det®(0) 0. o

et e3t eSt . 1 1 1
Example 2.a Show that ®(t) = lo 23t 2e5tlIfFMof X =|0 3 2|X
0 0 2e°t 0 0 5
et 3e3t SeSt 1 1 1 et eBt eSt
Ans. ®'(t) = [0 6e3t 10e5t| AP =0 3 2] 0 2e3¢ 2e5t] =
0 0 10e5t 0 0 5110 0 2e°t
et 3e3t Gedt 1 1 1
0 6e3t 1035t], det®(0) =det|0 2 2] =4 %#0.
0 0 10e°t 0 0 2
Lemma 3. The matrix-valued function
2 foe) n
eAf=I+At+A2t—+---=Z 4r) (6)
2 n=0 n!

Is a fundamental matrix solution of (1).

Proof: %e“‘t =A +A2t+A3§+ e = A(I + At +A2§+ ) = Ae?* so et isa

solution of (1),det(e4%) = det(e®) = det(I) =1 # 0

So by Lemma 2 e4t is fundamental matrix solution. o

Lemma 4. Let ®(t) be a fundamental matrix solution of (1). Then, W(t) = ®(t)C

is also a fundamental matrix solution of (1) provided C is constant nonsingular

matrix (det C # 0).

Proof: Let W(t) = ®(t)C -» ¥'(t) = ®'(H)C,¥P'(t) = AD(t)C = A¥Y(1),

Then W(t) is a solution of (1)

detW(t) = det ®(t)C = det d(t) detC — detW(0) = detP(0)detC # 0

Then W(t) is a fundamental matrix o

Proof of Theorem3: Let @(t) be fundamental matrix, by Lemma 3

e4t is also a fundamental matrix, then by Lemma 4, e4t = ®(t)C (7)

Let t=0in(7),I = ®(0)C > C =D 1(0) » e =d()P1(0). 0o
edt=t) = d()D71(ty)  (8)
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1 1 1
Example 2.b Find e4tif X = |0 3 2|X and use it to solve the system
0 0 5
Ans. Our first step is to find 3 linearly independent solutions of the system: A, =
1 1 1
1,4, =3,4;=5and V; =|0|,V, = |2, V5 = 2] their corresponding
0 0 2
et eSt eSt
eigenvalues, then @ (t) = l 2331? 2e5t|is FMS from (7),
ZeSt

e 1 1 1717°
PP~ 1(0)—[0 Ze3t 2e5t”o 2 2] =

2e5t 0 0 2
ot t1[1 3+ O
0 2e3t 2e5f]—[ —2] [0 2e3f 2e5f] 0 =
0 2e°t 2e°tI{0 0 2
et it lest 13t 1 st
2 2 2
=10 e3t eSt
0 0 e>t
2 00
Example 3 Find e4® and Use ittosolve X = [1 2 0]X,
1 0 3
0
Ans. The matrix A is lower triangularso A, =2 =21,,A; =3and V; = |1
0
0 1 1 0 0
tH1l,v, =10 ,X2=62t[t Vs =10], X3 =e3t|0of, (1) =
0 -1 -1 1 1
[ 0 e? 0
et te?t 0 |is FMS
0 _e2t 3t

0 -1
edt = CD(t)CD_l(O) = [eZt te?t 0 ] [1 0 0]
0 —e2t o3tllo —1 1
0 e* 070 1 O eZt 0 0
= [eZt te?t 0 ”1 0 0] = [ te?t eZt 0 ]

0 —e2t e3tll1 0 3t

eZt Cle
X(t) =etC = [ te?t et 0 ] l ] c te?t + c,e?
e3t _ 2t (g 3t ¢, (e3t — e2t) 4 ¢ e?

et oY T T

JX1 =
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2

t
et =I+At+A2?+~--=

— 2
1+2t+ 2"+

4t2

t 4_'75_ + 31
5t2

t 4——;;—4—

eZt

teZt
3t _ eZt

3!

0

2t

0

e

Le

Properties of e4t

12t3

19t3

1 0 0
01 0
0 0 1

(2t)°
T _|_

0
0
3t

3 00

1- if A is diagonal [0 2 0

2- if A is upper (or lower)triangular A = [(2) g] — et

0 e3 0 011[3 1 2
Olthenedt =] 0 e2t o |,10 2 -—1|.,e?
0 0 e*Il0 0 4

3
0
0

0
2
0

4

0 0 4

01 0
0 0 1
2 0 0
1 2 0
1 0 3

1 0 0
o 1o

+ t

0

1+2t+ T

0

e
]then edt = [ 0

(26)?

2
1
1

+

+

3t

0

0
2
0
4
4
5

(2t)
3!

0
0
3
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2t2

2
1
1
ol

21
92.

0
2
0

0
0
3

t+ o0

0
4
0

0

0

(32
2! T

1+3t+

0

eZt

0

3t
o
0

e

H.W. 1: without solving the system find et from the following

a b

. A=[0 C],Az

2 1 0
0 2 1
0 0 2

A= [_ab 2],a,b.c¢ 0

1.4 The nonhomogeneous equation; variation of parameters
Let the matrix ®(t) = [X,(t) X,(t) --- X,,(t)] be FMS of the homogenous system

Then the system

X(t) = AX(t) + H(t)

X(t) = AX(t)

Is the nonhomogenous system,
Theorem 4 Let ®(t) be FM and e4¢ be exponential matrix then the general
solution satisfying X (t,) = X, of (9) is

X(t) = eAlt-tox, + eAtf

t

to

Proof: We have to seek a solution in the form

(1

€)

e SH(s)ds

s

3t)°
3!

0

4t

|

|
|
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X(t) = o)U(L). (10)
U(t) = o1 ()X (¢) (11)
Differentiating (3) we get X(t) = ®()U(t) + ®(D)U(t),
AX() + H(t) = dOU(t) + P()U(t) = AD)U(L) + P()U(L)
= AX(t) + P(O)U(D),
H() = d)U() » U(t) = @ L (O)H(L)

Integrating this expression between t, and t gives
t
Ut) — U(ty) = J d~1(s)H(s) ds
to t
U(t) = ®1(te)X(t,) +j d~1(s)H(s) ds
to
t
d(U(t) = ()P (ty) Xy + () | P 1(s)H(s)ds
to
t
X(t) = d()P 1(ty) X, + () | P L(s)H(s)ds (12)
to
t
X(t) = eAttx, + At D(t,) | e A6 t)d1(t,)H(s) ds
t "’
X(t) = eAlt=to) X, + eAtf e SH(s)ds (13)

to
Ol 5 ,al 44y )k
Multiply (2) by e =4t — e=4tX(t) = e 4t AX(t) + e AtH(t)
e AtX(t) — e TALAX(t) = e AH(t) = e 4tX(t) — Ae ™ AtX(t) = e 4tH(t)
= e X' () + (e™)'X(t) = e H(t) = (e ™ X(v) = e 4tH (1)

Integrating this expression between t, and t gives
t
e X (t) — e o X(t,) = j e 45H(s)ds
to
t
e X (t) = e Ao X(ty) + f e SH(s)ds
to
t
X(t) = eAlt-tox, + eAtf e SH(s)ds.

to
Example 1. Solve the initial-value problem

Lo o 0 0
X=12 1 =2|1X+ 0 ) X(0)=|1
3 2 1 et cos 2t 1
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A Al 2 pAsl dlldy X = AX Geilaiall alaill Jas Aol

1—-21 0 0
det| 2 1-12 =-21=0
A

3 2 1-—
(1-D(P=21+5)=0-4 =115 _2t ‘;L 20 142
0 0 O017]ra
1.4, =1- lz 0 —2 H =0,»2a-2c=03a+2b=0,c=ab=—>a
3 2 O0lltc
2 2 2et
e
2 2 2et
—21 0 0 Jra
2./1=1+2i—>[2 —2i -2 b]=0,—>—2ia=0—>a=0,
3 2 —2illc
0 0 0
2a—2ib—2c=0, ib+c=0-V= 1]= 11+1]0
—i 0 —1
0 0 0 0
X = e(1+2i)t< 11+|0 ) = et(cos 2t + i sin 2t) ([1 — i [OD
0 —i 0 1
0 0 0 0
= e'[cos 2t 1] + sin2t|0]| + i(— cos 2t |0| + sin 2t 1])]
0 1 1 0
0 0 0 0
X, = ef[cos2t |1| +sin2t 0[], X5 = e![—cos 2t [0 + sin 2t [1]]
0 1 1 0
0 0
X, =et [cos 2t], X5 = et[ sin 2t
sin 2t — cos 2t
2et 0 0 2 0 0
d(t) = [—Set efcos2t elsin2t |, ®(0)=]-3 1 O]
2et  eltsin2t —efcos2t 2 0 -1
>0 0
e 10 =] 1 o
2
1 0 -1
2e! 0 0 >0
et = ()P ~1(0) = [—Set etcos2t elsin2t ] 3 0
2et  elsin2t —elcos2t i 0 —1
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et 0 0
3 3 .
At _ —Eet + Ze cos2t+e’ sin2t etcos2t —etsin2t
t 4 3¢ £ . t t
e +Ee cos 2t—el sin 2t e’sin 2t e’ cos 2t
Then by (13) we get
X(t)
[ et 0 0 T
3 t,3 t t o 0
=3¢ +Eet0052t+etsin2t e‘cos2t —e‘sin2t 1
et + ;efcoszt—efsinZt etsin2t e!cos2t

et 0 0 0 0

3 .
et + Zet cos2t—e’sin2t etsin2t etlcos 2t |

t
e

X() = [et cos 2t — et sin 2t]

etcos2t + etsin2t

et 0 0 0
3ot 4+ 30t cosatretsinze efcos2t —ebsin2t ’ 2s .
+1| 2 2 —e*Scos2ssin2s|ds
3 . 0 28 2
et+Eetc052t—etsin2t etsin2t elcos2t e’ cos”2s

X(t) =

Example 2 Solve the initial-value problem X = [(3) _34]X + [(1)] et, X(0) = ((1))
det(A —AI) = 0 — det[35’1 L o]=0
B-A)2=0-1, =21, =3,
w=3-@-3nv=0-[0 H[]=0-b=0v =[]

o)
A =35 A=3DV, =V, - [8 _04] 7] = [(1) —4b=1,b =_Tl,V2 - [;]
X, = e [[g] . [_0;] = exe[]
O(t) = 3t [(1) f] S o1(0) = — gl ] [ °

= O P" 1(0)—e3t[o _1][0 O =ex |l —H]

Then by (13) we get

3 3 . .
n —E€t+§et0052t+etsin2t etcos2t —etsin2t f [— Zes +—e cos2s+eSsin2s  eScos2s —e®sin2s

es +—e cos2s—eS sin2s eSsin2s eScos2s

|

0
0
eScos2s

]d:
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R e [ R P | PR [
_ g3t [—4t] 43t [(1) —ft] fot [e(‘:’s] ds

1
_ gt [—41: + 2e3t — 1]]

Homework

1. Solve the initial-value problem X = ﬁ :S]X + [::rlli] X(0) = (8)

2. Solve the initial-value problem X = ﬁ :4]X + [ﬂ et, X(0) = G)
3.13 Solving systems by Laplace transforms
X(t) =AX(@t) + H(t), X(0) =X, (14)
j e‘“xl(t)dt_
0

=Lix(O}=| (15)
j e Stx, (t)dt
- 0 .

Fy(s) (R AL
F(s) = ( : ) = L{f(t)} = : (16)
E,(s) Jy" e St f()dt

Taking Laplace transforms of both sides of (1) gives
L{X(©)} = L{AX(t) + H} = AL{X (D)} + L{H} -

X1 (s)

Xn(5)

X(s) =

L{x1 (1)} L{x ()} [£{h (D]
: =A : + :
L{x, (1)} L{x,(O}  LL{h, (D)}
sL{x1(t)} — x1(0)] L{x1(D}] [£h (O}
: Y R Y (17)
L{x, (1)} — x,(0) ] L{x, ()} LL{h, (D)}

Example 1. Solve the initial-value problem

. (1 4 1\ ¢ _ (2
X_(1 1)X+(1)3'X(0)_(1)'
Solution. Taking Laplace transforms of both sides of the differential equation gives
[Sﬁ{xl(t)}— 2] _ (1 4) (L{xl(t)}> Lt (1)

sL{x,(t)} — 1 1 1/ \L{x,(t)}) s—1\1




Fundamental Matrix Solutions and Exponential Matrix =~ Hussain Ali Mohamad

or

(s = DLl (O} — 4L (0} = 2+ = (s — DXi(s) — 4X,(s) = 2+ =
—L{x;(O)}+ (s —DL{x,(D)} =1+ i X))+ (s—DX,(s) =1+ ﬁ
(s—1D?—-DL{x;()}=2(s—-1)+5+ Si%
2s — 2 55 -1
(s=3)(s+D(s—-1) +

(s =D = DL{x (D)} =

The solution of these equations is

2 1 1 S
Lo (®) = s—3 * s2—1’ Lo (®) = s—3 * (s—=D(s+1D(s—3)
Now,
L s L sy = {02
s—3 ey oy T AL = 2
et —et et —et
L{xl(t)}=2L{e3t}+L{ 5 }=L{2e3t+ 5 }
t_e—t
x,(t) = 2e3t + 5
S A B C
= + +
s—D(G+1)(6-3) s—1 s+1 s-—3
s=A(s*+2s—3)+B(s?—4s+3)+C(s*—-1)
A+B+(C=02A—-4B=1,-3A+3B—-C=0
1 1 3
A__Z'B__E'C_E'
1 1 3
Ll (0} = £{e) — T £{et} — 5 L™} + S L{e™)
11 1 1
— 3t _ _ Lt _ _ ,-t
X, (t) 8e 2 86
Homework
: 1 -1 1
1.x=(5 _3)x, x(0)=(2)
. _ (3 -2 t (2
2. %= (5 Z5)x+(506) x@ = (%)
11 2\ (0
3.x—(4 1)x+(_1)e,x(0)—(0)
_ (2 =5 sint (-1
4, x_(1 _2)x+(tant),x(0)—( o)



