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An Existence and Uniqueness Theorem  

For first-order differential equations the answers to the 

existence and uniqueness questions we have just posed are fairly 

easy. We have an Existence and Uniqueness Theorem—simple 

conditions that guarantee one and only one solution of an IVP. 

 Theorem "existence of a unique solution"   

1-𝒚′=(𝒙,𝒚) for  

Let R be a rectangular region in the xy-plane defined by 𝑎 ≤ 𝑥 ≤

 𝑏, 𝑐 ≤ 𝑦 ≤ 𝑑  That contains the point (𝑥0, 𝑦0)in its interior.  

Then there exists some interval If 𝑓(𝑥, 𝑦)𝑎𝑛𝑑
𝜕𝑓

𝜕𝑦
𝑎𝑟𝑒 continuous 

on R then there exists some interval  

𝐼0: (𝑥0 − ℎ, 𝑥0 + ℎ) , ℎ > 0 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑑 𝑖𝑛 [𝑎, 𝑏]  

And a unique function y(x) defined on 𝐼0  

That is a solution of the I.V.P. 𝑦′ = (𝑥, 𝑦), 𝑦(𝑥0) = 𝑦 0 

 

 

gives an idea of what such a region R and interval I in the Existence and Uniqueness Theorem 

may look like. 
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Remark  

1- The geometric meaning of the theorem consist in the fact that 

there exists one and only one such function 𝑦 = 𝜑(𝑥) the graph 

of which passes through the point (𝑥0,𝑦0)  

2- The condition (𝑥0)= 𝑦0     𝑜𝑟    𝑦|𝑥=𝑥0
 =𝑥0=𝑦0  

It's called the initial condition.  

2-.for linear O.D.E   

Let 𝑎(𝑥), 𝑎𝑛−1(𝑥), … … . , 𝑎1(𝑥), 𝑎0(𝑥)  

And f(x) be continuous on an interval I and let 𝑎0(𝑥) ≠ 0 for 

every x in this interval I, if 𝑥 = 𝑥0 is any point in this interval 

the solution y(x) of the I.V.P. exists on the I and is unique.  

Ex.1  

The I.V.P. 3𝑦′′′+5𝑦′′−𝑦′+7𝑦=0 , y(1)=0 ,𝑦′(1)=0 ,𝑦′′(1)=0  

Has a unique solution y=0 on any interval containing x=1.  

Ex.2  

The function 𝑦 = 3𝑒2𝑥 + 𝑒−2𝑥 − 3𝑥 is a solution of the I.V.P. 

𝑦′′ − 4𝑦 = 12𝑥  , 𝑦(0) = 4 , 𝑦′(0) = 1  

On interval I containing x=0 has unique solution on I.  

Singular point  

It is a point in plane not satisfies one or more necessary conditions 

in theorem of existence and uniqueness.  

Ex.1 

 

𝑦′ = 𝑦 

is a real and continuous function where 𝑦≥0  𝑓(𝑥, 𝑦) = √𝑦 

is a real and continuous function where 𝑦>0 ,
𝜕𝑓

𝜕𝑦
=

1

2√𝑦
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∴every point (𝑥0, 𝑦0) 𝑠. 𝑡. 𝑦0 > 0 ∃ 𝑎𝑢𝑛𝑖𝑞𝑢𝑒 solution  

∴every point(𝑥0, 𝑦0) 𝑠. 𝑡. 𝑦0 ≤ 0𝑎𝑟𝑒 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟 𝑝𝑜𝑖𝑛𝑡  

Ex.2  

𝒚′=𝟐𝒙 

is a real and continuous function on (−∞,∞) f(x,y)=2𝑥 

is a real and continuous function on (−∞,∞) 
𝜕𝑓

𝜕𝑦
=0 

∴every point (𝑥0, 𝑦0)  on (−∞,∞) ∃ a unique solution  

∴There are no singular points.  

Ex.3  

Is there exist a unique solution for 𝑦 =
𝑦−2

𝑥−1
 𝑖𝑛 (1,2) 

Solution 

𝑓(𝑥, 𝑦) =
𝑦−2

𝑥−1
 is continuous at every point (𝑥0, 𝑦0) in plane 

s.t.𝑥0 ≠ 1   

𝜕𝑓

𝜕𝑦
=

1

𝑥−1
is continuous at every point (𝑥0, 𝑦0) in plane s.t. 𝑥0 ≠ 1 

∴every point (𝑥0, 𝑦0)  s.t.xo≠1 ∃ a unique solution  

∴every point (𝑥0, 𝑦0) s.t. 𝑥0 = 1 𝑎𝑟𝑒 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟 𝑝𝑜𝑖𝑛𝑡  

∴There is no a unique solution on (1,2)  
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Remark  

1- f(x,y)=y and 
𝑑𝑓

𝑑𝑦
= 1 are continuous in xy−plane  

2- The condition in theorem existence and uniqueness are 

sufficient but not necessary.  

Exercises  
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2-Prove that 

  

An Existence and Uniqueness Theorem generalized 

for n-th order 

 

Theorem 
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Set of differential equations 

𝑑𝑦𝑖

𝑑𝑥
= 𝑓𝑖(𝑥, 𝑦1, 𝑦2, 𝑦3, … , 𝑦𝑛)                  ; 𝑖 = 1,2,3, … , 𝑛 

There is only one set of continuous solutions 

𝑦1(𝑥), 𝑦2(𝑥), … , 𝑦𝑛(𝑥) 

So that solutions take values 

𝑦°1, 𝑦°2, 𝑦°3, … , 𝑦°𝑛 

When 𝑥 = 𝑥° Provided that the functions  

𝑓1, 𝑓2, 𝑓3, … , 𝑓𝑛,
𝜕𝑓𝑖

𝜕𝑦1
,

𝜕𝑓𝑖

𝜕𝑦2
, … ,

𝜕𝑓𝑖

𝜕𝑦𝑛
             ; 𝑖 = 1,2,3, … , 𝑛 

Is continues and have existence of a unique solution in 

the reign  R 

|𝑥 − 𝑥0| ≤ 𝑎, |𝑦1 − 𝑦1
0| ≤ 𝑏1, … , |𝑦𝑛 − 𝑦𝑛

0| ≤ 𝑏𝑛 

  𝑤ℎ𝑒𝑟𝑒 𝑎, 𝑏1, 𝑏2, … . , 𝑏𝑛  𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒. 

 


