
-4-Chapter  

Linear O.D.E. with constant coefficients 

The general form of non-homo. linear O.D.E. with constant coefficients of n 

order is:- 

𝑦(𝑛) + 𝑎1𝑦(𝑛−1) + 𝑎2𝑦(𝑛−2) + ⋯ … … … … 𝑎𝑛−1𝑦′ + 𝑎𝑛𝑦 = 𝑓(𝑥)………(*) 

  are constantWhere 𝑎1, 𝑎2, … … … … … 𝑎𝑛−1, 𝑎𝑛 

If f(x)=0 then the equation(*)  it's become homo. 

-:Ex 

1- 𝑦′′ − 2𝑦′ + 3𝑦 = 0 

2- 𝑦′′ − 4𝑦′ + 𝑦 = 𝑒𝑥  

3- 𝑥𝑦(4) = 𝑠𝑖𝑛𝑥  

4- 𝑦(4) =
𝑠𝑖𝑛𝑥

𝑥
 , 𝑥 ≠ 0 

are linearly  𝑦1(𝑥), 𝑦2(𝑥), … … … … … , 𝑦𝑛(𝑥) The functions -: -1-Def.

dependent on I if there is a set of constants 𝑐1, 𝑐2, … … … … … , 𝑐𝑛 

In   𝑎 ≤ 𝑥 ≤ 𝑏 … … . . (∗) Not all zero s.t. 𝑐1𝑦1 + 𝑐2𝑦2 + ⋯ + 𝑐𝑛𝑦𝑛 = 0 

The left member of (*) is called a linear combination of the functions 

𝑦1, 𝑦2, … … . 𝑦𝑛.  

  The functions 𝑦𝑖(𝑥), 𝑖 = 1,2,3, … … . 𝑛 

Are linearly independent if the only set of constants𝑐1, 𝑐2, … … 𝑐𝑛 for which (*) 

holds is the set 𝑐1 = 𝑐2 = ⋯ … … . = 𝑐𝑛 = 0 

 

 

 

   

   



𝒚𝟏 = 𝒆𝒙 , 𝒚𝟐 = 𝒆𝟐𝒙 prove that the functions -1-Ex. 

Are linear independent. 

 

   -:Solution                

𝑐1𝑦1 + 𝑐2𝑦2 = 0 

𝑐1ex + c2e2x = 0 

𝑐1𝑒𝑥 + 2𝑐2𝑒2𝑥 = 0 (derivative w.r.t x) 

−𝑐2𝑒2𝑥 = 0  

𝑒2𝑥 ≠ 0 → 𝑐2 = 0 

∴ 𝑐1 = 0 

∴ 𝑐1 = 𝑐2 = 0 

∴the functions are linear independent for any x 

 

𝒇𝟏(𝒙) = 𝒄𝒐𝒔𝟐(𝒙), 𝒇𝟐(𝒙) = 𝒔𝒊𝒏𝟐(𝒙),  𝒇𝟑 = 𝒔𝒆𝒄𝟐(𝒙), prove that -2-Ex. 

𝒇𝟒(𝒙) = 𝒕𝒂𝒏𝟐(𝒙) 𝐀𝐫𝐞 𝐥𝐢𝐧𝐞𝐚𝐫𝐥𝐲 𝐝𝐞𝐩𝐞𝐧𝐝𝐞𝐧𝐭 𝐨𝐧 𝐭𝐡𝐞 𝐢𝐧𝐭𝐞𝐫𝐯𝐚𝐥 (
−𝝅

𝟐
,
𝝅

𝟐
) 

 

:Solution 

𝑐1𝑐𝑜𝑠2(𝑥) + 𝑐2𝑠𝑖𝑛2(𝑥) + 𝑐3𝑠𝑒𝑐2(𝑥) + 𝑐4𝑡𝑎𝑛2(𝑥) = 0 

𝑐1 = 𝑐2 = 1 → 𝑐𝑜𝑠2(𝑥) + 𝑠𝑖𝑛2(𝑥) = 1 

𝑐3 = −1, 𝑐4 = 1 → −𝑡𝑎𝑛2(𝑥) + 𝑠𝑒𝑐2(𝑥) = 1 

𝑡𝑎𝑛2(𝑥) − 𝑠𝑒𝑐2(𝑥) = −1   

𝑐𝑜𝑠2(𝑥) + 𝑠𝑖𝑛2(𝑥) − 𝑠𝑒𝑐2(𝑥) + 𝑡𝑎𝑛2(𝑥) = 0 

 

∴ The functions are linearly dependent 



-1-Theorem 

Let 𝑦1, 𝑦2, … . . , 𝑦𝑛 

 Be solutions of the homo. n-th order linear  O.D.E. on an interval I then the 

linear combination 𝑦 = 𝑐1𝑦1 + 𝑐2𝑦2 + ⋯ + 𝑐𝑛𝑦𝑛 

 are arbitrary constants is a solution on I Where 𝑐1, 𝑐2, … … , 𝑐𝑛 

  -:Corollaries 

  1- A constant multiple  𝑦 = 𝑐1𝑦1(𝑥) 

of a homo. linear O.D.E. is also solution      of a solution 𝑦1(𝑥) 

2-  A homo. . linear O.D.E.  always has the trivial solution 𝑦 = 0 

 𝑦 = 𝑐1𝑦1 + 𝑐2𝑦2 + ⋯ … + 𝑐𝑛𝑦𝑛 The function-: -2-Def. 

Which is a linear combination for solutions is a general solution for homo. 

linear O.D.E. if 𝑦1, 𝑦2, … … , 𝑦𝑛 is linear independent.  

𝑦1 = 𝑥2, 𝑦2 = 𝑥2𝑙𝑛𝑥 𝑎𝑟𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛  The functions -Ex.: 

𝑥3𝑦′′′ − 2𝑥𝑦′ + 4𝑦 =0 on (0, ∞)𝑡ℎ𝑒𝑛  

y = c1x2 + c2x2lnx   is a solution of this eq. on (0, ∞)  

Is called general solution. 

𝑦1, 𝑦2, … … 𝑦𝑛 each of the function suppose -:-3-Def. 

Has at least (n-1) derivative; the determinate 

𝑤 = 𝑤(𝑦1, 𝑦2, … . . , 𝑦𝑛) =
|

|

𝑦1                                𝑦2 … . . … …   . . 𝑦𝑛

  𝑦′
1                      𝑦

′
2 … …     … …   𝑦′

𝑛
.
.
.

𝑦(𝑛−1)
1

     𝑦(𝑛−1)
2

… … … … 𝑦(𝑛−1)
𝑛

|

|
  

.of the functions wronskianWhere the primes denoted derivative is called the  

 

 

 



-:-2-Theorem 

The solutions 𝑦1, 𝑦2 , … … 𝑦𝑛 for homo. linear O.D.E. are linear dependent iff  

𝑤(𝑦1, 𝑦2, … … , 𝑦𝑛) = 0 

And  𝑦1, 𝑦2 , … … 𝑦𝑛 are linear independent iff  𝑤(𝑦1, 𝑦2, … … , 𝑦𝑛) ≠ 0 

𝒆𝒙, 𝟒𝒆𝒙, 𝟑𝒆−𝟐𝒙 prove that the functions-1-Ex. 

Are linear dependent for  all x. 

:Solution 

w(𝒆𝒙, 𝟒𝒆𝒙, 𝟑𝒆−𝟐𝒙) = |
        ex            4ex                   3e−2x

        ex               4ex                − 6e−2x

              ex               4ex                 12e−2x       

| 

 

4|
    ex                   ex                         3e−2x

  ex                   ex                          − 6e−2x

          ex                ex                            12e−2x       

|=                                   

 =0 

∴The functions  ex, 4ex, 3e−2x Are linear dependent for  all x. 

𝒙𝟐, 𝒙𝟑, 𝒙−𝟐 prove that the functions -Ex.: 

Are linear independent solutions for 𝒙𝟑𝒚′′′ − 𝟔𝒙𝒚′ + 𝟏𝟐𝒚 = 𝟎 

-:Solution 

 𝑤(𝒙𝟐, 𝒙𝟑, 𝒙−𝟐) = |
𝑥2                    𝑥3                 𝑥−2

2𝑥                  3𝑥2            −2𝑥−3     
2                    6𝑥                  6𝑥−4        

| 

= 20 

≠ 0 

 

 

 

 



-:-3-Theorem 

 or 𝑦𝑝 If 𝑦 = 𝐼(𝑥)   

Is a particular solution for non-homo. linear O.D.E. and y=c(x) is a 

complementary function then the general solution for non-homo. 

linear O.D.E. is y=c(x)+I(x). 

-:Proof 

𝑦(𝑛) + 𝑎1𝑦(𝑛−1) + ⋯ … … + 𝑎𝑛𝑦 = 𝑓(𝑥) (𝑛𝑜𝑛 − ℎ𝑜𝑚𝑜. )………(1) 

𝑦(𝑛) + 𝑎1𝑦(𝑛−1) + ⋯ … … + 𝑎𝑛𝑦 = 0   (ℎ𝑜𝑚𝑜. )………….(2) 

I(x) is a solution for (1) ; then: 

(I(x))(𝑛) + 𝑎1(I(x))(𝑛−1) + ⋯ … … … + 𝑎𝑛(I(x)) = 𝑓(𝑥) 

C(x) is a solution for (2) then :- 

(𝑐(x))(𝑛) + 𝑎1(c(x))(𝑛−1) + ⋯ … … … + 𝑎𝑛(c(x)) = 0 

(I(x) + 𝑐(𝑥))(𝑛) + 𝑎1(I(x) + c(x))(𝑛−1) + ⋯ + 𝑎𝑛(I(x) + c(x)) = 𝑓(𝑥) 

I(x)+c(x)  is a solution for non-homo. O.D.E. 

𝒚′′ + 𝒚 = 𝟎? are the functions sinx ,cosx solution for -Ex.: 

and are these functions linear independent? 

y = sinx → y′ = cosx→ 𝒚′′ = −sinx 

-sinx+sinnx=0 

∴ sinx is a solution for this equation 

y = cosx → y′ = −sinx→ 𝒚′′ = −cosx 

-cosx+cosx=0 

∴ cosx is a solution for thisequation 

𝑤(𝑠𝑖𝑛𝑥, 𝑐𝑜𝑠𝑥) = |
𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥
𝑐𝑜𝑠𝑥 −𝑠𝑖𝑛𝑥

|=−𝑠𝑖𝑛2𝑥 − 𝑐𝑜𝑠2𝑥 = −1 ≠ 0           

Sinx,cosx are linear independent 

   𝑦 = 𝑐1𝑠𝑖𝑛𝑥 + 𝑐2𝑐𝑜𝑠𝑥 𝑖𝑠 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑡ℎ𝑖𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 



𝟏

𝟐
𝒙- 𝒚′′′ − 𝟔𝒚′′ + 𝟏𝟏𝒚′ − 𝟔𝒚 = 𝟑𝒙 𝒊𝒔 𝒚𝒑 =

−𝟏𝟏

𝟏𝟐
 .the particular solution of eq-Ex.:     

And general solution of this eq. is 𝐲𝐜 = 𝐜𝟏𝐞𝐱 + 𝐜𝟐𝐞𝟐𝐱 + 𝐜𝟑𝐞𝟑𝐱 

Then find the general solution for this eq. 

-:Solution 

𝑦 = 𝑦𝑝 + 𝑦𝑐 

   = c1ex + c2e2x + c3e3x −
11

12
 −

1

2
x  is the general solution of given eq. 

  

""fundamental set of solutions-4-Dfe. 

Any set   𝑦1, 𝑦2 … … , 𝑦𝑛of n linearly independent solutions of the homo. linear 

n-th order diff. eq. on an interval I is said to be a fundamental set of solutions 

on the interval I. 

-4-Theorem 

There exist a fundamental set of solutions for the homo. linear n-th order diff. 

eq. on I. 

-5-Theorem 

Let 𝑦1, 𝑦2 … … , 𝑦𝑛 be a fundamental set of solutions of the homo. linear n-th 

order diff. eq. on interval I . 

Then the general solution of the eq. on the interval I is 

 (x) 𝑦 = 𝑐1𝑦1(𝑥) + 𝑐2𝑦2(𝑥) + ⋯ … +𝑐𝑛𝑦𝑛 

  Where 𝑐𝑖 , 𝑖 = 1,2,3, … … 𝑛 𝑎𝑟𝑒 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠 

   

 

 

 

 

 



Exercises 

1- are the function linear dependent or independent for any interval? 

  ( 1) 𝟐𝒙 − 𝟐𝒙𝟓, 𝟓𝒙𝟓 − 𝒙      (𝟐)𝟐𝒙𝟐, −𝟑𝒙𝟐, 𝒙    (𝟑)𝒔𝒊𝒏𝒙, 𝒙   (𝟒)𝒙𝒆𝒙, 𝒆𝒙, 𝒙𝟐𝒆𝒙 

(5)𝒙 + 𝟓, 𝒙 + 𝟏, 𝒙     (𝟔)𝒆𝒙𝒄𝒐𝒔𝒙, 𝒆𝒙𝒔𝒊𝒏𝒙    (𝟕)𝒙𝟑, 𝒙𝟐, 𝒙   (𝟖)𝟔 − 𝟐𝒙, 𝒙 − 𝟑, 𝒆𝒙)  

  

2-a) prove that 𝒆𝒙, 𝒆𝟐𝒙 

are solution for 𝒚′′ − 𝟑𝒚′ + 𝟐𝒚 = 𝟎. 

Are the function𝒆𝒙, 𝒆𝟐𝒙 𝒂𝒓𝒆 𝒍𝒊𝒏𝒆𝒂𝒓 𝒅𝒆𝒑𝒆𝒏𝒅𝒆𝒏𝒕 𝒐𝒓 𝒊𝒏𝒅𝒆𝒑𝒆𝒏𝒅𝒆𝒏𝒕? 

b) prove that 𝒚𝟏 = 𝒆𝒂𝒙𝒄𝒐𝒔𝒃𝒙, 𝒚𝟐 =

𝒆𝒂𝒙𝒔𝒊𝒏𝒃𝒙 𝒂𝒓𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 

𝒚′′ − 𝟐𝒂𝒚′ + (𝒂𝟐 + 𝒃𝟐)𝒚 = 𝟎 

𝒂𝒏𝒅 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒚𝟏, 𝒚𝟐 𝒂𝒓𝒆 𝒍𝒊𝒏𝒆𝒂𝒓 𝒊𝒏𝒅𝒆𝒑𝒆𝒏𝒅𝒆𝒏𝒕. 


