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  Graphical approach  

Before seeking any actual solutions, however, it can be 

noted that the ODE itself contains a lot of information about the 

nature of its solutions. This is because the equation y ′ = f(x, y) 

gives the slope of the function y(x). In the plane of x and y it 

provides the direction in which the solution must be changing at 

any point (x, y). This is called the direction field of the ODE.  

• The direction field of the ODE y ′ = f(x, y) is the set of all 

direction vectors having the same direction as the vector (1, y′ ), 

at each point (x, y), in the plane of x and y. 

 • Integral curves are curves which are everywhere tangent 

to the direction field. Each integral curve represents a solution of 

the ODE. 

Example 

𝐲′=𝟐𝒙 . 

Solution:- 

𝑑𝑦

𝑑𝑥
= 2𝑥  

𝑑𝑦 = 2𝑥𝑑𝑥  

By integrating; obtain the general solution:  

𝑦 = 𝑥2 + 𝑐 , c is arbitrary constant  

𝑐=0→𝑦=𝑥2  

𝑐=1→𝑦=𝑥2+1  

𝑐=2→𝑦=𝑥2+2  

𝑐=−1→𝑦=𝑥2−1  

𝑐=−2→𝑦=𝑥2−2  

.  
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.  

. Are particular solution  

 

Value problems  

1-Initial value problem (I.V.P.)  

 The problem of finding a function y of x when we know its 

derivative and its value 𝑦0 particular point 𝑥 0 at a is called an 

initial value problem. This problem can be solved in two steps.  

1. 

 

2. Using the initial data, plug it into the general solution and 

solve for c.  

EXAMPLE 1: Solve the initial value problem. 

 

SOLUTION:  

STEP 1:  

 

STEP 2: When x = 0, y = 1 
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O.D.E. with initial conditions it is called initial value problem 

(I.V.P.)  

𝐹(𝑥,𝑦,𝑦′)=0 ,𝑦(𝑥0)=𝑦0 𝐹(𝑥,𝑦,𝑦′,𝑦′′)=0 ,𝑦(𝑥0)=𝑦0,𝑦′(𝑥0)=𝑦1 

.  

.  

𝐹(𝑥,𝑦,𝑦′,𝑦′′,……..,𝑦𝑛)=0 ,𝑦(𝑥𝑜)=𝑦𝑜 ,𝑦′(𝑥0)=𝑦1….,𝑦𝑛−1(𝑥0) =

𝑦𝑛−1 

Ex.1  

If 𝑦 = 𝑥2 + 𝑐 𝒊𝒔 𝒕𝒉𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 𝑰.𝑽.𝑷.𝑦′ = 2𝑥 , (1) = 5 

𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 𝒄  

Solution  

5=1+c  

C=4  

∴𝑦 = 𝑥2 + 4 is the solution of given I.V.P.  

EX.2 

 𝑦 = 𝑐1𝑐𝑜𝑠4𝑥 + 𝑐2𝑠𝑖𝑛4𝑥 𝒊𝒔 𝒂 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 

𝒚′′+𝟏𝟔𝒚=𝟎. 𝒇𝒊𝒏𝒅 𝒂 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝑰.𝑽.𝑷.  

𝑦′′ + 16𝑦 = 0 , 𝑦(𝜋\2) = −2 , 𝑦′(𝜋\2) = 1  

Solution 

 𝑦(𝜋\2) = −2  

𝑦 = 𝑐1𝑐𝑜𝑠2𝜋 + 𝑐2𝑠𝑖𝑛2𝜋 =−2  

𝑐1=−2   

𝑦′(𝑥) = −4𝑐1𝑠𝑖𝑛4𝑥 + 4𝑐2𝑐𝑜𝑠4𝑥  

𝑦′(𝜋\2) = 1  

4𝑐2 = 1 → 𝑐2 = 1\4  

The solution of I.V.P. is 𝑦 = −2𝑐𝑜𝑠4𝑥 + (1\4)𝑠𝑖𝑛4𝑥  
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Exercises  

 

 

2-boundary value problem (B.V.P.)  

A Boundary value problem is a system of ordinary differential 

equations with solution and derivative values specified at 

more than one point. Most commonly, the solution and 

derivatives are specified at just two points (the boundaries) 

defining a two-point boundary value problem 

 

 

When an O.D.E. is to be solved under conditions involving 

dependent variable and its derivatives at two different values of 

independent variable then the problem under consideration is said 

to be a B.V.P.  

.Ex  

1 −  𝑎2(𝑥)𝑦′′ + 𝑎1(𝑥)𝑦′ + 𝑎0(𝑥)𝑦 = 𝑔(𝑥), 𝑦(𝑎) = 𝑦0 , 

 𝑦(𝑏) = 𝑦1  
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2 −  𝑦′′ + 𝑦 = 0 , 𝑦(𝑎) = 𝑦1 , 𝑦(𝑏) = 𝑦2  

3 −  𝑦′′ + 16𝑦 = 0 , 𝑦(0) = 0 , 𝑦 (
𝜋

2
) = 1  

 

 

System of O.D.E  

A system of O.D.E. is two or more equations involving the 

derivatives of two or more unknown functions of a single 

independent variable.  

.Ex  

System of O.D.E. of two first order where 𝑦, 𝑧 are dependent 

variable and x is independent variable: 

 
𝑑𝑦

𝑑𝑥
=𝑓(𝑥,𝑦,𝑧)  

𝑑𝑍

𝑑𝑥
=𝑔(𝑥,𝑦,𝑧)  

A solution of the system is a pair of functions 𝑦 = 𝜑1(𝑥), 𝑧 =

𝜑2(𝑥)  

Defined on interval I that satisfy each equation of the system on 

this interval.  
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Finding O.D.E. from the general solution  

We will find O.D.E. from general solution by show the relation 

between arbitrary constants and order of O.D.E.  

.Ex  

1- Find O.D.E. from general solution 𝒀 = 𝑪𝒆𝒙 

 

2- Find O.D.E. from the general solution 𝒚 = 𝒄𝟏𝒙 + 𝒄𝟐𝒙𝟑  
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 𝐑𝐞𝐦𝐚𝐫𝐤  

We can use the determent to finding O.D.E.  

Ex.1  

Find O.D.E. from the general solution 𝒚=𝑨𝒙+𝑩𝒙𝟒  

Solution  
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Ex.2  

Find O.D.E. from the general solution 𝑦 = 𝑐𝑒𝑥 𝒃𝒚 𝒖𝒔𝒊𝒏𝒈 

𝒅𝒆𝒕𝒆𝒓𝒎𝒆𝒏𝒕  

Solution  
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Ex.3  

Find O.D.E. from the general solution 𝑦 = 𝑐1𝑥 + 𝑐2𝑥2 𝒃𝒚 

𝒖𝒔𝒊𝒏𝒈 𝒅𝒆𝒕𝒆𝒓𝒎𝒆𝒏𝒕. (𝑯.𝑾.) 


