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Ex.:- 

1- Find  𝑫(𝒄𝒐𝒔𝟒𝒙) 

Solution:- D(cos4x) =
d

dx
(cos4x) = −4sin4x 

 

2- Find  𝑫(𝟓𝒙𝟑 − 𝟔𝒙𝟐) 

Solution:-  D(5𝑥3 − 6𝑥2) =
d

dx
(5𝑥3 − 6𝑥2) = 15𝑥2 − 12𝑥 

 
3- Find  𝑫(𝟐𝒙𝟑 − 𝟑𝒙𝟐 + 𝟔)   (H.W) 

 
Remark:- 

 

the general form of non-homo. linear equation of n order is: 
𝑑𝑛𝑦

𝑑𝑥𝑛
+ 𝑎1(𝑥)

𝑑𝑛−1𝑦

𝑑𝑥𝑛−1
+ ⋯ … … … … . . 𝑎𝑛−1(𝑥) 

dy

dx
  +𝑎𝑛𝑦 = 𝑓(𝑥) 

 

By using D operator  ,obtain: 

 

𝐷𝑛𝑦 + 𝑎1(𝑥) 𝐷𝑛−1𝑦 + ⋯ … … … + 𝑎𝑛−1(𝑥)Dy + 𝑎𝑛𝑦 = 𝑓(𝑥) 

 

(𝐷𝑛 + 𝑎1(𝑥) 𝐷𝑛−1 + ⋯ … … … + 𝑎𝑛−1(𝑥)D + 𝑎𝑛)𝑦 = 𝑓(𝑥) 

 

Let 𝐹(𝐷) = 𝐷𝑛 + 𝑎1(𝑥) 𝐷𝑛−1 + ⋯ … … … + 𝑎𝑛−1(𝑥)D + 𝑎𝑛 

 

It is called polynomial's operator 

∴ F(D)y = f(x) non-homo. linear O.D.E. 

We can write 𝐹(𝐷) = (𝐷 − 𝑚1)(𝐷 − 𝑚2) … … … . (𝐷 − 𝑚𝑛)  

Where 𝑚1, 𝑚2 … … . . 𝑚𝑛 are factors. 

 

 

 

 



Ex.:-write the following equations by using D operator:- 

1- 𝒚′′ + 𝟓𝒚′ + 𝟔𝒚 = 𝟓𝒙 − 𝟑 

 
Solution:- 

𝐷2𝑦 + 5𝐷𝑦 + 6𝑦 = 5𝑥 − 3 

 (𝐷2 + 5𝐷 + 6)𝑦 = 5𝑥 − 3 

𝐹(𝐷) = 𝐷2 + 5𝐷 + 6    Polynomial's operator  

Or (D+3)(D+2)y=5x-3 

3, 2 are factors 

 

2- 𝒚′′ − 𝟒𝒚′ + 𝟑𝒚 = 𝒆𝒙 

 
Solutions:- 

 

𝐷2𝑦 − 4𝐷𝑦 + 3𝑦 = 𝑒𝑥 

(𝐷2 − 4𝐷 + 3)𝑦 = 𝑒𝑥 

(D-3)(D-1)y=𝑒𝑥     or     (D-1)(D-3)y=𝑒𝑥 

 

Prove that  (D-3)(D-1)y= (D-1)(D-3)y 

 

(D-3)(D-1)y=(D-3)(Dy-y)= 𝐷2𝑦 − 𝐷𝑦 − 3𝐷𝑦 + 3𝑦 

 

                    =𝐷2𝑦 − 4𝐷𝑦 + 3𝑦 

 

(D-1)(D-3)y=(D-1)(Dy-3y)= 𝐷2𝑦 − 3𝐷𝑦 − 𝐷𝑦 + 3𝑦 

 

                    =𝐷2𝑦 − 4𝐷𝑦 + 3𝑦 

 

3- 𝒚′′ + 𝒚′ − 𝟏𝟐𝒚 = 𝒔𝒊𝒏𝒙 

 

Solutions:- 
 

𝐷2𝑦 + 𝐷𝑦 − 12𝑦 = 𝑠𝑖𝑛𝑥 

(𝐷2 + 𝐷 − 12)𝑦 = 𝑠𝑖𝑛𝑥 

(D+4)(D-3)y=𝑠𝑖𝑛𝑥     or     (D-3)(D+4)y=𝑠𝑖𝑛𝑥 

 

Prove that  (D-3)(D+4)y= (D+4)(D-3)y   (H.W.) 

 

 

 

 

 

 



4-Is(𝑫 + 𝟑)(𝑫 + 𝟐𝒙)𝒚 = (𝑫 + 𝟐𝒙)(𝑫 + 𝟑)𝒚? 

 

Solutions:- 

 
(D + 3)(D + 2x)y=(𝐷 + 3)(𝐷𝑦 + 2𝑥𝑦) 

                             =𝐷2𝑦 + 2𝑥𝐷𝑦 + 2𝑦 + 3𝐷𝑦 + 6𝑥𝑦 

 

 (D + 2x)(D + 3)y=(𝐷 + 2𝑥)(𝐷𝑦 + 3𝑦) 

                             =𝐷2𝑦 + 3𝐷𝑦 + 2𝑥𝐷𝑦 + 6𝑥𝑦 

∴ (D + 3)(D + 2x)y ≠ (D + 2x)(D + 3) 

 

5- 𝒚′′ − 𝟒𝒚 = 𝟎      

6- 𝒚′′ − 𝒚 = 𝟎 

7-Is(𝑫 + 𝒙𝟐)(𝑫 − 𝟐𝒙)𝒚 = (𝑫 − 𝟐𝒙)(𝑫 + 𝒙𝟐)𝒚? 

 

 
Properties of D 

If f,g are derivative functions and c is constant; then: 

1- 𝐷𝑚𝑓(𝑥) + 𝐷𝑛𝑓(𝑥) = 𝐷𝑛𝑓(𝑥) + 𝐷𝑚𝑓(𝑥) 

2-𝐷𝑚𝑓(𝑥). 𝐷𝑛𝑓(𝑥) = 𝐷𝑛𝑓(𝑥). 𝐷𝑚𝑓(𝑥) = 𝐷𝑛+𝑚𝑓(𝑥)  

3-D(f+g)=Df+Dg 

4-D(cf(x))=cDf(x) 

 

Remark:- 

In general ,we define an n-th order diff. operator or polynomial operator to be  

L=𝑎𝑛(𝑥)𝐷𝑛 + 𝑎𝑛−1(𝑥) 𝐷𝑛−1 + ⋯ … … … + 𝑎1(𝑥)D + 𝑎𝑜(𝑥) 

∴linear n-th order O.D.E. homo. and non-homo. Respectively is:- 

L(y)=0      and      L(y)=g(x) 

L has a linearity property:- 

𝐿[𝛼𝑓(𝑥) + 𝛽𝑔(𝑥)] = 𝛼𝐿[𝑓(𝑥)] + 𝛽𝐿[𝑔(𝑥)] 
Where f,g are functions and 𝛼, 𝛽 are constant. 

 

 

Properties of F(D): 
If y is derivative function and  b is constant ;then: 

1-𝐹(𝐷)𝑒𝑥 = 𝐹(b) 𝑒𝑥 

2-𝐹(𝐷){𝑒𝑏𝑥𝑦} = 𝑒𝑏𝑥𝐹(𝐷 + 𝑏)𝑦 

3-𝐹(𝐷2)𝑠𝑖𝑛𝑏𝑥 = 𝐹(−𝑏2)𝑠𝑖𝑛𝑏𝑥 

4-𝐹(𝐷2)𝑐𝑜𝑠𝑏𝑥 = 𝐹(−𝑏2)𝑐𝑜𝑠𝑏𝑥 

 

 

 

 



Ex.:- 

1-(𝑫𝟐 − 𝟏)𝒆𝟑𝒙 

 

 Solution:- 

(D2 − 1)e3x = 𝑒3𝑥(32 − 1) = 8𝑒3𝑥 

 

2-(𝑫𝟐 − 𝟒𝑫 + 𝟏){𝒆𝟐𝒙𝒚} 

 

Solution:- 

 

𝐹(𝐷) = (𝐷2 − 4𝐷 + 1)  , 𝑏 = 2 

 

F(D + b) = F(D + 2) = ((D + 2)2 − 4(D + 2) + 1) 

                                     =(𝐷2 − 3)   
∴ (𝐷2 − 4𝐷 + 1){𝑒2𝑥𝑦}=𝑒2𝑥(𝐷2 − 3)𝑦   
 

3-(𝑫𝟒 + 𝟑𝑫𝟐 − 𝟏)𝒔𝒊𝒏𝟐𝒙 

 

Solution:- 

 

𝐹(𝐷2) = (𝐷4 + 3𝐷2 − 1) , 𝑏 = 2 

𝐹(−𝑏2) = 𝐹(−4) = ((−4)4 + 3(−4) − 1)=3 

∴ (𝐷4 + 3𝐷2 − 1)𝑠𝑖𝑛2𝑥 = 3𝑠𝑖𝑛2𝑥 

 

𝟒 − (𝐃𝟒 − 𝟐𝐃𝟐)𝐜𝐨𝐬𝟐𝐱 

Solution:- 

 

𝐹(𝐷2) = (𝐷4 − 2𝐷2) , 𝑏 = 2 

 

𝐹(−𝑏2) = 𝐹(−4) = ((−4)2 − 2(−4))=24 

∴ (𝐷4 − 2𝐷2)𝑐𝑜𝑠2𝑥 = 24𝑐𝑜𝑠2𝑥 

 

 

Exercises:-  
1- prove that: 

     1-(𝑫 + 𝟏)(𝑫𝟐 + 𝟐)𝒔𝒊𝒏𝟐𝒙 = (𝑫𝟐 + 𝟐)(𝑫 + 𝟏)𝒔𝒊𝒏𝟐𝒙 

     2-(𝑫 − 𝟏)(𝑫 − 𝟐)(𝑫 − 𝟑)𝒚 = (𝑫 − 𝟐)(𝑫 − 𝟑)(𝑫 − 𝟏)𝒚  

 

2-find the following by using the properties of F(D): 

     1-(𝑫𝟒 + 𝟐𝑫𝟐 + 𝟏)𝒄𝒐𝒔𝟑𝒙 

     2-(𝟒𝑫𝟒 − 𝟒)𝒔𝒊𝒏𝒙 

     3-(𝑫𝟐 − 𝟓𝑫 + 𝟔)𝒆𝒙𝒚 

 


