Functions and their graph
Def: A function f from a set D to a set Y is a rule that assigns a unique (single) element f(x) Y to each element xD.
The set D of all possible input values is called the domain of the function. The set of all values of f(x) as x varies throughout D is called the range of the function.

EXAMPLE 1
[image: ]
Solution:
1-  gives a real y-value for any real number x, so the domain is (- ∞,∞). 
The range of  is [0, ∞) because the square of any real number is nonnegative and   , x to be real y≥ 0.
2-  y = l/x gives a real y-value for every x except x = 0. For the rules of arithmetic, we cannot divide any number by zero.  The domain is ℝ\{0}.  The range of y = 1/x,  can be found by x = 1/y is the input assigned to the output value y. Then range is ℝ\{0}.  
3-   gives a real y-value only if x≥ 0 so the domain is [0,∞).
 The range of   can be found by y≥0 and  so range =[0, ∞ ) 
4-  :   4 - x ≥0   4≥x.  The formula gives real y-values for all x≥ 4. 
The range : first y≥0 , second  range =[0, ∞ ). 
5-  gives a real y-value if   (1-x)(1+x) ≥0 

 Domain= [-1,1]. 
Range: . First y≥0 , second      which means that we get the same solution above i.e. y=[-1,1] this implies that the range should be [0.1].

Graphs of Functions
If f is a function with domain D, its graph consists of the points in the Cartesian plane whose coordinates are the input-output pairs for f. In set notation, the graph  is {(x,f(x)) / xD}.
EXAMPLE 1: The graph of the function f(x) = x + 2
[image: ][image: ]
EXAMPLE 2: 
[image: ]


Piecewise-Defined Functions
[image: ]Sometimes a function is described by using different formulas on different parts of its domain. One example is the absolute value function.
Example 3:
[image: ]


Example 4: the function
[image: ]
[image: ]





Example 5:  greatest integer function or the integer floor function: The function whose value at any number x is the greatest integer less than or equal to x. It is denoted  . Observe that:
[image: ]

Example 6:  least integer function or the integer ceiling function: The function whose value at any number x is the smallest integer greater than or equal to x. It is denoted . 
Common Function
[image: ]




[image: ]
Combining Functions , Shifting and Scaling Graphs
Sums, Differences, Products, and Quotients
(f + g)(x) = f(x) + g(x).
(f - g)(x) = f(x) - g(x).
(fg)(x) = f(x)g(x).
At each of these functions the domain = domain (f)
At any point of domain (f) at which g(x) ≠ 0, we can also define the function f/g by the formula:
[image: ]
Functions can also be multiplied by constants: If c is a real number, then the function
cf is defined for all x in the domain of f by (cf)(x) = cf(x).
[image: ]
Composite Functions
Definition:  If f and g are functions, the composite function fog  is defined by
(f 0 g)(x) = f(g(x)).
The domain of fog consists of the numbers x in the domain of g for which g(x) lies in the domain of f.
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]
















Angles

[image: ]












[image: ]
[image: ]EXAMPLE 7: 
Given that:  
[image: ][image: ]
Solution 
[image: ]
EXAMPLE 8: 
Find       
Solution                                       



EXAMPLE :  Given           
Solution:                      



   (by Sandwich theorem )

EXAMPLE :   Find    
Solution :                                      




By Sandwich theorem           , hence    



 Example : Find the following limits if it exists.
1)  




2) 




3) 




4)        where 




5) Let              find the value of A that let  exist.

[image: ]






Continuous Extension to a Point
A function (such as a rational function) may have a limit even at a point where it is not defined. If f(c) is not defined, but   exists, we can define a new function F(x) by the rule
[image: ]
[image: ]

[image: ]

F is the continuous extension of  f to x = 2.






Limits Involving Infinity
Example 1:    Find         
[bookmark: _GoBack][image: ]
[image: ]
[image: ]


[image: ]
[image: ]
[image: ]
[image: ]
[image: ]

[image: ]
and the line y = 2 is a horizontal asymptote of the curve on both left and right. This example illustrates that a curve may cross one of its horizontal asymptotes many times.
[image: ]
Oblique Asymptotes
If the degree of the numerator of a rational function is 1 greater than the degree of the denominator, the graph has an oblique asymptote.
[image: ]
[image: ][image: ]




[image: ]
graphs of f and g, goes to zero, making the oblique  line
[image: ]
Infinite Limits
[image: ]
In writing this equation, we are not saying that the limit exists. Nor are we saying that there is a real number ∞, because there is no such number. We are saying that   does not exist
[image: ]. 



[image: ]


EXAMPLE 13:  [image: ]
EXAMPLE 11:  Find the horizontal and vertical asymptotes of the curve
[image: ]
Sol: 
[image: ][image: ]
 =1 , i.e the horizontal asymptote y = 1;
, i.e. the vertical asymptote x = -2.

EXAMPLE 12:  Find the horizontal and vertical asymptotes of the curve
[image: ][image: ]
Sol:                                            the line y = 0 is a horizontal asymptote of the graph.
 then x=± 2  and hence the vertical asymptotes are x=2 and x=-2.
EXAMPLE 13:  The corves
[image: ]
[image: ]both have vertical asymptotes at π /2 ± nπ , where cos x = 0
EXAMPLE 13:  


DIFFERENTIATION
Tangents and the Derivative at a Point
[image: ]
[image: ]
[image: ] [image: ]
[image: ]
[image: ]
[image: ]
The rate of change of a function:
EXAMPLE 2: The rock fall y = 16 feet during the first t sec. what is the average speed of the rock? What was the rock speed at t=1? [image: ]
The Derivative as a Function
[image: ][image: ]
Sol:







[image: ]










EXAMPLE 3: Show that the function y = |x| is differentiable on (-∞,0) and (0, ∞ ) but has no derivative at x =0.
[image: ]Solution: 
[image: ]To the right of the origin, 
To the left of the origin,
At the origin: [image: ]


[image: ]EXAMPLE 4: Examine if the derivative exists at x = 0 for   ?
Sol: 
Since the (right-hand) limit is not finite, there is no derivative at x=0.
[image: ]
[image: ]
if   that is  then c iff   i.e we need to show that  
[image: ] [image: ]
Caution The converse of Theorem 1 is false How?
Differentiation Rules
Let ,  u and v is a differentiable functions of x, then
1- 
2- 
3- 
4- 
5- 
6- 
[image: ]




[image: ]
Example2:

Example3: [image: ]




[image: ]
[image: ]The curve has horizontal tangents at x = 0, 1, and -1. The corresponding points on the curve are (0, 2), (1,1) and (-1, 1).
Example5:





[image: ]The choice of which rules to use in solving a differentiation problem can make a difference in how much work you have to do. Here is an example.
Example 6:






Second- and Higher-Order Derivatives
[image: ]
[image: ]
Example: [image: ]


Derivatives of Trigonometric Functions
1)  
Proof:
[image: ]
2)  
Proof:
[image: ]


3)  
Proof: 
[image: ]
  (H. W.)

  (H.W.)

4)  
Proof:
[image: ]
[image: ]
[image: ]
Example: Find y" if y = secx.
Sol.: 
[image: ]


The Chain Rule (Derivative of a Composite Function)
[image: ]
[image: ]
[image: ][image: ]
Example 2: (1)                                            (2) [image: ]
Sol:
[image: ][image: ]
2) 



Example 3: 
[image: ]
[image: ][image: ]
Example 4: 




[image: ]Example 5: 
positive.
[image: ]
the quotient of two positive numbers.
Implicitly Defined Functions:
[image: ]
Sol: [image: ]

[image: ]
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]Sol: 






[image: ]
[image: ]
Tangents, and Normal Lines
[image: ]
[image: ][image: ]
[image: ]


APPLICATIONS OF DERIVATIVES
Extreme Values of Functions
[image: ]
Maximum and minimum values are called extreme values of the function f. Absolute maxima or minima are also referred to as global maxima or minima.

Example 1: 
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]


interior point x = 0 where the graph has a cusp.
The Mean Value Theorem
[image: ]
[image: ]
EXAMPLE 1: Show that the equation   has exactly one real solution.
[image: ]
[image: ]
[image: ]
EXAMPLE 2 The function   is continuous for 0 ≤ x≤  2 and differentiable for 0 < x < 2. Since f(0) = 0 and f(2) = 4, the Mean Value Theorem says that at some point c in the interval, the derivative f'(x) = 2x must have the value  . In this case we can identify c by solving the equation 2c = 2 to get c=1. However, it is not always easy to find e algebraically, even though we know it always exists. 
Monotonic Functions and the First Derivative Test
COROLLARY:  Suppose that f is continuous on [a, b] and differentiable on (a, b).
[image: ]
[image: ]there is some c such that : 
Since  therefore .
The same as decreasing.
[image: ]




[image: ]
[image: ]




Concavity and Curve Sketching
[image: ]
[image: ]
DEFINITION: [image: ]
[image: ]


[image: ]


[image: ]


[image: ]

[image: ]
[image: ]
Steps to graph a function: 
[image: ]
[image: ]


 [image: ]


[image: ]


[image: ]

[image: ]
[image: ]
[image: ]
[image: ] 

[image: ]

[image: ]
[image: ]
[image: ]
EXAMPLE 10: Sketch a graph of the function 
[image: ]





[image: ]













1

image4.emf

image94.emf

image95.emf

image96.emf

image97.emf

image98.emf

image99.emf

image100.emf

image101.emf

image102.emf

image103.emf

image5.emf

image104.emf

image105.emf

image106.emf

image107.emf

image108.emf

image109.emf

image110.emf

image111.emf

image112.emf

image113.emf

image6.emf

image114.emf

image115.emf

image116.emf

image117.emf

image118.emf

image119.emf

image120.emf

image121.emf

image122.emf

image123.emf

image7.emf

image124.emf

image125.emf

image126.emf

image127.emf

image128.emf

image129.emf

image130.emf

image131.emf

image132.emf

image133.emf

image8.emf

image134.emf

image135.emf

image136.emf

image137.emf

image138.emf

image139.emf

image140.emf

image141.emf

image142.emf

image143.emf

image9.emf

image144.emf

image145.emf

image146.emf

image147.emf

image148.emf

image149.emf

image150.emf

image10.emf

image11.emf

image12.emf

image13.emf

image14.emf

image15.emf

image16.emf

image17.emf

image18.emf

image19.emf

image20.emf

image21.emf

image22.emf

image23.emf

image24.emf

image25.emf

image26.emf

image27.emf

image28.emf

image29.emf

image30.emf

image31.emf

image32.emf

image33.emf

image34.emf

image35.emf

image36.emf

image37.emf

image38.emf

image39.emf

image40.emf

image41.emf

image42.emf

image43.emf

image44.emf

image45.emf

image46.emf

image47.emf

image48.emf

image49.emf

image50.emf

image51.emf

image52.emf

image53.emf

image54.emf

image55.emf

image56.emf

image57.emf

image58.emf

image59.emf

image60.emf

image61.emf

image62.emf

image63.emf

image1.emf

image64.emf

image65.emf

image66.emf

image67.emf

image68.emf

image69.emf

image70.emf

image71.emf

image72.emf

image73.emf

image2.emf

image74.emf

image75.emf

image76.emf

image77.emf

image78.emf

image79.emf

image80.emf

image81.emf

image82.emf

image83.emf

image3.emf

image84.emf

image85.emf

image86.emf

image87.emf

image88.emf

image89.emf

image90.emf

image91.emf

image92.emf

image93.emf

