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Banach Space?®*




Definition 2.1. A normed linear space X is said to be complete if all Cauchy
convergent sequences in X are convergent in X. The complete normed space is
called Banach space.

Examples 2.2.
[1] The space F” with the norm || x|| = (ZI x; |? )2
, VX=(Xx0,X5,...,x) € F7Is a Banach space.
Proof . F”is a normed space ,
let { x } is Cauchy sequence in F”= x_e F'= X =(X,,, X, X,,)

lete >0 = 3keZ' st || x,xl<e Vmlk
= || x,x|?<e vm/i>%k L. (1)
Xm =X = (le'Xll 1 Xom™Xop 11 Xom Xn/)

s = Y% F @

from (1) & (2) , we get:



Zn] Xim =X [© S e’ v mizk
i=1

then
| X~ XJ* < € Vml>k = | x,-x]<e Y m./>k

= V/, {x; } is a Cauchy sequence in F

Since F is complete ( because Fis IR or C)

= V/, 3 xe Fst x, — X;

Put x=( x,x,, ... . x) = xeF , TP. x — x

Lete >0,V n>k, we get:

| XA =
Sixn-xF <82 =[x M <e Ym>k
i=1

= {x_} convergent = F”is complete

Since F7is normed space = F”is a Banach space



[2] H.W. The space| P (1< p< o) with the norm || x| = 1% 19" x= (4. ) l?

, Is a Banach space. .

[3] The space | with the norm || x|| = sup;| x;| is a Banach space.

Proof:

Let { x, } isa Cauchy sequence in I” = x_e|* = x.= (X, X0 X .
Lete>0,3 ke Z* st m = Ky X oy s X )

| X -x|<e, Vm/I>k ... (1)
X = X (X = Xqpyeeer XX
|| Xm_ X/” :SUpll)(Im' //l ........(2)

From (1) and (2), we have:
sup; | x,-x,|<e ,Vm,I>K
thenforall 7, | x, -x,|<e ,Vm,/>k .. 3)

= V/, then { x,, } Is Cauchy sequence in F

Since F is complete = { x;, } Is convergent =3 x; € Fs.t. X, — X;

o0
ut X = (X,, X,,...), We must prove that xe " X, x



From (3) , we get:

| X, -x|<e, Vm>k ...(4)
Since x, € I”

=3k, elRst: |x, <Kk , V7

Xi= (X/_ Xim)+Xim

| X | < | X=X | + | X

[4] Let X=CJ[a, b], |X|l,;=sup{| F(X)| : a < x<b}, Vxe[a,b] is a Banach space.



Proof:

1. Cla, b] isv.s. over IR

T.P. (CJa, b], ||||;) 1s Banach space

2. (Cl[a, b], ||.|l;) 1s normed space

3. T.P. (CJa, b], ||.|[;) 1s complete

Let ( £,) be a Cauchy seq. inC

Given >0, I keZ*s.t. || - 1,

| £ 1, |li= supf| (£, 7,)(X)| :a< x<b}=sup{| 7,(x) - 7, (¥)| :a< x<b}<e,V m n>Kk

a, b]

1<e,V m,n>k

= |0 -f(X)|<e,V xe[ab],Vmn>k



Since ( 7,) is Cauchy seqg. in IR, IR is complete
Then ( £,) Is convergent

l.e. 3 fe IR ( fcont's & bounded) s.t. 7,— F
= ( C[a, b], [|.||;) is complete n.s.

= ( C[a, b], [|.||;) s Banach space

[5] Let X=C[O, 1], || . |l,: C[O, 1] — IR defined by
| fl= [] () 1dx VE eCloa]

Then (CIO, 1], || 7],) is not Banach space because it is normed space but not complete

Proof.

Let ( ) is Cauchy seq. in C[O, 1], where:



1 OSXSi
2
f= <—nXx+—=n+1 -l<x§£+i
n 2 2 n
0 l+£<x31
2 n

let m, n>3, then:

1 £= 1= [1(F = £)00 1 dx =[] £, ()~ £,(9)| dx

= [ 10,00 ,01dxs [, 11,001,091

1/2

< ﬂl—ﬂdx+_“;é |(fm(x)|dx+j;2 | f.(x) ]| dx

1 4 1 1 1
—nx+§n+

Since -mx+=m+1>0 when —<x<i+l m—fn||£—+i as m,n— oo
2 2 m 2m  2n

= () is Cauchy convergent seq.
T.P. (%) Is not convergent, Suppose (7)) is convergent

2 > 1., 1 > h
dx:[—max +§mx+x]1,2m+[—n—x +—nx+ X]2,"
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3 fe C[0, 1]

= 9= -

st.f,—>f

e, lim £,() = f(x), ¥xe[0,]

1 0<x<1
Cl!

= (C[O0, 1], ||

0 ,£<x£1
2

\

Since fis not continuous at x= 1%

l,) is not complete = not Banach space.
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