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Definition 1.15.A set C in a linear space is convex if for any two points x, y Î C,

tx + (1 - t)y Î C for all t Î [0; 1].

Definition 1.16. A norm || . || is strictly convex if || x || = 1, || y || = 1, || x+y || = 2 together imply

that x = y.

Definition 1.17. :If (X; || . ||X) and (Y; || . ||Y ) are normed linear spaces, then the product

X x Y = { (x, y) \ x Î X; y ÎY }

is a linear space which may be made into a normed space in many different ways, a few of

which follow.



Example 1.18.

[1] ||(x, y)||= max{|| x ||X , || y ||Y }.

proof:

1)|| (x,y) || =0 « max{|| x ||X , || y ||Y}=0 « || x ||X=0 , || y ||Y=0 « x=0, y=0 « (x, y)=0

2) let (x1,y1) , (x2,y2) Î XxY , then

(x1,y1) + (x2,y2)=( x1+ x2, y1+ y2)

|| ( x1+ x2, y1+ y2)||= max {|| x1+ x2||X,|| y1+ y2||Y)}≤ max{|| x1||X+|| x2||X ,|| y1||Y+|| y2||Y)

≤ max{|| x1||X,|| y1||Y }+max{|| x2||X ,|| y2||Y}=||( x1, y1)||+||( x2, y2)||

3) let (x, y) Î XxY and a ÎF, then

|| a(x, y)||= max{ ||ax||X, ||ay||Y}= max {|a| ||x||X, |a| ||y||Y}=|a| max {||x||X, ||y||Y}=|a|

||(x, y)||

[2] ||(x, y)|| = (||x||X + ||y||Y)1/p; (H.W. )



Theorem 1.19. : Every normed linear space is metric space.

proof:

let ( X, ||.||) is a normed space. We define the function d: XxX® IR as:

d(x,y)=||x-y|| for all x,yÎX, since this function satisfies all the conditions of metric :

1)let x,yÎX® x-yÎX (since X is vector space) ® || x-y || ≥ 0® d(x, y) ≥ 0.

2) d(x, y) = 0« || x-y || =0« x-y = 0« x=y

3) d(x, y) = || x-y || = || y-x || = d(y, x)

4) let x,y,zÎX :

|| x-y || = || (x-z)+(z-y) || ≤ || x-z ||+ || z-y ||® d(x, y) ≤ d(x, z)+ d(z, y)



Remark : The converse may be not true, for example:
If X be a v.s., define d: X x X ® IR as:
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And define || . ||: X ® IR as || x ||= d (x, 0)
(X, || . ||) fails to be normed space.
Since if x≠0 ® || x || = d (x, 0) = 2
|| 2x || = d (2x, 0) ® |2| || x || =2 ® 2.2=2 ® 4=2 C!

Definition 1.20.: Let X = (X; || . ||X) be a normed linear space. A sequence of vectors

(xn) in X is said to convergent if:

$ xÎX s.t. , "e >0 $ k(e)ÎZ+ s.t. || xn – x|| < Î " n > k.

And we say x is the convergent point for the sequence (xn) and write xn®x when

n®∞, this means xn®x « || xn- x|| ® 0. If (xn) not convergent is called divergent.
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Theorem 1.21.: Let X be a normed space, ( xn ), ( yn ) be a sequence in X such that xn®x0,

yn®y, then:

1. xn± yn® x0± y0
2. || xn || ® || x0 ||

3. || xn - yn || ® || x0- y0 ||

4. axn® ax0 "aÎF

Proof:

1. Since xn®x0, yn®y, then:

if e > 0 , $ k1(e) Î Z+ s.t. || xn- x0 || < e / 2 , " n > k1(e)

$ k2(e) Î Z+ s.t. || yn- y0 || < e / 2 , " n > k2(e)

Define k3(e)= max { k1(e),k2(e)}

|| (xn+ yn) – (x0+ y0) || = || xn+ yn – x0- y0 ||

≤ || xn- x0|| + || yn- y0||

< e / 2 +e / 2 =e , " n > k3(e) ® xn+ yn® x0+ y0



2-Since xn® x0 T.P. || xn || ® || x0 || i.e. T.P. | || xn || - || x0 || | ® 0

By Theorem (1.13.)-4 : | || xn || - || x0 || | ≤ || xn - x0 || ….. (1)

Since xn® x0® || xn - x0 || ® 0 …..(2)

By (1) & (2) we get: | || xn || - || x0 || | ® 0

Then || xn || ® || x0 ||

3- T.P. || xn - yn || ® || x0- y0 || , i.e. T.P. | || xn - yn || - || x0- y0|| | ®0

Since xn® x0 Þ || xn – x0 || ® 0

& yn®y0Þ || yn – y0 || ® 0

| || xn - yn || - || x0- y0|| | ≤ || xn - yn - x0+ y0 ||

≤ || xn – x0 || + || yn- y0||

Þ | || xn - yn || - || x0- y0|| | ® 0 Þ || xn - yn || ® || x0- y0 ||

4- ||axn-ax0||=||a( xn –x0)|| = |a| || xn –x0||

since || xn-x0||®0 where n®∞ Þ ||axn-ax0|| where n®∞ Þ axn® ax0



Theorem 1.22.: If the sequence (xn) is convergent in the normed

space X then its convergent point is unique.

proof:

suppose that xn®x and xn®y s.t. x ¹ y, and let || x-y || = e ® e >0

since xn®x Þ $k1ÎZ+ s.t. || xn – x|| < e/2 , " n > k1
and xn®y Þ $k2ÎZ+ s.t. || xn – y|| < e/2 , " n > k2
put k=max{ k1, k2}. Then || xn – x|| < e/2 , || xn – y|| < e/2 " n > k.

e = || x-y || = || (x - xn) + (xn – y) || ≤ || (xn -x) ||+|| (xn – y) || < e/2 +e/2

=e !

and this contradiction then x=y.


