) o lall 15
Slo b )
oyl J) 2o




Definition 1.15. A set C in a linear space is convex if for any two points x, y € C,

tx + (1 -t)y e Cforallt € [0; 1].

Definition 1.16. A norm || . || is strictly convex if || x||=1, |y || =1, || x+y || = 2 together imply

that x = y.

Definition 1.17. :If (X; || . ||x) and (Y; || . ||y ) are normed linear spaces, then the product
XxY={(x,»)\xeX;yeY}

1s a linear space which may be made into a normed space in many different ways, a few of

which follow.



Example 1.18.

[1]]]Ce, = max{|| x [[x, ||y [ly }-
proof:
DIl (x,y) || =0 <> max{|| x [[x, || ¥ |y }=0 <> || x ||x=0, || ¥ |[y=0 <> x=0, y=0 <> (x, y)=0
2) let (x,,y)) , (x,,y,) € XxY , then
)t oy)=(x+ x5 vyt y))
(x;F x5 ¥+ y)|IF max || x;+ x|l || v+ vally) y < max || x;|lxH| Xl || yilly Tl vally)

= maxy|| x|l || lly Fmax il xallx, [| vally 3 =1Cx, yIHICx2, o)l

3) let (x, y) € XxY and o €F, then

| ax, y)lIF max{ [loxlx, [lowllyj= max {[a] [lxlx, |of [Vlly;=lo] max {{bxlx, [llyi=lc

G VI
2] [|(x, wI = ([ X+ liyllY)1/p; (H.W. )




Theorem 1.19. : Every normed linear space 1s metric space.

proof:
let ( X, ||.||) 1s a normed space. We define the function d: XxX — IR as:

d(x,y)=|lx-y|| for all x,yeX, since this function satisfies all the conditions of metric :

1)let x,ye X — x-yeX (since X is vector space) — |[[x-y || >0 — d(x, y) > 0.

2)dx, ) =0 || x-p]|| =0 x-y=0c x=y
3) dx, y) = |l x-y || = | y-x || = d(y, x)
4) let x,y,zeX :
[x-y [ =l -2)+Ep) [| < | x-z [+ || z-p [| = dlx, y) < d(x, 2)+ d(z, y)




Remark : The converse may be not true, for example:
If X beav.s., defined: X x X = IR as:

0 -
d(x,y>={2 Y }

XFY

And define || . ||: X > IR as || x [|=d (x, 0)

(X, || . ||) fails to be normed space.

Since if x20 - || x || =d (x, 0) =2

| 2x ||=d (2x,0) > 2| || x || =2 > 2.2=2 — 4=2 C!

Definition 1.20.: Let X = (X; || . ||x) be a normed linear space. A sequence of vectors

(x,) in X 1s said to convergent if:

And we say x 1s the convergent point for the sequence (x,) and write x,—x when

n—oo, this means x,—x <> || x,-x|| = 0. If (x,) not convergent is called divergent.
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Theorem 1.21.: Let X be a normed space, ( x, ), ( y, ) be a sequence in X such that x,—x,,

y,—Y, then:
1. x, 7y, X1y,
2. [ x, Il = Ml %ol

- =y ll = 1Fxg- o |l

. ox, > ox, VoeF

Since x,—x), y,—V, then:

ife>0,3ki(e) e Z" st. || x,-x9||<€/2,V n>k(e)
dky(e) e Z" s.t. ||yl <€/2,V n>ky(e)

Define k3(€)= max { k;(¢),k(¢)}

| Gent ) = (ot Y0) || = || X+ Y — X0~ o |

< | %= X0l + 1| = ol

<g/2+e/2=¢,V n>k;s€) > X+ Yy Xo+ Vo



2-Since x,—x, T.P. || x, || = || xy|| 1.e. T.P. ||| x, || - || x| | = O
By Theorem (1.13.)-4: ||| x, || - || xoll | = || x,, - xp||  ---.. (1)
Since x,—>x,—> || x,-xy|| >0 .....(2)

By (1) & (2) we get: |||, || - | xl| | > 0
Then | x, || = [/ x|
3- TP || x, -y, | = [l xg-yo I, 1.e. TR | || x,, -y, || - | %6~ yoll | =0

Since x,—> x, = ||x,—x,|| >0

& y>Yo=> 1 yu=yoll >0
[ 1120 = v [l = 1 o= Yol | < 11 %, - 4 = X0 2y
< %, = Xp [+ 1| - ¥oll
= [ 1%, - yu ll - [ X0= Yol | > 0 =[] x, -y, [| = || x6- 0|

4= [ awey-owxg||=ljau X, =)l = latf [] X, =]

since || x,-xy|| >0 where n—00 = ||ax,-ox,|| where n—0 = ox, = ax,



Theorem 1.22.: If the sequence (x,) 1s convergent in the normed

space X then 1ts convergent point 1s unique.

proof:

suppose that x, >x and x,—y s.t.x#y andlet||x-y||=¢—> €>0
since x,—x = dk,eZ*s.t. ||x,—x||<¢e&2 , Vn>k

and x,—»y = 3dk,eZ" st ||x,—y||<€2 , Vn>k,

put k=max{ k;, k,}. Then || x, —x|| <&/2 , ||x,—V||<€&2 Vn>k.
e=[lx-y |l =1 G -x)) + G =p) [ < O %) | H]] (6, =) || < &/2 +€/2
=¢ |

and this contradiction then x=y.



