2 Vectors and the Geometry of Space

2.1 Three-Dimensional Coordinate Systems
The Cartesian coordinates (X, y, z) of a point P in space are the numbers at

which the planes through P perpendicular to the axes cut the axes (Figure 1.1).
Cartesian coordinates for space are also called rectangular coordinates because the
axes that define them meet at right angles. Points on the x-axis have y- and z-
coordinates equal to zero. That is, they have coordinates of the form (x, 0, 0).
Similarly, points on the y-axis have coordinates of the form (0, y, 0), and points on

the z-axis have coordinates of the form (0, 0, z).
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Figure 1.1: The Cartesian coordinate system is right-handed
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Distance in Space
The formula for the distance between two points in the xy-plane extends to

points in space.
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The Distance Between Pi(x1, y1, z1) and Pa(x2, y2, 22) 1S

|PyP;| = \f(-’fz —x1)* + (yz —¥1)* + (22 — z,)?

Example 1: Finding the Distance Between Two Points The distance between P1(2,

1,5) and P2(-2, 3, 0) is

|P1P| =y/(-2-2)2+ (3-1)2+ (0 - 5)?
=v16+4+25
= V45

Vectors

A Vector is an object with length (magnitude) and direction. The direction of a
vector is determined by the vector’s start (initial) point and end (terminal) point.
Two vectors are equal if they have the same length and direction. Changing the
position of the vector’s start point does not change the vector, therefore, vectors are
typically drown with their start point at origin. Vectors with start points at origin

are called Position Vectors.

© (terminal point) b
L]

P (imitial point) /
»

We can specify v by writing the coordinates of its terminal point (vi, v2, v3)

S|

when V is in the standard position. If v is a vector in the plane its terminal point (vi,

v2) has two coordinates.
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Component Form and Length of a Vector
The Component Form of the vector in a three-dimensional equal to the vector with
the initial point at the origin and terminal point (v1, v2, v3), then the component form

of vis
v=(V1, V2, V3)

Given the points P (x1, y1, z1) and Q (X2, y2, z2) the standard position vector vV = (vi,

V2, v3) equal to PQ is

V= (x2—Xx1,Yy2— Y1, Z2 — Z1)

Q(x5, V5, 25)

»®
f“‘-_/-

P(x{, V1. 21) — T
X1 V21 _L- o (Vy. V9. V3)
Position vector 1+72273

of PQ

If v is two-dimensional with P (x1, y1) and Q (x2, y2) as points in the plane, then

V= (x2 — x1, y2 — ¥1). There is no third component for planar vectors.

Two vectors are equal if and only if their standard position vectors are identical.
Thus (u1, w2, uz) and (vi, v2, v3) are equal if and only if ui = vi, w2 = v2, and uz = vs.
The magnitude or length of the vector PQ is the length of any of its equivalent
directed line segment representations. In particular, if v= (x2 — x1, y2 — y1, 22 — Z1)
is the standard position vector for ﬁf then the distance formula gives the magnitude

or length of v, denoted by the symbol |v]| or ||v|.

V| = VW2 +v2 +v2 =V =)+ 0 — 0 + (& — 1)

The only vector with length 0 is the zero vector 0 = (0,0,0). This vector is also the

only vector with no specific direction.
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Example 2: Find the (a) component form and (b) length of the vector with initial

point P (-3, 4, 1) and terminal point Q (-5, 2, 2).
Solution:

(a) The standard position vector V represents Fﬁhas components Vi
=X2-Xx1=-5-(-3)=-2, vo=y2-y1=2-4=-2,and
vi=z-z1=2-1=1.

The component form PQ is v=(-2,-2,1)

(b) The length or magnitude of v =PQ is

vl = (=22 + (-2)2+ (12 =9 =3.

Vector Algebra Operation
Two principal operations involving vectors are vector addition and scalar

multiplication.
DEFINITIONS Let uw = (uy, up, u3) and v = (v, v5,v3) be vectors with k a
scalar.

Addition: u+v=(u +v,u+ vyu3+ vy)

Scalar multiplication: ku = (ku,, ku,, kuy)

The definition of vector addition is illustrated geometrically for planar vectors in the
following Figures, where the initial point of one vector is placed at the terminal point

of the other in the first, while the parallelogram law of addition in the second.

(uy + visuy + va)
u+v

= .7774 u_-
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A geometric interpretation of the scalar multiplication ku of the scalar k and vector
u is illustrated in the following Figure. If k > 0, then Ku has the same direction as u;
if k <0, then the direction of ku is opposite to that of u. Comparing the lengths of u

and Ku, we see that

lkul = /(kuy)? + (kuy)? + (kuz)? = sz(uf +uZ +u?) = |kl [u? + u3 +u? = |k||ul

The length of ku is the absolute value of the scalar k times the length of u.

The vector (-1) U = - u has the same length as U but points in the opposite direction.

By the difference u — v of two vectors, we mean U —V =u + (— v). Note that (u —v)

+ v =1, so adding the vector (u— v) to v gives u (Figure 1.6).

Example :
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Letu = (—1,3,1) and v = (4,7,0). Find (a) 2u + 3v; (b) u — v: (c) Eu)

Solution: (a) 2u + 3v = 2(-1,3,1) + 3(4,7,0) = (-2, 6,2) + (12,21,0) = (10, 27, 2)
(byu-v=(-1,3,1)-(4,7,00=(-1-4,3-7,1-0) = {=5,-4,1)

© ) = J-2.2h] = [ + @+ () =4

Properties of Vector Operations

Let u, v, w be vectors and a, b be scalars.

utv=v-+nu 2. (m+v)+w=mu-+(v+w)
u+0=u 4. u+(—a)=10
Ou =20 6. lu=u

8.

a(bu) = (ab)u alua + v) = agu + av

(a + b)u = au + bu

P A e

2.2 Unit Vectors

A vector v of length 1 is called a unit vector. The standard unit vectors are i = (1, 0,

0), j=(0, 1, 0),and k= (0, 0,1).
Any vector can be written as follows: V= (vi, v2, v3) = vii+ vaj + 3K.

We call the scalar (or number) v; the i-component of the vector v, vi the j-

component, and v3 the K-component.

In component form, the vector from P1(x1, y1, z1) to Pa(x2, y2, 22)

2 OPy=xd+yj+ K

\ Py(xy, ¥3,23)

-20-



PP=x-x)it+t(i—-nlit(EzE—5)k

Whenever Vv £ 0, its length |v\ is not zero and

1 1
—v|[=—|¥[ =1
|v| ’ |v| |

That is, v/|v|is a unit vector in the direction of v, called the direction of the nonzero

vector V.
In summary:

If v # 0. then
vV . . . .
1 W 1S a unit vector called the direction of v;
=
-
vl

2. the equation v = |v|— expresses v as its length times its direction.
Example 4: Find a unit vector U in the direction of the vector from Pi(1, 0, 1) to

P2(3, 2, 0).

Solution: we divide P, P, by its length:

PE=0GB-Di+2-0j+(0-Dk=2i+2j—k
PP =V (22 + (22 + (-1)2=VE+4+1=+9=3

s 2ixd-k . 2 A
= =zt gk
|P1P, | 3 = W9

The unit vector u is the direction of P, P,.

=

Example
A force of 6 newtons is applied in the direction of the vector v = 2i + 2j - k. Express

the force F as a product of its magnitude and direction.

Sol
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The force vector has magnitude 6 and direction —, so

v
|v|’

; 2i +2j—k 2i + 2 — k
) . J o J

|v| V22 + 22 + (1) 3

_ a2 22 .
_6§]*§']_._I\'

2.3 Midpoint of a Line Segment

Vectors are often useful in geometry. For example, the coordinates of the midpoint

'+

of a line segment are found by averaging. The midpoint M of the line segment

joining points P1(X1, y1, z1) and P2(X2, y2, 72) is the point

(xl TX W+ ¥e 2yt 32)
g T el R

Pix, 7,21

Example

The midpoint of the segment joining P1(3, -2, 0) and P2(7, 4, 4) is

(3+7 -2+4 0+4

S )=(5,1,2)

2.4 The Dot Product

31-



Dot products are also called inner or scalar products because the product results in
a scalar, not a vector. It is used to calculate the angle between two vectors directly
from their components; show whether two vectors are orthogonal or not; find the

projection vector.

The dot product u e v (U dot V) of vectors U = (ui, uz, u3) and v = (vi, v2, v3) is

UeV=10uv:+ uzvz+ uszvs

Example : Finding Dot Product
(a){1,-2,-1}¢ (-6,2,-3) = (D(=6) + (-2)(2) + (-1)(-3) = -7
(b) (Gi+3i+Kk)« (4i—j+2K) = () O+ B+ D@ =1

Properties of the Dot Product

If u, v, and w are any vectors and C is a scalar, then

u*v=vw¥+*'1

1.
2. (cu)v=u-(cv) =clu-v)
3.

u*(v+w)=uv+u-w
4. u-u=|ul’
5. 0-u=0.

Angle Between Vectors

As seen in this Figure
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Let u = wyi + waj + uzkand v = vi + v, + 3k,
uev=|ullvlcosd

The angle 6 between two nonzero vectors u = (u,, u,, u3) and

v = (v, ,, V3) is given by

Uy vy + Uy Vp +u3v3) _l(u-VJ
= CcOoSs
[ul|v] [ul|v]

0 = cos™? (
0<0<nm
Example
Find the angle between u =i - 2j - 2k and v = 6i + 3j + 2k.
Solution We use the formula above:

u'v=16) + (-2)3) +(-2)2)=6—-6 —4=—4

lu| = V(1) + (=22 + (2= V9 =3
lv| = V(62 + 3 + (2)) = V49 = 7

—— u-v e enae] —4 - Y . o
6 = cos (‘“H“) cos (—(3)(7)) 1.76 radians or 100.98".

Example

Find the angle u in the triangle ABC determined by the vertices A = (0, 0), B = (3,
5),and C=(5, 2)

e

B(3,5)

)
"l C(5,2)

¥ T 1T T 71

1 I O |

Solution

The angle u is the angle between the vectors CA and CB. The component forms of

these two vectors are:
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CA=(-5-2) and CB-= (-23).
First we calculate the dot product and magnitudes of these two vectors.
CA-CB = (-5)(-2) + (-2)(3) = 4
ICA| = V(=5 + (-2 = V29
ICB| = V(2% + 3 = V13

Then applying the angle formula, we have

h = cos_'(%)
|CA||CB|

} “’""((\@f( \/ﬁ))

=~ 78.1° or 1.36 radians.

2.5 Perpendicular (Orthogonal) Vectors

Vectors U and Vv are orthogonal (or perpendicular) if and only if u @ v=0.

If we have two vectors U and v, from dot product, we can know:

1. u ® v =(+), acute angle;
2. u ® v =(—), obtuse angle;
3. u e v =(0), right angle.
Example

(@) u= (3,—-2) andv = (4, 6) are orthogonal because u-v = (3)(4) + (—2)(6) = 0.

(b u=3i —2j+Kk and v = 2j + 4k are orthogonal because u-v = (3)(0) +
(=2)(2) + (1)4) = 0.
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(¢) 0is orthogonal to every vector u since

O-u= (0,0,0) - (uy, up, u3)
= (0)(uy) + (O)ur) + (O)uy)
= 0.

2.6 Vector Projections

The vector projection of U onto a nonzero vector V is

A"

o .

proj, u = (lul cos )IVI
e (D'V) v
vl /v
_(H'V)
~\viE)?

The number [u|cos 0 is called the scalar component of u in the direction of v .

u-v v
lulcos@ =—=u-—
vl V]
Example
Find the vector projection of U = 6i + 3j + 2k onto vV =i — 2] — 2k and the scalar

component of U in the direction of v.

Solution:

( 2j 21{)—_4(' 2j — 2k) = Sopta ey
PLC]y, (f .'v) 1+4+--1- eI e el _(_9”9”9)

We find the scalar component

| cosd = F61 ) PR (1 = zk) T O
u| Cos =u- — 1 1—=]— - —— = —
|v| ' 3073
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