


Definition 1.10 : A metric space is a pair (X, d), where X 1s a set and d 1s a metric on X ( or distance function on
X), that 1s, a function defined on X x X such that for all x, y, z € X, we

have:

(1) d 1s real-valued, finite and nonnegative function.

(2) d(x, y)=0 1f and only if x=y

3) d(x, y) =d(y, x) (Symmetry).

(4 dlx, ¥) <d(x, 2)+d(z, y) (Triangle inequality).

Examples (H.W. 2-6)

1) Real line IR: this is the set of all real numbers, taken with the usual metric defined by:

dx, y)=|xy| VxyelR
Sol.

[1] 1- d is real, finite & d=| x-y | >0

2) d(x,y)=0 <> | x-y | =0 <> x-y=0 <> x=y Vv x, yelR

3) dx.y)= | x-y | = [-(-x)| = | y=x | = d(y, x) Vx, yelR
Ddxyy=|x-y=|x—z+z-y|<|x—z|+|z-y|=dx 2)td(z, y) Vx ) zelR

Then (IR, d) 1s a metric space.



A norm on a vector space is a way of measuring distance between vectors.

Definition 1.11.: A norm on a linear space V over F is a function || . || : V — R with the properties that :

(1) ||x]|>0&] x||=0 <> x=0 (positive definite);
Q) || x+y|[Z|[x||+] y] forall x, y € V (triangle inequality);

(3) ||ox|| = |a| ||x|| for all x € V and aeF.
In Definition 1.11(3) we are assuming that F is R or C and | . | denotes the usual absolute value. If || . || 1s a

function with properties (2) and (3) only it is called a semi-norm.

Definition 1.12. A normed linear space is a linear space V with a norm || . || (sometimes we write || . ||y ).

Theorem 1.13. If V is a normed space then:
1) ||0|[=0
2) || x||=] x| for every xeV.

3) [[x-y || =]l y-x || for every xe V.

D [ x Nl - Iy [[T= 1] x-py || for every xeV.



Proof

Properties (1), (2) and (3) conclude directly from the definition, to prove
property (4):

x=(x-y )ty

Ix =1yl =llx-ylI Iy =>Ix]-lyl=lxyl ....(1)

Similarly:

[y =1 =l x-p |

-ClIx -1y D) <lfxy[[=> x> -y z-Txy ] ....(2)

From (1) & (2), we get:

Ayl <lix-MyI=llxyll = [lx[-lIy[1<xy]



Examples 1.14.:- [H.W.6,7]

[1] The vector space V is normed v.s. with the norm || x || =|x | for all xe V.
Proof-

1) Since |x|>0—||x]||>0.

2) |[x]|=0¢|x]|=0<x=0

3) LetxeV, aeF , then
Jox || =[ox|=lof |x|[=]o|] x|

1) Letx,yeV, then:

[ xtyll=lxty=[x|+]y|=lx[+]x]

[2] Let V=R" wigh the usual Euclidean norm
Ixll=1x = Q% )"
proof: =
1) Since
sz. >0forall j=1,2,....n —> | x[[=0



D lxl=06 Q5P =0 o Ylx =0
j=1 =

o x;=0forall j=12,.,n < x;=0forallj=12,..n <=0

3) Let xelR”, a. € IR:

ox =ao (X, ..., x,)= (0x,, ..., 0X,)

lax = Qlar, Y2 al(X)x P =] alllx].
4) Let x,yeIIJ{;l: "

x +y=(x, .., x) @, ., ¥,) =Ty, o, x,TY,)

= Gl +y, )
a
By using MinKowski's inquality where p=2, we have:
lx+yl= (gl X, +y, )< (;| X, [)" +(Z‘| B x+1 vl



[3] There are many other norms on R?, called the p-norms. For 1 < p < oo defined by:
Ix],= Qlx 1)
j=1
Then || . ||, 1s a norm on V ( to check the triangle inequality use MinKowski's Inequality)

Qlx, +y, 1) < Qx0T + Ly, 1)
= j=1 Jj=1

[4] There 1s another norm corresponding to p = oo, defined by:

I {1, = max{] x; [3

I<j<n
where || . ||: IR” > IR and x=(x, ..., x,).

proof:

1) Since |x;|>0foralli=1, ..., n— || x| >0.
2)||x||=0<>max {|x{,...,|x,|}=0<«<>|x;|=0foralli=1, ... ,n

< x; =0foralli=1, ..., n < x=0



3) Letx € IR” and a € IR, then
ox =0 Xy, ..., X,) = (0x, ..., x,)
| ox || = max { o, |, ...,| ax, |}
=max {|o||x |, ..., |laf]|x,][}
=|omax {|x;|, ..., |x, |}
=|o|flx]|
4) Letx, y € IR”
X4y = (X, 0n %) (Vs s 2) =6 e
| x +y |l =max { | x;pf, ..., [ x40,
<max { | x| + [yl ..., [ X, [, |}

<max {|x, ..., |x,| }+max {|y],

=[xl +1x

v WY}



[5] Let X = C[a; b], and put || /|| = sup | f(¢)| This is called the uniform or supremum norm.
proof : sl
1) Since | /() | >0 forall t € [a, b] > || f]| > 0.

1 fll=0<«> sup | f(¢)| =0 <> | f(?)|=0 forall ¢ € [a, b]

tela,b]
< f(t)=0forallf e [a,b] <> f=0.

2) Letf e X, ae IR, then:
| of || =sup{ [ of (1) |: t € [a, b]}
=sup{ | allf (1) |: t € [a, b}
=[a|sup{ [f(t)]: t € [a, b]}
=[ a7l
I f+gl=supi[(f+g)M) |- telablj=supi|[(f(t)+g ()| te[ab]j
<sup{ /(O +[g®)]:t e [a bl
<supt{ |f (D)t e[a blj+supi[g®)[-telabli=[/fI+]gl






