2.7 The Cross Product
The Cross products are widely used to describe the effects of forces in studies

of electricity, magnetism, fluid flows, and orbital mechanics.

We start with two nonzero vectors U and Vv in space. If U and v are not parallel,
they determine a plane. We select a unit vector n perpendicular to the plane by the
right-hand rule. This means that we choose n to be the unit (normal) vector that
points the way your right thumb points when your fingers curl through the angle
from u to v (following Figure). Then the cross product u x v (“u cross v”) is the

vector defined as follows:

u xv=_(|u]lvlsin8)n
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Figure 1.11: The construction u x v.

Unlike the dot product, the cross product is a vector. For this reason, it is
also called the vector product of U and v and applies only to vectors in space. The

vector is orthogonal to both U and v because it is a scalar multiple of n.

Parallel Vectors: Nonzero vectors U and Vv are parallel if and only if u x v = 0.
S
v
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Properties of the Cross Product: If u, v, w are any vectors and r, S are scalars,

the

1. (ru) X (sv) = (rs)(u X v)

2. uX(v+w)=uXv+uXw
3. (w+w)Xu=vXu+wXu
4. vXu=—(uxv)

5 0Xu=0

visualizes property 4.

When we apply the definition to calculate the pairwise cross products of i, |,

and k, we find

x \
i—jxk=-(kxj

Figure : The pairwise cross product of i, j, and k.
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and

ixj=—(jxi)=k
jxk=—-(kxj) =i
kxi=—-(ixk)=j

ixi=jxj=kxk=0

Calculating Cross Product Using Determinants:

If u=uii + uyj + usk and v = vii + v»j + v3K, then

Uz Uz|, U; Usy, Uy Uy
uUuxv= u.]_ u.2 ug =I | —| | |

Vy Vg v, Vg vy v2|k

vV Ty Vg

u X v = (uv3 —uzvp)i — (Uyvs — uzvy)j + (W v, — upv )k

This is the area of the parallelogram determined by u and v (Figure), |u| being
the base of the parallelogram and |v||sin 6| the height. Because n is a unit vector, the

area of a parallelogram is

lu x v| = |u|lv]|sin@||n| = |ul|v]sin 8

Area = base - height
\ = ol vlsing

\ = lu x vl

h = |v||sin 6]

Y

Figure : The parallelogram is determined by U and V.
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Example : Findu xvandv x uifu=2i+j+kandv=—-4i+3j+k

Solution:

uxv= :[; ii—[_"i} i|i+|_24 ;|k=—2i—6i+10k

i j k
2 1 1
—4 3 1

vxu=—(uxv)=2i+6j— 10k

Example 9: Find unit vector orthogonal to the vectors u=3i—j+ kandv=4j+Kk

Solution:
i 7 Kk
" AR B T M ol e es
uxv=|[3 -1 1—[4 1|: |n 1|1+|0 4|k_ 5i—3j + 12k
0 4 1
luxv| =(=5)2+(-3)2 + (12)2 =178
1
Z = ——(-5i-3j+ 12k
—173( j )
Example

Let P(1, -1, 0), Q(2, 1, -1), and R(-1, 1, 2) (see the Figure).

a) Find a vector perpendicular to the plane of them
b) Find the area of the triangle with vertices P, Q, and R.

¢) Find a unit vector perpendicular to the plane of them

P(l, —1.0)%

/ o
)

%
Y 02, 1.-1)
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Solution The vector }Té x PR is perpendicular to the plane because it is perpendicular
to both vectors. In terms of components,

PO=Q-Di+(+Dj+1-0k=i+2—k
PR=(-1—1Di+(1+1j+@2—0k=-2+2j+ 2k
2 2 2| !
= 6i + 6k. [N}

b)

Solution The area of the parallelogram determined by P, Q, and R is

\PQ x PR| = |6i + 6k| ?

= V(6)2 + (6) = V236 = 6V2.

The triangle’s area is half of this, or 3\/2.

c)

Solution Since PQ X PR is perpendicular to the plane, its direction n is a unit vector
perpendicular to the plane. Taking values from Examples 2 and 3, we have

L _POXPR _6i+6k__1 . _1
|PO x PR| 6V2 V2 V2

2.8 Triple Scalar or Box Product

The product (u x v) .w is called the triple scalar product of u, v, and w (in that order).

As you can see from the formula
l(u % v)+w| = |u x v||w||cosb],

the absolute value of this product is the volume of the parallelogram-sided box
determined by u, v, and w. The number [u X v| is the area of the base parallelogram.

The number |w| |cos 0] is the parallelogram's height.
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Calculating the Triple Scalar Product as a Determinant

iy U, Uy
(W Xv)-w= 1|y, v, W

W, W, ws

Example
Find the volume of the box determined by u =1+ 2j -k, v=-2i + 3k, and w = 7] -
4k.

Solution

Using the rule for calculating a 3x3 determinant, we find

L 2 =
3 -2 3 -2 0
uXv)yw=1|-2 0 3| = (l)l(_; _4| - (2) 0 —4 + (—1)’ 0 ?l = —23.
0 7 —4
The volume is |(u % v)-w| = 23 units cubed. =]
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