Example:

Does the sequence whose nth term is

converge? If so, find its limit.

Solution The limit leads to the indeterminate form 1. We can apply I"'Hépital’s Rule
we first change the form to ©¢ - 0 by taking the natural logarithm of a,:

na = In(2+1)

. n—1
= nin( 21
n—1/

Then,
; : n—+ 1
lim Ina, = lim nln <+ () form
=00 n—o n — l
n+ 1
In| —~
. 5— 1 0
= lim—/—— — form
a=x  1/n 0
—2/("3 - 1) L'Hopital's Rule: differentiate
e lim —., numeralor \t“lj LiL’n\II‘;'lJIl‘U\‘!'
n—x  —1/n*
. 2n?
= lim — = 2.

a—oo - — |
Since Ina, — 2 and f(x) = €" is continuous, Theorem 4 tells us that
n

Ina, _, o2

a, = e

The sequence {a,} converges to ¢

Theorem 6:

The following six sequences converge to the limits listed below:



L lim B2 2. lim Vn =1

=00
3 I_i__ngux”" =1 (x > 0) 4. anOLx" =0 (Jx| <1
. x\’ g
S. lim|1+7%) =€ (any x) 6. lim e 0 (any x)
a—>o0 n—*00

In Formulas (3) through (6), x remains fixed as n — oc.

Example:

These are examples of the limits in Theorem 6

l"(”z) _2lnn
(a) o n

(b) \“/I? = ptin = (n“"")z—“(l)2 =1 Formula 2

—2:-0=0 Formula 1

(¢) V3n = 3"’“(!1”") —1:-1=1 Formula 3 with x = 3 and Formula 2
1" . |
(d) ) —0 Formula4 with x = — 5
n
(e) | + — _’8_2 Formula 5 with x = =2
(f) l —0 Formula 6 with x = 100

1.5 Infinite Series:
DEFINITIONS Given a sequence of numbers {a,}. an expression of the form
a +~at+ta+ - ta, +

is an infinite series. The number a,, is the nth term of the series. The sequence {s, }
defined by
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5 = aq

H=a T a
n
SZS=qtat-- ta,= D
i=1

is the sequence of partial sums of the series, the number s, being the nth partial
sum. If the sequence of partial sums converges to a limit L, we say that the series
converges and that its sum is L. In this case, we also write

o0
at+ta+---+a, +---=>a =L

n=1|

If the sequence of partial sums of the series does not converge, we say that the
series diverges.

Example
. l | | |

The series l+2+4+8+l6+”'
s, =1 =1
52:l+% :E

= 2

1 1
53:l+_+_ :Z

- n

2"-1) 1

s,,=l+%+%+---+7ﬂl_I =w=2—2n_1

e

Then the sequence of partial sum converge to 2, hence the sum of infinite series is 2

Geometric Series

Geometric series are series of the form
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o0
a+ar+arr+- - +ar'+ .- = Ear

in which @ and r are fixed real numbers and @ # 0. The series can also be written as

o0
>, —oar". The ratio r can be positive, as in

or negative, as in

L . | 1 1
1—3+9— +(—3) + r .a
Remark:
If | r| < 1, the geometric seriesa + ar + ar* + -+ + ar" ' +
toa/(l — r):
Y ar*! = S |r] < 1.
n=1| L =F
If |r| = 1, the series diverges.
Example:
The geometric series witha = 1/9and r = 1/3 is
Ll 1, osyy'__19 __1
9+t 2731 T ~9\3 1 -(1/3) 6
Example:
Show that the folloeing series is converge:
< (=15 - SPE- | 5
= § — = _—— —
2 =53t &
is a geometric series with a = 5 and r = —1 /4. It converges to
a 5 1

I —r 1+ (1/4)
The nth-Term Test for a Divergent Series:
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Theorem :

o0

If 2 a, converges, then a, — 0.
n=1

Remark

n—eo0

oo
2 a, diverges if lim a, fails to exist or is different from zero.
n=1

Example:

The following are all examples of divergent series.

00

) ge "
(a) 2 n- diverges because n- — o0,

n=1|

n+1 .. n
7— diverges because

(b)

+ 1 | ;
L. lim, _..a, # 0

o
(¢) D (—1)"*! diverges because lim,_...(—1)"*"' does not exist.
n=|

e e -n 1
(d) 2 diverges because lim, . ==t i)
n=1

n+5 2n+5 2

Theorem :

If Ya, = A and X b, = B are convergent series, then

1. Sum Rule: @, +b)=2a,+ Xb,=A+ B

2. Difference Rule: 2(a, — b)=2a,— 2b,=A—B

3. Constant Multiple Rule: Yka, = kXa, = kA (any number k).
Remark

1. Every nonzero constant multiple of a divergent series diverges.

2. If Xa, converges and X b, diverges, then X (a, + b,) and X(a, — b,) both
diverge.
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Caution Remember that X (a, + b,) can converge when X a, and X b, both diverge. For
example, Xaq,=1+1+1+--- and Xb, = (1) + (—1) + (-=1) + - - - diverge,
whereas X(a, + b,) = 0 + 0 + 0 + - - - converges to 0.

Example

Find the sums of the following series.

&)

/"'_"\

23111"_1:

1 - |
- - Difference Rule
o -1 E 61!
- 1 B 1 Geometric series with
1 —(1/2) 1 —(1/6) a=landr=1/2,1/6
., 6_4
5 5
00 4 B 00 1 |
(b) E ? = 42 ? Constant Multiple Rule
n=0 n=0
=4( ! ) Geometric series witha = 1, r = 1/2
l . (1/2) Lol . M -
= 8
Remark

We can write the geometric series

n=1 2+ 4
as
i L i ] or even i )
n=0 2% n=35 2"—5’ n=—4 2"*4

The partial sums remain the same no matter what indexing we choose to use.
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