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S;.._Linear Transformations dabdd) SBb gadl)

Def :- let Vand U be vector spaces over the field K .if L: Ve==>U is function from
V to U , then we say that L is linear transformation if

(1)forall U,V € Ve L(U+V)=L(U)+L(V)

(2)forke K ,ue V=L (ku)=kL(U)
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Ex:- show that L:R’ == R’ be defined by L (U1, U2,Us)= (Ui, U2) is linear
transformation

Sol :-
(Dlet U,V e Rl U=( U1,U2,U3s) and V=(Vi,V2,V3) by def

L(U+V)=L((U1,U2,U3)+(V1,V2,V3))
=L((U1+Vi1,U2+V2,Uz+V3)) ( by sum of vector )
=((U1+V1),(Uz2+V2)) (by defof L)

(Ut,U2)+(V1,V2)

L(U,U2,U3)+L(V1,V2,V3)

L(U)+L(V)

1

(2)let ke R
L(kU)=L(k(U1,U2,U3))
=L(kUi,kU2,kU3)
=(klh  kUz2)
=k ( Ui, U2 )
=k L (Ur%slj2yUs)
=kL(L)
by(l)and(2)
therefore , L is linear transformation

Ex:-(2) Let L : R’ == R’ be defined by

L(Ui,U2,U3)=(U1,Ur+U2+Us3).showthat L is linear transformation

Sol:-(1)let U,V ¢ R’

L(U+V)=L((U1,U2,U3)+(V1,V2,V3))
=L(U1+V1,U2+V2,U3+V3)
=((Ur+V1),(U1+V1)+(U2+V2)+(U3+V3))
=(U1+Vi1,(U1+U2+U3)+(V1i+V2+V3))

=(U1,Ur+U2+U3)+(V1,Vi1+V2+V3)

L(Ui,U2,U3)+L(V1,V2,V3)

L(U)+L(V)
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(2)Let K ¢ R and U ¢ R’
L(K(U))=L(KU1,KU2,KU3)
=KUi,KUI +KU2+ K Us
=K(Ui,Ur+U2+U3)
= KL(U)
by (1 )and (2) there for L 1is linear transformation

Ex:-(3) let T: Rl==> R’ be definedby T( x,y)=(x,y+1).determine

whether T is linear transformation

Sol :-

(l)let V,U ¢ R} = T(V)=(Vi,V2+1)

T(U)=(U1,U2+1)

T(V+U)=T((V1,V2)+(U1,U2))
=T((Vi+Ui,V2+U2))
=(Vi+U1,V2+Uz2+1)

but T(V)+T(U)=(V1+U1,V2+U2+2)

TNV ) TN+ T

Then T is not linear transformation

S,.. The Kernal and Rang Of Linear Transformation
dgbadl) ey gall s g B

Def :- let L:V — W be a linear transformation the kernel of L is the sub set of V
consisting of all vectors V suchthat L(v) = Ow and denoted by ker(L)

Ker(L) ={ v ¢ V :L(v)= 0w}
(L halldia) )00 cad W (A g tall aadall (g gl g ) sem Cumny V(A pualindl S de gana =131 4ill)

Ex:- if L: R’ — R? be defined by L(U1,U2,U3)=(U1,Us) find ker.(L)
Sol :-

U, UR® Wa): T (Ui, Ua, Us)=(D;0) )
LU, UZP03): U1=0,Uz2=0 }
((0,0,U3) € R*\,Us € R}

U € R®: L(U) =0r})
(
(

i n n

Ex:-(2) let T:R— R’ be defined by
T(U)=(U,2U0), find ker (T)

Sol :-

Ker(T) ={U € R T(U)=0r}
={U ¢ R: (U,2U)=(0,0)}
={U € R: U=0}
={0}
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Ex:-(3) let T:R® — R? be defined by
T(Ui,U2,U3 )=(U1+U2,U2,U1=-U3 ), find ker(T)
Sol :-
Ker(T)={U € R*: T(U)=0Fr }

={(U1,U2,U3) ¢ R3:T(U1,U2,U3):(O,O,O)}
{ UL, Uz, U3) € R*: (U1 +U2,U2,U1-U3)=(0,0,0)}
{(U1,U2,Us) e R*:U14U2=0,U2=0,U1-U3=0)
{(U1,U2,U3) € R*,Ui1=0,U2=0,U3=0}
{(0,0,0)]}

T T T

Ex :-(4) let T:R* — R? be defined by
T(x,y,z,w)=(x+y,z+w ), find ker(T)

Def:- let L: V— W is alinear transformation the Range of L is the set of all

vectors in W that are images under L . of vectors in V .
Range(T)= { weW : veV st T(v)= w}

L Adadl) Aol Ll cad V e clgatial ) gua 0985 Al g W A Clgaiall de gana - gl

Theorm:- if T:V — W s linear transformation then
(1)Ker(T) is subspace of V .
(2)Range (T) is subspace of W .

Proof :- (1)

(a)let U,Ve Ker(T)

T(U)Y=0 ;FLV)=0

T(U+V)=T(U)+ T(V) (T. linear tr.)
=0 +0
=

Then, U+V € Ker(T)

(2)let Ke R , U € V

T(U)=0
T(KU)=KT(U)
=K.0
=0

Thus , KU € Ker (T)
By(1l)and (2) Ker( T) is subspace .
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Ex:-let T: R®°— R”* such that
T(O0,1)=(1,2),T(1,1)=(2,-2),thenfind T(3,-2)andfind T (a,b)?
Such that S=((0,1),(1,1))is spans of R’

R e R
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Sol :-

S spans R’

Then , every vector in R’ is linear comb . of element of S .

Ki(0,1)+K2(1,1)=(3,-2)

(0,Ki)+(K2,K2)=(2,-2)

(K2, Ki+K2)=(3,-2)

K2=3

Ki+K2=-3 e==>Ki=-5

(3,-2)=-5(0,1)+3(1,1)

T(3,-2)=T (-5(0,1)+3(1,1))

T(-5(0,1))+T(3(1,1))

STO,1)+3T(1,1)

BC1.2)+3(2,-3)
=(-5,-10)+(6,-9)
=(1,-19)

(2)tofind T (a,b)

Ci(0,1)+Ca(1l,1)=(a.,b)

1
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Ci=b-a, C2=a
Then
(a,b)=(b—a)(0,1)+a(l,1)
T(a,b)=T ((b-a)(0,1)+a(l,1))

=T (b-a)(0,1)+ T (a(l,1))

=(b-a) T(0,1)+aT(d,1))

=(b-a)(1,2)+a(2,-3)

=(b—-a,2(b—-a)+(2a,-3a)

=(b+a,2b-5a)
Exc:-if T: R*— R’ islineartrans.and T(1,0)=(2,-2),T(0,1)=(4,1)
find T(3,2) andT (a,b)?

S;.. Matrix Of Linear Transformation d&gﬂ‘ A2 s
T(U)=AU Susy m*n 4l O3 ( Matrix Of Linear Tran . ) J: 5»3) 4 sicas sy -; diadla
Gua

T:R" =mmmp R"
G dnliclsaeld e, 02, ... ... Jen O pais
Ti(er), T e ) el , T(en)
LA sl Baa! S

Ex:-let T= R? ==> R? is L . transformation such that

TI|x1 |=| x+2Xx2
X2 X1 — X2

Find a matrix A suchthat T(x)= A x.
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A s (g2
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(T i)yl

==>R" defined by

1+ 2 x2
3x1—-x2

ﬁ

X2 —=X3
Xl

= {(1,0,0),(0,1,0),(0,0,1)} beabasis of R’

X1
X2
X3

- find ( Matrix Of Linear Tran . ) of T : R’
:U.’-_,h..:u)A hMamlTﬂ]ﬂ_;M!&&_}mc_h‘a] q.Ll:\J'ldJ“ "l:l.‘l_ghm

Sol :- let S

-
"
~
-

.
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Let S=((1,0),(0,1))be abasis of R? then
T
T
A
Ex

Sol :-
Then
A

-
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