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CHAPTER 7: Indefinite Integration

7.1 General Indefinite Integration:

In calculus, an antiderivative of a function f(x) is a differentiable function F(x)

whose derivative is equal to the original function f(x).

dF (x)
dx

Fi(x) =f(x) = = f(x)

= dF(x) = f(x)dx
= f dF (x) =f f(x)dx
= F(x) = f f(x)dx + C, where C € R.

Indefinite Integrals Properties:
Let f(x) be a function and x € R, then:

i. [ af(x) = af f(x)dx, where a is a constant.

i. [ (f(x) Fg(x)dx = [ f(x)dx F [ g(x)dx
Notes:

o J(f(x)*g(x))dx # [ f(x)dx « [ g(x)dx

£ [ F(0dx
. J 000 % 7 Totoax

Rules: In general,

i fdx=x+c

uTL+1

i. [u™du = + C, where C € R.

n+1




Examples: Evaluate the following integrals:
1)[ 3dx=3[ dx =3x+C

3
2. 5x%dx =5 x%dx =5-+C
3.[ 6x73dx =6[ x3dx
=6 +Cc = Z4c
-2 X

4.1 Zdx = [ 3mxSdx

x5
=3[ xdx = 3nXt+C = LN
—4 4x

5. (2x+3)dx =/ 2xdx+ [ 3dx

=x2+C,+3x+C, =x%+3x+C, where C =C; + C,.

1 1
6./ V2x+1dx =[ (x+1)2-2dx = [ (2x+1)2-2dx

3
1 (2x+1)2 1
=-=—+C =§,/(2x+1)3+C

2

3

2 _ _ 2 4. _ > _x _
7. (x2=Vx)dx =[ x%dx— [ x2dx == +C

X
“'“l N W

-2 2
8. [ t2(1+2t3)3dt = %f (14 2t3)73 - 6t2dt




3)3
:%(””) +C _%\/1+2t3+C
3
x3-2x7 x3 2x7
9. ] 5wdx = [ 5-5sd
= 2 x2dx —2[ x%dx 12X ¢
T 5 5 -1 5 3
=—=-2x3+cC
5x 15

10) f (z+1)dz

1
T = [ (z°4+2z2+2)3(z+ 1)dz

1
=%f (z2+2z+2)32(z+ 1)dz

2
.2
=§E:§££+C =2 +2z+ 27 +C

3

Problems (7.1): Evaluate the following integrals:

D [ Gog 11) [ Y2+ 5y dy
2) [ (x% + 5x)dx 12) [ /y2 + 2y (y + 1)dy

4) [ (3x% +2x75 +4x — 9)dx
5) [ X dx

x4

6) J

7dy

(19-2y?)3

y
8) [ 7w?V2w3 — Sdw

13) [ Zhrz;#dz

14) [ (3x — 1)*? dx

3y2
16) | 2 dy

17) [ (2 + 7¢)3de

-7x
18) f ey dx
4




9) [ (\/§+\/%) dx 19) [Vr3 + 1 r2dr
10) [ ZL4g 20) [ zv22% + 1dz

63

7.2 Integrals of Trigonometric Functions:

We can derive all the Trigonometric integration forms from the derivative

Trigonometric forms as follows:
(1) %sin(u) = cos(u) L [ cos(u)du = sin(u) + C
d . I e
(2) ——cos(u) = —sin(w) - [ sin(w)du = —cos(u) + C
(3) %tan(u) = sec?(u) L [ sec?(u)du = tan(u) + C
(4) %cot(u) = —csc?(u) L [ esc?(w)du = —cot(u) + C
(5) %sec(u) = sec(u)tan(u) L [ sec(u)tan(u)du = sec(u) + C
(6) %csc(u) = —csc(u)cot(u) L [ esc(u)cot(u)du = —csc(u) + C

Examples: Evaluate the following integrals:
1) [ sin(3x)dx = gf sin(3x) - 3dx = —%cos(Bx) +C

2) [ cos(2t)dt = %f cos(2t) - 2dt = %sin(Zt) +C
3) [ xsec?(x?)dx = %f sec?(x?) - 2x dx = %tan(xz) +C

4) [ cot(5x) csc(5x)dx = %f cot(5x) csc(5x) - 5dx = —%csc(Sx) +C




5) [ \/—;cscz(\/}) dx = 2 %cscz(ﬁ) dx = =2 cot(vx) + ¢

Remark (1): Sometimes we should do some algebra to evaluate the integral.

Examples: Evaluate the following integrals:

1) [ sec?(x)tan(x)dx

2 sec(x)tan(x)dx 3
fsec (x) ()' (x) _ e | -

u du 3

—csc’(x)
7

2) [ csc”(x) cot(x) dx =J csc®(x) csc(x) cot(x) dx = +C

) f cos(Zx)

sin3 (Zx)

lf (sin(2x))~3 cos(Zx') 2dx

u du
1 (sin(2x))~? _ 1
T2 -2 te = 4 sin2(2x) T
6—cos(3x) _ . cos(3x)
4) f sinZ(3x) dx= f sm2(3x) f sm2(3x)
. . cos(3x)
- 6f sm2(3x) f sm(3x) sin(3x)

=6 csc*(3x)dx — [ csc(3x) cot(3x)dx
= gf csc?(3x) -3 dx — gf csc(3x) cot(3x) - 3 dx
= 2(—cot(3x)) — = (—csc(3x)) + C

= —2cot(3x) + %csc(Bx) +C




5) f sec2(2W) —f sec (2w) . -1

tan3(2w) tan3(2w) "~ 4tan2(2w) tc

Remark (2):

A. When the power of sin(x) or cos(x) is odd, we use:

sin?(x) + cos?(x) = 1

B. When the power of sin(x) or cos(x) is even, we use:
o1 1
sin“(x) = 5 (1—cos2x) or cos“(x)= 2 (1 + cos 2x)

Examples: Evaluate the following integrals:
1) [ sin®(x)dx

= [ sin(x)sin?(x)dx = [ sin(x)(1 — cos?(x))dx

= [ sin(x)dx — [ cos?(x) sin(x)dx

u du
3
= cos(x) — sy ¢
2) [ cos*(y)dy
=J %(1 + cos(2y))dy = %f dy + % : %f cos(2y) - 2dy

1 1 .
=5y +ZSIH(2y) +C




3) [sin’(y)dy =

1

= %(1 —cos(2y))dy =3[ dy— % : %f cos(2y) - 2dy

1 1,
= Ey—zsm(Zy) +C

4) [ cos*(x)dx

= [ (cos?(x))*dx = | (% 1+ cos(2x)))2 dx

= if ((1 + 2cos(2x) + cos?(2x)))dx

= if ldx + if 2 cos(2x) dx + %f cos?(2x) dx

=if dx+%f cos(Zx)dx+if %(1+cos4x)dx

=if dx+%-%f cos(Zx)-de+%f dx+%-%f cos 4x - 4dx
=lx+lsin(2x)+lx+isin(4x)+C

PR 8" ' 32

Remark (3):

A. If the powers of tan(x) & cot(x) is even, we use:

tan?(x) = sec?(x)—1 and cot?’0 = csc’0-1
B. If the powers of sec(x) & csc(x) is even, we use

sec?(x) = 1 + tan?(x) and c¢sc?0 = cot?’ + 1




Examples: Evaluate the following integrals:

1) [ tan*’(3x)dx = [ (sec?(3x) — 1)dx
= %secz(Sx) +3dx — [ dx
= gtan(Bx) —x+C

2) [ cot?(5x)dx = [ (csc?(5x) — Ddx = %f csc?(5x) - 5dx — [ dx
= _?1cot(5x) —x+C

3) [ sec*(x)dx

= [ sec’(x)sec’(x)dx = [ (1+ tan?(x))sec?(x)dx

3
= [ sec’(x)dx + [ tan®*(x)sec’(x)dx = tan(x)+ tan3 W4c
4) [ csc*(x)dx
= [ csc?(x)esc?(x)dx == [ (1 + cot?(x))csc?(x)dx
3
= [ csc?(x)dx + [ cot?(x) csc?(x)dx = —cot(x) — oty ¢
Problems (7.2): Evaluate the following integrals:
1 sin [ (2t) dt 13. | (3cos(x) — 4x3 + 2)dx
2 xsin [ (2x?)dx 14. [ sin®(x)cos(x)dx
3 cosJ (30 —1)db 15. [ sin(x)cos®(x)dx
4 4cos [ (3y)dy 16. [ cos?(2y)sin(2y)dy
5 [ (x — 2sin?x)dx 17. [ sin* 0d6

9




6 msin? [ (3t)dt 18. [ (1 — sin?(3t))cos(3t)dt

7 [ cos®xdx 19. | i;ssiznxxdx
1 .
8 fcosz(Bw) dw 20. [ 2 sin(z)cos(z)dz
9 %cot2 [ (5y)dy 21. [ /2 + sin(3t) cos(3t)dt
10 3tan? [ (2x) dx 22. f ((Z 1)) dz
11 COS(\/_)d 23. [ (3sin(2x) + 4cos(3x))dx

12 cosf (2x +4)dx 24. [ sin(t)cos(t)(sin(t) + cos(t))dt

7.3 Integrals of Inverse Trigonometric Functions :

We can derive all the integration forms from our derivatives forms as follows:

(1)—sm tw) = du f—>f ! du =sin"t(u) + C

e ) e

(2) %cos_l(u) = —% L ] ﬁdu = —cos t(u) +C
(3) —tan‘l(u) = 1+u2 ol Eevew, Tw+C

(4) %cot_l(u) = — 1?;2 L ] 1+1u2 du = —cot™1(u) + C
(5) %sec_l(u) = Iul% L ] Iul\/% du =sec”t(u) + C

du

U Ll du= —csc!
o~ e = e @ +C

(6) %csc"l(u) = —

10




Exam[:_)les: Evaluate the following integrals:

)f Vi—4x2 __f

1— (2x)2

1 1
= Esm_l(Zx) +C or 7605_1(2x) +C

2) [ 1?;2 = tan"1()+C or —cot™(t)+C

dx 2dx
3)f xV4x2-1 f2x,/(2x)2

=sec ! |2x|+C or —csc7t|2x|+C
4 [ == (4-25x02 = 4(1-Zx2) = 4(1 - C0)?))
=J 4(1_jl::—5x2)
_ _dx _ _71 % | Zdx

=—lsin_1(5x)+C or 1cos‘l(ix)+C
5 2 5 2

cos(x)dx cos(x)dx T R .
5)fm f—m =sin"I(sin(x))+C =x+C

-1 2
6) [ tan™(x) dx = [ tan~'(x)- dx_ _ (tan”'(x)) i

1+x2 1+x2 2

7 [ LD

xVx2—

3
_ (sec™t(x))?
v—_ldx B

2

dx = [ (sec” 1(36))2'

+C

11




Problems (7.3): Evaluate the following integrals:

1

1.f\/ﬁdz 11. [ — 2+4dz

2. [ mdw 12. f81w —dw

3. [d(csc™1(t)) 13. f\/% x
4. [ d(sec™(t)) 14, IJ% x
5. [ —Xdx 15. [ %dx
6. [ 2t dt 16. [ %dz
7. (cos% sin(x)—liiz) dx 17. [ Sin(tla:;(x)) dx
8. [ (cos3(2x)sin(2x)—x?3) dx 18. fsm(jln__;m))d
9. f 9xf-x3 dx 19. f 1+25x de

10 f 25+t2 dt 20. f 3+27t2 dt

7.4 Integrals of Logarithmic Functions:

d 1 J 1
v —In(u) =—du - f —du=Inlul+C, u#0
du u u

Examples: Evaluate the following integrals:
2 1
1) f;dx =2 —dx =2nx|+C

2) [ (S+2)dx = 3f x2dx+5[ ~dx

12




x—1
= 3_—1+51H|X| +C

=+ 5in|x| +C

3) [ X = —f (2x2+3) dx = %lnIsz +3|+C
4) | 09 = [ ln(x)-idx = (ln(zx))2+C
1

5) [ ——dx = [ ’(‘ dx = In|ln(x)|+C
6) [ 1+ezxexdx =%f :f;;xdx = %ln|1+ZexI+C
7 S;(:((;)) = In|tan(x)| +C
8) [ Sec(j(fc)(t;;)(zx) x = % [ 25ec§2622tz)n COdx = % In|sec(2x)| + C
9) [ tan(w)du = —{ _CZES;) = —In|cos(uw)|+C
10) [ cot(w)du = [ ::gg = In|sin(w)|+C

11) [ sec(u) du [ sec(u) - Ez:iz;zzzgzg

=

sec?(u)+sec(u)tan(u) du

12) [ csc(u)du

tan(u)+sec(u)

In|tan(u) + sec(u)| + C

(csc(u)+cot(u))
(csc(u)+cot(u))

[ csc(u) -

13




1. [ x—isdx

sin(x)
2—cos(x)

4. f

2x—5

dx

7.

5dx

V1-9x2

10. [

y +2y+1
(v +1)3

13.

dx
2—3x

15. [

18. [

w+4

=—{ csc(u) -

w24+2w—-1

—csc?(u)- csc(u)cot(u)d

= —In |cot(u) + csc(w)| + C

Problems (7.4): Evaluate the following integrals:

(= csc(u)—cot(u)) _f
(csc(u)+cot(u)) cot(u)+csc(u)
cos(x) dx
2. f sin(x) 3. f x 1In5(x)
x dx X
5'f 4x2+1 6'f 1-x2 dx
) 3
8. [ ) gy 9. [ X +6dx
4x2
x+10 sin(0)
11. f 12'f 1+7cos(60)
ds
14. f tan~1(s)+s2tan~1(s)
In(x)
16 f4 n 4 17. [ = ——d
X In(3)cos(x)
dw 19. [ ——dx 20. [ - —= >

7.5 Integrals of General Logarithmic Function:

where a > 0

d 4, 1 p /
S A I B
" du 08a(w) = u - In(a) v j u-In(a)

du =log,(u) + C

anda # 1 (i.e.,, In(a) #0)

Examples: Evaluate the following integrals:

) J

x21n5

= %logS(xz) +C
14

H

2lnS




cos(3t) _ 1 3cos(3t) _ 1 .
2) f sin(3t) ln4dt o 3f sin(3t) ln4dt - 310g4(5ln(3t))+c

1

3) J (V1=x2)sin~1(x)In 3 dx  _ logs(sin~1(x)) + C
2) [(W - == Coz_l(ZW) —)dw = Vw3 +2logs(cos ™1 (x)) + C
Problems (7.5): Evaluate the following integrals:
' ﬁ 6'f 2t11n3dt
1

2 | o T ey

3. J e2x11n3 e*rdx 8. J (COS(4Z)  Vi-z2 sinl‘l(z)-ln 2) dz

4. f cot‘lzx)lnél ' 1+1x2 dx 9. f x:iis dx

5 [ ———— eSin®cos(x)dx 10. [ S2EW) gy,

esin(®)]n 7 cos(5w)ln 7

7.6 Integrals of Exponential Function:

die(u) =eWdu L J eMdu =eW +C
u

Examples: Evaluate the following integrals:

2x _ 1 2x _ 1 9
1) [ e*dx = [ 2edx = Je”*+C
2) [ eS"3%) . cos(3x) dx

= %f 3.eSMB%) . co5(3x)dx = %esm@x) +C

15




3) [ —dx = [ _ig-(—S)-e‘de = %e‘3x+C

4)f —.=dx =lInle"+e™*|+C

5) [ e®*sin(e®*)dx = %f 2-e*sin(e®®)dx = —cos(e**)+C
sm 1(zx) 1 z,esin_l(zx) sin—1
— 2 £ 7 (2x)
) | 7= = == = +C
3w 1 -6 3w -1
N [ Samdw == [ —pdw = —n|5-2e3|+C

= f (Z ezt)dt

2t

_ 2t _ —2t _ &
={ (e me *N)dt =—+

ne‘Zt

+c

9) [ tan(e*)e?*dx = [ sin(e*) e?*dx = 1ln|sin(ezx)| +C

cos(e?X)
10)[ x2e?*’dx = %f 6x2e2dx = %ezxg +c

Problems (7.6): Evaluate the following integrals:

1. fxexzdx 6. [ e3cos (eg) dx
ecot™1(3x) %2 —3x s —3x
2. de 7. (xe + e **sin(e )) dx
ex 2X+e Z.X
3. f 1+Zexdx 8. f82x e~
e’ 5x 5x >
4 o dx 9. (e cos(e>*) — eZ) dx
-1
242 etan™ = (2t)
5. [ (x+ 1)e dx 10. Tiaz dt

16




7.7 Integrals of general Exponential Function:

d / a®
%a(”) = a™ In(a) du - f aWdu = n(a) +C
wherea > 0anda # 1 (i.e.,In(a) # 0)
Examples: Evaluate the following integrals:
Xy =3
1) [ 3%dx ==+C
2t—2 _1 2t-2 _ 522
2) [ 5% %dx =-[ 5°%2dx =——+C
a-sin(®ap — _ [ _ 41— sin(0) _ 475n®
3) [ cos(B)-4 dg =—[ —cos(8) -4 do —

4)f gln [cos(x)| -tan(x)dx = _J‘ gln lcos(x)] (—sin(x)) dx

cos(x)

6ln [cos(x)]

In6

Problems (7.7): Evaluate the following integrals:

1. [ x2~*"dx 6. [ (r+ 1)27°*2rgr
Vel tan~1(¢) _1
2. [3 —dt 7.[6 ——dt
3. [ 3nIsin®lcot(9)do 8. [ 4™ 3% dx
4. [ 452X cos(2x)dx 9. [ 3% 2wdw
7In(z)

dz 10. [ 9lnlcosz®|an(22)dz

5.

VA
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