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CHAPTER FOUR: Differentiation

For each point on the curve y = f(x), there is a single straight tangent line at the
point; the slop of straight tangent of the curve y = f(x) at the point (x, f(x))
represents the derivative at that point

Negative
slope

Point of
tangency

Slope at a maximum
or minimum is zero

AAAAAAAAA

Let P(x, f(x)) be a fixed point on the curve; and Q(x + Ax, f(x + Ax)) be another
point, so Ay = f(x + Ax) — f ().

g
fix + Ax )

Ay  f(x+Ax) — f(x) s N
Msec = Ax Ax

i

Note that: At Ax, decreasing length (close to zero) the straight secant PQ more and
more applicability begins on the straight tangent at the point (x, f(x)). When
(Ax — 0), knowing that the slop straight tangent at the point (x, f(x)) represents a
derived function at that point.

. . A
My, = limy, o Mg = Al;r_)r})A_z
Ay f(x+Ax) — f(x)

fr0) = lim 3 = A Ax




Remark: When the value of the limit exist, the function is called differentiable
function, and f " is called the derivative of f at x.

Remark: The equation of the tangent line at a point (x4,y;) is given by the
following form:

(y - yl) = Mygn (X — Xq)
Definition: The normal line of the curve is the line that is perpendicular to the
tangent of the curve at a particular

-1
mJ_ ==
Myagn

Remark: The equation of the normal line at a point (x4,y,) IS given by the
following form:

y—y1)=m,(x—xq)

Note: f'(x) =y = dy _ df(x)

dx dx

Example 1: Let f(x) = 4x — 2, find f '(x)by using the definition?

Solution:-

vooo . S+ Ax) = f(x)
fre) = fim Ax
o [4(x+ 4x) — 2] — (4x — 2)
= lim
Ax—0 Ax
 4Ax+44x—2—4x+ 2
= lim
Ax—0 Ax
4Ax

= lim — =
Ax—0 Ax




Example 2: Let f(x) = +/x, find the equation of the tangent line and normal line at
the point (4,2) by using the definition?

Solution:-
We need to find: m,, = f'(x)
(4,2) 4.2)
o = 1 Vx + Ax —/x
frx) = A)lcr—r}o Ax

I VX +Ax —vVx Vx+ Ax ++/x
= lim :
Ax—0 Ax Vx + Ax ++Vx

_ lim (x+A4x) — x
4x-0 Ax(Vx + Ax + /x)

_ lim 1 _ 1 _ 1
A-0+x + Ax +Vx  Vx+Vx  2Vx
1 1 1

= My = == My, = f'(x - =7
Now, we need to find the equation of the tangent line at the point

(x1,¥1) = (4,2)
(y - Y1) = mtan(x - xl)

1
:y—ZzZ(x—él)
1 +1
= = —
y 4x

Next, we need to find the equation of the normal line at the point




(x1,¥1) = (4.2)

v —y1) =my(x —xq)
= (y—2)=—4(x—-4)=y=-4x+18

Problem 4.1:

1. find f '(x)by using the definition of the following functions:
(@)x? (b) 4—+Vx+3

2. Let f(x) = x?, find the equation of the tangent line and normal line at the
point (3,9) by using the definition?

3. Let f(x) = Vx + 3, find the equation of the tangent line at x=3?

Differentiable VS. Continuous:

Theorem: If f(x) is a differentiable function at x,, then it is a continuous function
at xg.

Proof: To prove f(x) is continuous function at x,, we need to show:
lm £ = fxo) (e limyy, [f(0) = f(xo)] = 0)
Suppose that:

Ax =x—xy=>x=xy+Ax = f(x) = f(xy + Ax)

Hence, when x — xy,Ax — 0




Al)l'cr_r)lo () = fxp)] = Aljicr_r)lo [f (xo + Ax) — f(x0)]

I f(xo + Ax) — f(x0)

= |lim - Ax
Ax—0 Ax

_ f(xo +Ax) — f(xo) .

— m . hHle
Ax—0 Ax Ax—0

=f'(x9)-0=0

Note: The inverse of the above theorem is not true.

(i.e., If f(x) is a continuous at x, then it is not necessary to be differentiable at x, )

Example: Let f(x) = |x|,and x, = 0.

From the above plot f(x) = |x| is contimous at x, = O.
However, f(x) = |x| is not differentiable at x, = 0.
Proof:

'-'|x|={x x =0
—x x<0
) _( Ax Ax =0
- lel_{—Ax Ax < 0

o = im [EHA0 =G

Ax—-0 Ax
|x + Ax| — |x|

Ax—0 Ax
, |0+ Ax| —|0|
f7(0) = lim

Ax—-0 Ax




Hence, LY =limp, o+ = 1&L7 = limpy_o- = —1
Since, LV+L” = The limit does not exists.
~ f(x) is not a differentiable function at x, = 0

General Theorems of Differentiation

Theorem(1): If f(x) = c, ¢ be a constant, then f'(x) = 0.

Theorem(2): If f is a differentiable function at x and let ¢ be a constant, then (c f)
is differentiable at xand (¢ f)'(x) = ¢ f'(x).

Theorem(3): If f and g are two differentiable functions at x then (f +g) is
differentiableatxand (f+g9)'(x) = f'(x) + g'(x).

Remark: In general, If f;,f,, ..., f,, are differentiable functions at x then (f; +
fo + ...+ f,) isdifferentiable at x and

i1t fot 2 )= FO ™t (f) @)% (fo) ).
Theorem(4): If f(x) = x™, where n>0, then  f'(x) = nx™ 1.

Theorem(5): If f and g are two differentiable functions at x then (f.g) s
differentiableatxand (f.g)'(x) = f(x).g'(x) + f'(x). g(x).

Remark: In general, If f, g and h are differentiable functions at x then (f.g.h)
Is differentiableat xand  (f.g.h)'(x) = f(x)(gh)'(x) + (f)'(x)(g.h)(x)
6




= f(x)(g). h'(x) + g'(x). h(x)) + (f)'(x). g(x). h(x)
= (f)'(®).g(x).h(x) + f(x). g’ (x). h(x) + £(x).g(x).h'(x) .
Theorem(6): If f and g are two differentiable functions at x and g(x) # 0 then

(—) is differentiable at x and ( ) (x) = g f’ EJ;)(xf)(;)g ®)

Theorem(7): If g is a differentiable function at x , f is a differentiable function at
g(x)and h = f o g then (f o g) is differentiable at x and

h'(x) = (fo9) (x) = f'(g(x)). g'(x).

Theorem(8): If f is a differentiable function at x and y = (f(x))" wheren € Z,
then (y) is differentiable at x and

d n—
y === () = n(f)" . (N @)

Problem (4.2):

1. Find the derivative of the following functions:

21o\% +2x2)(1+x3
9y = (ar) () fxy = L2200)
b) y = 2Vx - 1)* (g)f(x)=\/x+ 1+Vx
©)y =V3—x2 (WF() =3 — =
@) Fw) =+ Vi + Y () f) =32
&) F(x) = (3 + 2)%(1 — x?)?3 () f(2) = 22(2% + 1) 73

2. Let f(x) = x and g(x) = x?, what is the value of x that makes the tangent
line of two curves are parallel.

3. Let f(x) = what Is the value of x that make the tangent of the curve

when it is parallel to the line x+ 8y =10

7




Chain Rule:

_ _ dy _dy dx
1. If y = f(x) and x = g(t), then F7imir
d dy
2. 1f y = f(x) and t = g(x), then d—{ =
dx
Examplel: Let y = 3x — 1 and x = 2¢, find %?
Solution:
dy  dy dx
dt  dx dt
=3)-(2)=6

ORiy=3x—1=32t)—1=6t—1=6

Example2: Lety = t2 — 1and x = 2t + 3, find 2 ?

Solution:-
d
dy d_3t] Zt—t x—3
dx  dx 2 2
dt

Problems (4.3): Find % for the following functions:

lL.y=u>+1,u=x%+3 5.y=z§,z=x2+1

2.y=3t2—-1,x=6t—1 6.y=w?—w"l w=3x

3.y=i,x=L 7.y=2v3+%,v=(2x+2)§
1+t 2+t v

4y =t2 x = — 8.y= W u=+2x+1

u?+1’




Implicit Differentiation

. 2 5 — 0 find 2 and & 2
Examplel: Let x* + xy + y> = 0, find — and v

Solution:-
To find Z—f;, we derive implicitly for x by considering y is an implicit function of x.

v x2+xy+y° =0
ax v, a4y _
_>2xdx+(xdx+ydx)+5y dx_o
-»2x+xy +y+5yty' =0
- xy +5y*y' = -2x—y

, ., dy —2x-—y

To find Z—;, we derive implicitly for y by considering x is an implicit function of y.

vxt+xy+y° =0

) dx+ dx £
- — — = —X —
xdy ydy X y

(2x 4 ) 5t dx —x-—5y*
- — = —X — - =

x yd XTS dy 2x +y

Ldx o, 1 1

Notethat.d—y—x _?_E

Example 2: Find the equation of the tangent line and normal line of the curve
x?+y%=2at(1,1).




Solution:- == x2 + y2 = 2

2y s ax 2y =0 =y =

—_— J—— : = = —

X+ 2y x + 2yy V=5
' — _1_ _

Hence,y'|(1,1) = My, Gy -1 1

The equation of the tangent line: (y — y;) = m,,, (x — x;)

= -1 =-1(x—-1)
> yy-1)=—x+1

> y=—-x+2
1 = m; =__1= 1
Mtan (1,1) -1

The equation of the normal line: (y — y;) = m  (x — x;)

Since,m (1,1 =

S@y-D=1x-1)=>@y-1H)=x—-1=>y=x
Problems (4.4):

1 Find the slop of the tangent line of the curve x? + xy + y? = 7 at the point
(1,2).

2 Find the slop of the tangent line of the circle equation 8x2 + 8y? = 232 at the
point (—5,2).

3 Find the equation of the tangent line and the normal line of the curve xy? +
yx? +y% = 0 at the point (1,1).

4 Find 2 and < for the following functions:
dx dy

a) x3y2+2xy—x+3y=6 b)x?+x3=y+y* C)§+§=x+y
d) x2—/xy+y?=6 e)x3+y3—9xy =0 f) xy? + yx? = 3y3
9 2—y3+yx?=5 h) (1+x2y)% +x/y=9

High-Order Derivative

10




Lety = f(x), then:
fa+Ax) —f() _dy _

! = 1i I = (€Y) 1 1 1
f(x) AlychBO A Ix y' = y'" [First Derivative]
fle+AMx) = f'(x) _d% o
rn = i = = v = y(2)
(%) Alalcrllo A T2 y y**) [ Second Derivative]
f'x+8x) = f"(x) _d% . L
rr — | = = v = (3)
" (x) Alalcrllo A 73 =Y y**) [ Third Derivative]

FOO@+Ax) = FE D) d®y

f(n) (x) = lim yMW neN [nthDerivative]

Ax—0 Ax dx®™
dz d (d as d (d? an d (a®-1)
Notes:—yz—(—y),—y=—(—y),..., y=—( _y)
— dx? dx \dx/)’ dx3 dx \dx?2 dx"  dx \dx(@-1)

Example: Let y=2x3+x%—-1, Find y®,y® yG & and y©
Solution:-

vy =2x3+x%-1

= y® =6x2 +2x
= y®@ =12x+2
= y® =12

—

Problems (4.5): Find y’, y"" and y""" for the following:

1.y=x"—x*+4x + 33
2.y =—4+2x%* —7x3 + x*
3.y =-x2—100

4, y=x3—-9x—5

5.y =—x3—9x% - 23

6. y = —3x% — 4x3 + x*

11
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Rolle's Theorem: Let f(x) be a continuous function on [a,b], and f is differentiable
on (a, b). If f(a)=f(b), then there exist ¢ € (a,b) suchthat f'(c) =0.

&y
Fodle's Theomram

rx

Example 1: Let f(x) = x? — 3x + 2. Show that f(x) satisfy Rolle's theorem on
[1,2].

Solution:-
f(x) is continuous on [1,2]. (because f(x) is a polynomial function)
f (x) is differentiable on (1,2 ). (because f (x) is a polynomial function)
a=1andb =2
f@=f1)=1-31+2=0
fb)=f(2)=22-3(2)+2=0
= f(a) = f(b)
From above Rolle's theorem is satisfied, and hence 3¢ € (1,2) s.t.
f'(e)=0
v fi(x) =2x-3
= f'(c)=2c—-3=0

3
:»2c—3=0=>c=§€(1,2)

12




Example 2: Let f(x) =1 — |x|. Show that f(x) does not satisfy Rolle's theorem
on[—1,1].

Solution:-

f(x) is continuous on [—1,1]. (because f(x) is a polynomial function) But, f(x) is
not differentiable at = 0 ?

o) = 1 1—|x+Ax|—1+|x|_l_ —|x + Ax| + |x|
fe) = Ax S0 Ax = Axso Ax
, ~ —|0+ Ax| + |0] - —|Ax|
f1(0) = Alalcrgo Ax B Al)lcr_n)o Ax

_ —Ax _ _ —(—Ax)
[It= lim —=-1,L7 = lim ————=1
Ax—0t Ax Ax—0~- Ax

-+ L¥ # L~ - the limit does not exist at 0.

Hence, f'(0) dose not exist.
Therefore, f(x) dose not satisfy Rolle's theorem on [-1,1].

The Mean Value Theorem: Let f(x) be a continuous function on [a, b] and f is
differentiable on (a, b) then there exist at least one point c € (a, b) such that:

oy _fB) — f(@
fie=———

Mear Wakse Theaoram

Note: Rolle's theorem is a special case from the Mean Value Theorem.

13




Examplel: Find the value of c that satisfies the Mean Value Theorem, where
f(x) =x* x€[0,1].

Solution:-
f(x) is continuous on [0,2]. (because f(x) is a polynomial function)

f (x) is differentiable on ( 0,2).

From above Mean Value theorem is satisfied, and hence 3¢ € (0,2) s.t.

: f(b) = f(a)
frlo)=——
va=0=f@)=f0)=02=0
vb=2=1f(b)=fQ2)=2%2=4
= f'(x) =2x= f'(c) = 2c

B —f@ 4-0
A e

= 2c=4=c=1€(0,1).

Example 2: Let f(x) = x3 —3x and f:[a,0] > R where f satisfies the Mean
Value Theorem at c=-1, find the value of a

Solution:- £ (c) = %
= ') =3x2-3=f'(c)=f'(-1) =3(-1)2-3=0
+a=?andb=0=
— 2_o_ 2 2
Hence, 0 = [O=f(@ _ 3(0?-3-3@?+3 _ a’-3a

0—a 0—a a

—a2—-3a=0=a’=3=a=+V3=a=-/3=-1.7.

Problems (4.6):

1. Check whether the following functions satisfy the Rolle's theorem or not?
a) f(x) = (2 —x)% on [0,4] b) f(x) = 9x + 3x? — x3 on [-1, 1].

2. Find the value of ¢ that satisfies the Mean Value Theorem, where
f(x) =x?—6x+4, x€[-1,7].

14




3. Let f(x) = x%? —4x, and f:[0,b] » R where f satisfies the Mean value
theorem at c=2, find the value of b?

L "Hopitals Rule:

Let fand g be differentiable functions at x,, lim,_y_ ! Exi % ,Where lim g'(x) +
X—Xq
flx) _ too
0. (Or hmx_,xo 70 +_oo)
. f@® _ . f' (%)
Then lim,_,, el X% g7z
2_
Examplel: Find lim,_,, %
Solution:-
v limx? —3x+2=0and limx?—-1=0
x—1 x—1
1 x2—3x+2_l_ 2x—3 1
Cal xZ—1 xo1 2x 2
Example2: Find lim,_, 22 “x+4.
Solution:-
v 1lim2 —vVx+4=0andlimx =0
x—0 x—0
_ —Vx +4
lim
x—0 x
0—5 (x + 4)2
= lim
x—0 1
1 1 11 1
= ——-lim =—=-==—-
2 x-0 Vx + 4 2 2 4

Another Method: by multiplying by the conjugate:

15




2—+Vx+4

lim
x—0

X
2—Vx+4 24+Vx+4

= lim
x-0 X 2+Vx+4
o 4—-(x—-4)
= lim
=0 x(2 —vV2+4)
—X —1 -1 —1

= lim

02 +Vx+4) 2+0+4 2+2 4

Problems (4.7): Find the following limits if it exists:

_ x?+2x—8 _ Vx +9—3
Dlim,,_,, 7 _9r 114 2)lim,._,, "

_ x?+5x +4 _ 4x3 +3x2 —8x + 1
3)limee x2—4x—5 Dlim,e x3—2x24+3x—6

_ x?—3x+2 _ x3 + 4x? — 5x
5)lim,_, R 6)lim,._, o ox

Increasing and Decreasing Functions:

Definition: A function f is defined on an interval [a, b] is said to be increasing on
[a,b] ifVx;,x, 2a<x; <X, <b= f(x;) < f(xy).

Example: Let f(x) = x3 on [-2,2].
—2<-1=f(-2)=-8<-1=f(-1)
“1<1=f(-1)=-1<1=f(1)
1<2=f(1)=1<8=Ff(2)

sVa b € [-22] = f(a) < f(b)

~ f(x) is an increasing function on [—2,2]

16




Definition: A function f is defined on an interval [a, b] is said to be decreasing on
[a,b] ifVx;,x, Da<x; <X, <b= f(x;) > f(x,).

Example: Let f(x) = —x3on [-2,2].

2<-1=f(-2)=8>1=f(-1)
—1<1=f(-D=1>-1=f(1) =
1<2=f(1) =-1>-8=f(2)

v Va,b € [-2,2] = f(a) > f(b)

= -

= f(x) is a decreasing function on [—2,2].

Definition: Let f be defined and continuous function on [a, b], and let x, € [a, b],
then (xo, f(x,)) is said to be a Critical Point of f < f'(x,) = 0 or f'(x) is not
defined.

Example 1: Let f(x) = x? be defined and continuous on [—1,1]. Find the critical
points (if exists)?

Solution: f'(x) =2xWhen f'(x) =0=2x=0=x=0
Hence, (xo, f(x0)) = (0,0) is a critical point.

4 2
Example 2: Let f(x) = = — = be defined and continuous on all the real numbers.

Find the critical points( if exists)?

Solution:
When f'(x) =0=x?—-x=0=x(x—1)=0=x=0o0rx=1
Hence, (0, f(0)) =(0,0) and (1, f(1))= (1, —%) are the critical points.

Example 3: Let f(x) = |x| be defined and continuous on [-1, 1]. Find the critical
points( if exists)?

Solution:
0 € [—1,1], but f'(0) does not exists

Hence, (0, f(0)) =(0,0) is critical points.
17




Theorem: Let f be a function that is continuous On [a, b] and differentiable on
(a, b), then:

1. If f'(x) >0 Vx € (a,b),then f is increasing on [a, b].
2. If f'(x) < 0 Vx € (a,b), then f is decreasing on [a, b].
3. If f'(x) =0 Vx € (a,b), then f is constant on [a, b].

m f(x) f(x) > 0, ftx) Increasing

f’(x)=0,
f(x) is constant
v\
~
\‘~ N

f '(x) <0, ftx) Decreasing

Definitions:

Absolute Minimum-occurs at a point ¢ if f(c) < f(x) for x all values in the
domain.

Absolute Maximunt - occurs at a pointc if f(c) = f(x) for all x values in the
domain. A

<€ >
C
v Absolute Maximum at ¢

Local Minimum-occurs at a point ¢ in an open interval, (a, b), in the domain if
f(c) < f(x) for all x values in the open interval.

A

Local Minimum at ¢

18




Local Maximum-occurs at a point ¢ in an open interval, (a,b), in the domain if
f(c) = f(x) for all x values in the open interval.

A

Example: Let f(x) be define on

Find the absolute maximum, absolute minimum,

minimum points.

Solution:

Absolute Maximum: (4, 5)
Absolute minimum: (2, -6)

Local maximum: (-1, 2) and (4, 5)
Local maximum: (-3, -2) and (2, -6)

First Derivative Test
1) If the sign changes from “+” to

[—4,5] as given in the following plot.
local maximum and local

‘e

T T T

b
3

T T T T

“-“at c, then c is called a local maximum

“+“ at ¢, then c is called a local minimum

point.
2) If the sign changes from “-” to
point.
fix)
-
fle) 4 —T—
f'(x) == — G,
(A) Rc)isa

local minimum

>~ X

c

') B — — — —

(B) fl(c)is a
local maximum

19




Example 1: Let f(x) = x3 — 6x% + 1. Using the First Derivative Test, find the
local maximum and minimum points.

Solution:
First, we need to find the critical points ( f'(x) = 0 ):

v f(x)=x3—-6x>+1= f'(x) =3x%—12x
flx)=0=3x2-12x=0=3x(x—4) =0

Hence, f(x) has critical points at x = 0,4.

Increasing Intervals: (—00,0) and (4, 00)
Decressing Interval: (0,4)

£il

@ e e x
/ u \ d/'

f(x) has local maximum at x =0, and (0,1) is a local maximu point.
f(x) has local minimum at x = 4, and (4, —31) is a local minimu point.

Example 2: Let f(x) = x3 — 6x% + 9x — 8 on (0,5). Using the Firs Derivative
Test, find the local maximum and minimum points.

Solution:
First, we need to find the critical points ( f'(x) = 0):

v f(x)=x3—-6x?4+9x—-8= f'(x) =3x*—12x+9

flx)=0=3x2—-12x+9=0
= 3(x?—4x+3)=0=>x-1Dx-3)=0

Hence, f(x) has critical points at x = 1,3.

Increasing Intervals: (0,1) and (3,5)
Decreasing Interval: (1,3)

20
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f(x) has local maximum at x =1, and (1,—4) is a local maximum point.
f(x) has local minimum at x = 3, and (3, —8) is a local minimum point.

Definition: The graph of a differentiable function y = f(x) is concave up on an
interval where y’ is increasing and is concave down on an interval where y’ is
decreasing .

Definition: An inflection point is a point on a curve where the curve change from
being concave down (going up, then down ) to concave up (going down, then up),
or the other way around.

Second Derivative Test for Local Maxima and Minima

If f'(x) =0 and f''(x) > 0 then f has a local maximum at x=c. (i.e. f is
concave up)

If f'(x) = 0and f”"(x) < 0then f has a local minimum at x=c. (i.e. f is concave
down) f'(x)=0 -

Inflection point

' : Concave up
/ 8 i 0

x3 — 6x2 + 1)

Concave

nimum points. |

— ["(x)

Example 1: Let f(x)
local maximum and

sing-the Second Derivative Test, find the

fflx) =10
Solution:
First, we need to find the critical points (f'(x) = 0):

fx) =x3—6x? +1= f'(x) = 3x* — 12x
ffx)=0=3x2-12x=0=3x(x —4) =0

Hence, f(x) has critical points at x = 0,4.

() =3x2—12x = f"(x) = 6x — 12
flfx)=0=6x—-12=0=x =2

v f(0) = =12 = f(x) "Concave Down" on (—oo, 2),

21




and has local Maximumat" x =0 ".
v f"(4) =12 = f(x) "Concave Up" on (2, ),

and has local Minimum at " x =4
f(x) has an inflection point at x = 2 because the function concave down then
concave up.

[0 =-12 <0 Frig)=12=0
Example 2: Let f(x) = x3 — 6x? + 9x — 8 on (0,5). Using the Second Derivative
Test, find the local maximum and minimum points.

Solution:
First, we need to find the critical prints ( f'(x) = 0):

v f(x)=x3-6x24+9x—-8= f'(x) =3x*—12x+9
ffx)=0=3x2-12x+9=0
>3x?—4x+3)=0=>(x-1Dx-3)=0

Hence, f(x) has critical points at x = 1,3.

v () =3x%2 —12x + 9 = [ (x) = 6x — 12
ffx)=0=>6x—-12=0=>x=2

(1) = -6=<0 f{3)=6=0
0 1 3 5
v f"(1) = =6 = f(x) "Concave Down" on ( 0,2), and has local Maximum at "

x=1 "
v~ f"(3) = 6 = f(x) "Concave Up" on (2,5),and has local Minimumat" x = 3 ™.

f(x) has inflection point at x=2 because the function concave down then concave up.

22




Problems (4.8):

1 By using the First Derivative Test, check whether the critical points are local
maximum or minimum points, and specify the increasing and decreasing
intervals.

@) f(x) = %xz —x,x € [0,2]

(b) f(x) =x?2+§x2 + 6x,x € R
) f(x) =x3—x,x € [-2,2]

2 By using the Second Derivative Test, check whether the critical points are
local maximum or minimum points, and specify the concave up and concave
down intervals.

@ f) =% -5 —4x € [-25]
(b) f(x) =%3+§x2 + 6x,x € R

© fe) =5 -5 -2 x e[-33)
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