Chapter Four
Metric Space

Definition (Metric Space):

Let X be any nonempty set, the function d: X X X — Ris called metric on X if d satisfies:
M;: d(x,y) =0

My: d(x,y) =0 x=y

Mj: d(x,y) = d(y,x)

My: d(x,y) < d(x,z) +d(z,y)

Vxvyz€X

The pair (X, d) is called metric space.

Example (1):

letX = R, d: R X R - R, defined as follows d(x,y) = [x — y|, Vx,y € R.

Show that (R, d) is a metric space.

Answer:

Letx,y,z€R

My: “lx—y|=20 =dx,y)=|lx—y|=0

M, dx,y) =0 |x—y|l=0x—-y=0=x=y

M3: d(x,y) = |x -yl =y —x| =d(y,x)
My:dx,y)=lx—yl=lx—z+z—-y|<|x—z|+|z—y| =d(x,z) + d(z,y).
~ d ismetricon R

(R, d) is metric space called absolute metric (usual metric space).



Some Important Inequality:

1. Cauchy-Schwartz Inequality

Let a4, ay, ..., Qy, by, by, ..., by, are real numbers then

Sala+ bl < [Sioaf. (5L, b7

2. Minkowski Inequality

Let a4, ay, ..., Qy, by, by, ..., b, are real numbers then

VI @ T by < [Tt + (S0t

Example (2):

Let X = R?, d: R? X R? - R, defined as follows d(x,y) = \/(xl —x3)% + (y; — y,)?
Vx = (x1,71),y = (x5,7,) € R%. Is (R?,d) forms metric space ?
Answer:
Letx = Cxy,¥1),y = (x2,¥2), Z = (x3,¥3) € R
o \/(x1 —x)2+ (1 —¥.)? =20 =~ d(x,y) = \/(x1 —x2)*+ (1 —¥2)2 20
My: d(x,y) = 0 & G —%,)2 + (G =702 = 0
S (X —x)%+ (1 —¥2)* =0

= x;—x,=0andy; —y, =0

S xy=xandy; =y, S x =Y.

Ms: d(x,y) = \/(x1 —x)2+ (1 —y2)2 = \/(xz —x1)?+ (v, —y1)? =d(y,x).
My:d(x,y) = \/(x1 —x3)% + (1 — ¥2)?

=\/(x1—x3 +x3 = %)%+ (yy —y3 + Y3 — ¥2)?

< \/(xl —x3)%+ (y; —y3)? + \/(xg —x5)%+ (y3 — y,)? = d(x,z) + d(z,v). (By using Minkowski
Inequality)

=~ d is metric on R?, (R?,d) is a metric space called (Euclidian metric space).
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1, x #
Example (3): Let X be any nonempty set, d: X X X — R defined as follows d(x,y) = {0 i _ i Vx,y€EX

Show that (X, d) is a metric space.
Answer:

M;: d(x,y) =20,Vx,y€X

My: d(x,y) =0 x=y,Vx,y€X

1, x # 1, v+x

My de ={y 120 ={) 275 =dwm,vayex
1, X +

M4_: d(X;_'V)={O x=§

1. fx=y and y=z=x=z
d(x,y) =0<d(x,z)+d(z,y)=0
2. fx#y and y#z=>x #z
d(x,y) =1<d(x,z) +d(z,y) =2
3.fx=y and y#z=>x #z
d(x,y) =0<d(x,z) +d(z,y) =2
4 lfx+y and y=z=x+Z
dix,y) =1<d(x,2z) +d(z,y) =1
~d(x,y) <d(x,z)+d(z,y),Vx,y,z€X

~ (X, d) is metric space



Example (4):

Let X = C[a, b], d:C[a, b] X C[a, b] = R, defined as follows
d(f,g) = max{|f (x) — g(x)|:x € [a, b]}, ¥f, g € C[a, b]
Show that (C[a, b], d) is a metric space.
Answer: Let f,g,h € C[a, b]
My = |f(x) —g(x)| = 0,Vx € [a, b] =+ d(f,g) = max{|f(x) — g(x)|:x € [a,b]} = 0
M,:
d(f,g9) = 0 & max{|f(x) — g(x)|:x € [a,b]} = 0
e|f-gl=0= fx)—gx) =0 f(x) =gkx),VxElab]l = f=g

Ms:d(f, g) = max{|f (x) — g(x)|: x € [a, b]} = max{|g(x) — f(x)|:x € [a,b]} = d(g, f)
M,:
d(f,g) = max{|f (x) — g(x)|:x € [a, b]}

= max{|f (x) — h(x) + h(x) — g(x)|:x € [a,b]}

< max{|f(x) — h(x)|:x € [a, b]} + max{|h(x) — g(x)|:x € [a,b]} = d(f,h) + d(h, g)

~ (C[a, b], d) is a metric space.



