
Chapter Four 

Metric Space 

Definition (Metric Space):            

Let 𝑋 be any nonempty set, the function 𝑑: 𝑋 × 𝑋 → ℝ is called metric on 𝑋 if 𝑑 satisfies: 

𝑀1:  𝑑(𝑥, 𝑦) ≥ 0 

𝑀2:  𝑑(𝑥, 𝑦) = 0 ⟺ 𝑥 = 𝑦 

𝑀3:  𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥) 

𝑀4:  𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦) 

∀ 𝑥, 𝑦, 𝑧 ∈ 𝑋 

The pair (𝑋, 𝑑) is called metric space. 

Example (1): 

Let 𝑋 = ℝ, 𝑑: ℝ × ℝ → ℝ, defined as follows 𝑑(𝑥, 𝑦) = |𝑥 − 𝑦|,  ∀𝑥, 𝑦 ∈ ℝ.  

 Show that  (ℝ, 𝑑) is a metric space. 

Answer: 

Let 𝑥, 𝑦, 𝑧 ∈ ℝ 

𝑀1:  ∵ |𝑥 − 𝑦| ≥ 0 ⟹ ∴ 𝑑(𝑥, 𝑦) = |𝑥 − 𝑦| ≥ 0 

𝑀2:  𝑑(𝑥, 𝑦) = 0 ⟺ |𝑥 − 𝑦| = 0 ⟺ 𝑥 − 𝑦 = 0 ⟺ 𝑥 = 𝑦 

𝑀3:  𝑑(𝑥, 𝑦) = |𝑥 − 𝑦| = |𝑦 − 𝑥| = 𝑑(𝑦, 𝑥) 

𝑀4: 𝑑(𝑥, 𝑦) = |𝑥 − 𝑦| = |𝑥 − 𝑧 + 𝑧 − 𝑦| ≤ |𝑥 − 𝑧| + |𝑧 − 𝑦| = 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦). 

∴ 𝑑  is metric on ℝ 

(ℝ, 𝑑) is metric space called absolute metric (usual metric space). 

 

 

 

 

 

 



Some Important Inequality: 

1. Cauchy-Schwartz Inequality  

             Let 𝑎1,  𝑎2, … ,  𝑎𝑛 ,  𝑏1, 𝑏2, … ,  𝑏𝑛 are real numbers then  

               ∑ |𝑎𝑖 + 𝑏𝑖| ≤  √∑ 𝑎𝑖
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2. Minkowski Inequality 

      Let 𝑎1,  𝑎2, … ,  𝑎𝑛 ,  𝑏1, 𝑏2, … ,  𝑏𝑛 are real numbers then 

          √∑ (𝑎𝑖 + 𝑏𝑖)2𝑛
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Example (2): 

 Let 𝑋 = ℝ2, 𝑑: ℝ2 × ℝ2 → ℝ, defined as follows  𝑑(𝑥, 𝑦) = √(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2  

 ∀𝑥 = (𝑥1, 𝑦1), 𝑦 = (𝑥2, 𝑦2) ∈ ℝ2. Is  (ℝ2, 𝑑) forms metric space ?  

Answer: 

Let 𝑥 = (𝑥1, 𝑦1), 𝑦 = (𝑥2, 𝑦2),  𝑍 = (𝑥3, 𝑦3) ∈ ℝ2  

𝑀1: ∵ √(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2 ≥ 0 ⟹ ∴ 𝑑(𝑥, 𝑦) = √(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2 ≥ 0 

𝑀2:  𝑑(𝑥, 𝑦) = 0 ⟺ √(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2 = 0 

        ⟺ (𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2 = 0 

       ⟺ 𝑥1 − 𝑥2 = 0 and 𝑦1 − 𝑦2 = 0 

       ⟺ 𝑥1 = 𝑥2 and 𝑦1 = 𝑦2 ⟺ 𝑥 = 𝑦. 

𝑀3:  𝑑(𝑥, 𝑦) = √(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2 = √(𝑥2 − 𝑥1)2 + (𝑦2 − 𝑦1)2 = 𝑑(𝑦, 𝑥). 

𝑀4: 𝑑(𝑥, 𝑦) = √(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2           

                      = √(𝑥1 − 𝑥3 + 𝑥3 − 𝑥2)2 + (𝑦1 − 𝑦3 + 𝑦3 − 𝑦2)2 

                  ≤ √(𝑥1 − 𝑥3)2 + (𝑦1 − 𝑦3)2 + √(𝑥3 − 𝑥2)2 + (𝑦3 − 𝑦2)2 = 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦). (By using Minkowski 

Inequality)     

∴ 𝑑 is metric on ℝ2,  (ℝ2, 𝑑) is a metric space called (Euclidian metric space). 

 

 

 



Example (3): Let 𝑋 be any nonempty set, 𝑑: 𝑋 × 𝑋 → ℝ defined as follows  𝑑(𝑥, 𝑦) = {
1, 𝑥 ≠ 𝑦
0, 𝑥 = 𝑦

 , ∀ 𝑥, 𝑦 ∈ 𝑋 

Show that  (𝑋, 𝑑) is a metric space. 

Answer:    

𝑀1:  𝑑(𝑥, 𝑦) ≥ 0, ∀ 𝑥, 𝑦 ∈ 𝑋 

𝑀2:  𝑑(𝑥, 𝑦) = 0 ⟺ 𝑥 = 𝑦, ∀ 𝑥, 𝑦 ∈ 𝑋 

𝑀3:  𝑑(𝑥, 𝑦) = {
1, 𝑥 ≠ 𝑦
0, 𝑥 = 𝑦

 =  {
1, 𝑦 ≠ 𝑥
0, 𝑦 = 𝑥

 = 𝑑(𝑦, 𝑥), ∀ 𝑥, 𝑦 ∈ 𝑋 

𝑀4:   𝑑(𝑥, 𝑦) = {
1, 𝑥 ≠ 𝑦
0, 𝑥 = 𝑦

   

1. If 𝑥 = 𝑦   𝑎𝑛𝑑  𝑦 = 𝑧 ⟹ 𝑥 = 𝑧 

      𝑑(𝑥, 𝑦) = 0 ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦) = 0 

2. If 𝑥 ≠ 𝑦   𝑎𝑛𝑑  𝑦 ≠ 𝑧 ⟹ 𝑥 ≠ 𝑧 

            𝑑(𝑥, 𝑦) = 1 ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦) = 2 

3. If 𝑥 = 𝑦   𝑎𝑛𝑑  𝑦 ≠ 𝑧 ⟹ 𝑥 ≠ 𝑧 

            𝑑(𝑥, 𝑦) = 0 ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦) = 2 

4. If 𝑥 ≠ 𝑦   𝑎𝑛𝑑  𝑦 = 𝑧 ⟹ 𝑥 ≠ 𝑧 

            𝑑(𝑥, 𝑦) = 1 ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦) = 1 

     ∴ 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦), ∀ 𝑥, 𝑦, 𝑧 ∈ 𝑋 

∴ (𝑋, 𝑑) is metric space 

 

 

 

 

 

 

 

 

 

 



Example (4): 

Let 𝑋 = C[𝑎, 𝑏], 𝑑: C[𝑎, 𝑏] × C[𝑎, 𝑏] → ℝ, defined as follows 

 𝑑(𝑓, 𝑔) = max{|𝑓(𝑥) − 𝑔(𝑥)|: 𝑥 ∈ [𝑎, 𝑏]} , ∀𝑓, 𝑔 ∈ C[𝑎, 𝑏] 

 Show that  (C[𝑎, 𝑏], 𝑑) is a metric space. 

Answer: Let  𝑓, 𝑔, ℎ ∈ C[𝑎, 𝑏] 

𝑀1:  ∵ |𝑓(𝑥) − 𝑔(𝑥)| ≥ 0 , ∀𝑥 ∈ [𝑎, 𝑏] ⟹∴ 𝑑(𝑓, 𝑔) = max {|𝑓(𝑥) − 𝑔(𝑥)|: 𝑥 ∈ [𝑎, 𝑏]} ≥ 0 

𝑀2: 

𝑑(𝑓, 𝑔) = 0 ⟺ max{|𝑓(𝑥) − 𝑔(𝑥)|: 𝑥 ∈ [𝑎, 𝑏]} = 0 

⟺ |𝑓(𝑥) − 𝑔(𝑥)| = 0 ⟺ 𝑓(𝑥) − 𝑔(𝑥) = 0 ⟺ 𝑓(𝑥) = 𝑔(𝑥), ∀𝑥 ∈ [𝑎, 𝑏] ⟺ 𝑓 = 𝑔 

𝑀3: 𝑑(𝑓, 𝑔) = max{|𝑓(𝑥) − 𝑔(𝑥)|: 𝑥 ∈ [𝑎, 𝑏]} = max{|𝑔(𝑥) − 𝑓(𝑥)|: 𝑥 ∈ [𝑎, 𝑏]} = 𝑑(𝑔, 𝑓)  

𝑀4:   

𝑑(𝑓, 𝑔) = max{|𝑓(𝑥) − 𝑔(𝑥)|: 𝑥 ∈ [𝑎, 𝑏]} 

= max{|𝑓(𝑥) − ℎ(𝑥) + ℎ(𝑥) − 𝑔(𝑥)|: 𝑥 ∈ [𝑎, 𝑏]} 

≤ max{|𝑓(𝑥) − ℎ(𝑥)|: 𝑥 ∈ [𝑎, 𝑏]} + max {|ℎ(𝑥) − 𝑔(𝑥)|: 𝑥 ∈ [𝑎, 𝑏]} = 𝑑(𝑓, ℎ) + 𝑑(ℎ, 𝑔) 

∴ (C[𝑎, 𝑏], 𝑑) is a metric space. 


