Chapter 3: Solving a System of Linear Equations
3.1 BACKGROUND

Systems of linear equations that have to be solved simultaneously arise in problems that include
several (possibly many) variables that are dependent on each other. Such problems occur not only in
engineering and science but in virtually any discipline (business, statistics, economics, etc.). A system of two
(or three) equations with two (or three) unknowns can be solved manually by substitution or other
mathematical methods (e.g., Cramer's rule ). Solving a system in this way is practically impossible as the
number of equations (and unknowns) increases beyond three.

3. 1. 1 Overview of Numerical Methods for Solving a System of Linear Algebraic Equations

The general form of a system of n linear algebraic equations is:
11X + A12Xs + -+ ApXy = bl
Ap1X1 + Ao2Xg + 4+ AapXy = bg (3”
An1 Xy + ApaXp + 0+ AunXpn = by
The matrix form of the equations is shown in Fig. 3-1.

ay ayg - a., II b]
ay Ay ... Uy, X = b!
Ap) Gy <= Ol | Xy b,

Figure 3-1: A system of n linear algebraic equations.
Two types of numerical methods, direct and iterative, are used for solving systems of linear algebraic
equations. In direct methods, the solution is calculated by performing arithmetic operations with the
equations. In iterative methods, an initial approximate solution is assumed and then used in an iterative
process for obtaining successively more accurate solutions.
Direct methods
In direct methods, the system of equations that is initially given in the general form, Egs. (3.1), is
manipulated to an equivalent system of equations that can be easily solved. Three systems of equations that
can be easily solved are the upper triangular, lower triangular, and diagonal forms. The upper triangular form
is shown in Egs. (3.2),
Qy1X; + QX5 + Ai3X3 + -+ QX = by
Ay3X; + AyaX3 + +++ AypX, = b,
Qy3X3 + -+ g%y = by 3.2)

ApnXn = by
and is written in a matrix form for a system of four equations in Fig. 3-2.

-‘-Tn ap ap ayl|x, b,
0 ay an ay||x, b,
0 0 Ay Ay X3 53
0 0 0 ay||x, b,

Figure 3-2: A system of four eguations in upper triangular form.



e system in this form has all zero coefficients below the diagonal and is solved by a procedure called back

stitution. It starts with the last equation, which is solved for x,. The value of x, is then substituted in the
next-to-the-last equation, which is solved for x,_ ;. The process continues, in the same manner, all the way up
to the first equation. In the case of four equations, the solution is given by:

_ by _ by —agx, _ b, - (ay3x3 + ay4%,4)
Xp=—= , Xyg=——=2= | X =
Aya aszb ( ; azz
=(Ayz2Xa+A13X3+aA14X
and xl — 1 122 13+3 1444

g
For a system of n equations in upper triangular form, general formula for the solution using back substitution
is:

b b=XT 4y aiyx ,
C .. R B R R TR R | (3.3)
Ayn ajgi

In Section 3.2 the upper triangular form and back substitution are used in the Gauss elimination method.
Exc: Write a program for Eq. (3.3).

3.2 GAUSS ELIMINATION METHOD

The Gauss elimination method is a procedure for solving a system of linear equations. In this
procedure, a system of equations that are given in a general form is manipulated to be in upper triangular
form, which is then solved by using back substitution (see Section 3.1.1). For a set of four equations with
four unknowns, the general form is given by:

11Xq + A12X, + 43X + A4X4 = bl (3.4!’1)
ﬂ.zlxl + ﬂzzxz + ﬂ23x3 + a24x4 = bg (3.4b) (q 4)
agl:f1 + agzxz + a33x3 + ﬂ34x4 = bg (3.4(:) o
Aa1X1 + QypXp + Q43X3 + AaXy = by (3.4d)
The matrix form of the system is shown in Fig. 3-3.
an G2 a3 | | x, b,
@y Gy Gy3 Gyl | x5 |y
ay) Gy Qg3 Gyg) | Xy b,
Qy) Gy Qg3 gy | x4 b,

Figure 3-3: Matrix form of a system of four equations.

In the Gauss elimination method, the system of equations is manipulated into an equivalent system of
equations that has the form:

= T =10

an 42 a3 au||x b,

0 a'y dyy dyy|x, b';
=

0 0 dydy|x, by
0 0 0 a'“ 14 b"'

Figure 3-4: Matrix form of the equivalent system.
In general, various mathematical manipulations can be used for converting a system of equations
from the general form displayed in Egs. (4.10) to the upper triangular form. One, in particular, the Gauss
elimination method, is described next. The procedure can be easily programmed in a computer code.



v
'auss elimination procedure (forward elimination)

The Gauss elimination procedure is first illustrated for a system of four equations with four
unknowns. The starting point is the set of equations that are given by Eqgs. (3.4). Converting the system of
equations to the upper triangular form is done in steps.

Step 1: In the first step, the first equation is unchanged, and the terms that include the variable x; in all the
other equations are eliminated. This is done one equation at a time by using the first equation, which is
called the pivot equation. The coefficient a,; is called the pivot coefficient, or the pivot element. To

eliminate the term a;;x; in Eq. (3.4b), the pivot equation, Eq. (3.4a), is multiplied by | and then the

equation is subtracted from Eq. (3.4b):
ayX)+ apXy +anxy tayx, = b,

myy (@ Xy + apXy +agxy+ayx,) = my b,

0+ (agy = myayy)xy + (Ggy — my ay3)x3 + (@gy— my ay4)xy = by—my b,
L ] L L 1 I—.l
d'y dy a'y b,

It should be emphasized here that the pivot equation, Eq. (3.4a), itself is not changed. The matrix form of the
equations after this operation is shown in Fig. 3-5.

ay 4y ap ayl|x, b,
0 a'y dy dal|xy| _ [
ay ay ayp ayl|x, b,
Ay dg Ay Au| (X4 by

Figure 3-5: Matrix form of the system after eliminating a;,* _
Next, the term ajx; in Eq. (3.4¢) is eliminated. The pivot equation, Eq. (3.4a), is multiplied by 1

and then is subtracted from Eq. (3.4c¢):
a3 X+ @ypX; +apXytayxy = by

my (ayxy tapx; tagxy tax,) = my b

:}'I'(an"l'ﬂ_”a]z)xz+(a:u—fﬂ_‘la”].xl+(au—ﬂ!3]al¢)x‘ s bj_"ljlbl.
| | | 1 1 l_b.'_..
] L]
a5 a5 a3y 3

The matrix form of the equations after this operation is shown in Fig. 3-6.

ay @y dyy aygl|x, b,
0 ﬂ.n du ﬂ.u 12
0 dn 0'33 0'34 x; b‘s

a4 g Qg3 Aey) | x4 by

Figure 3-6: Matrix form of the system after eliminating as,*



Next, the term ay.x; in Eq. (3.4d) is eliminated. The pivot equation, Eq. (3.4a), is multiplied by ¥
and then is subtracted from Eq. (4.3d):
Ag Xy tagpX; tagx, +ayx, = by

mgy(ayx) tapx; +apxy tagx,) = myb

0+ (ag—my ay)xy + (ag3 — My G13)xy + (agy — My ay4)xq = by—my by

L 1 L 1 L ] | P— ]
dy @'y d 44 by
This is the end of Step 1. The system of equations now has the following form:
11X + Q12X3 + Q13X3 + A14%3 = by (3.5a)
0+ aj,x; +asxs+asx,=Db; (3.5b) 3.5)
0+ a3;x; + az3x; + azex, = by (3.5¢) ’
0+ airX; + QizXxs + AyeXxy = by (3.5d)

The matrix form of the equations after this operation is shown in Fig. 3-7. Note that the result of the
elimination operation is to reduce the first column entries, except a;; (the pivot element), to zero.

aj dypp a3 au||x, by
0 G"nﬂ'udz‘ X5 _ b'z

0 a'y dy; dyyf |x, by
0 a'ﬂdﬂdﬂ X3 b'.

—

Figure 3-7: Matrix form of the system after eliminating a,,*
Step 2: In this step, Eqgs. (3.5a) and (3.5b) are not changed, and the terms that include the variable x; in Egs.

(3.5¢) and (3.5d) are eliminated. In this step, Eq. (3.5b) is the pivot equation, and the coefficient a';; is the
pivot coefficient. To eliminate the term a's2x2 in Eq. (3.5¢), the pivot equation, Eq. (3.5b), is multiplied by

and then is subtracted from Eq. (3.5¢):

L] — L]
d'ypXy t dyyxytdyx, = by

my(@pXy + AyXy ¥ dyxy) = myby

0"" (a'n - ﬂl]ldn]xj""(a'u' ﬂl}z(f'z‘)IA - hll --f"'uhlz
L L L ]
d'y @'y b"y
The matrix form of the equations after this operation is shown in Fig. 3-8.

-"11 G2 313 Ay X, b,
0 a%p dy dyl|x, by
0 0 d'yd"yl|x, b",
0 d'y; dy dal|x, b,

Figure 3-8: Matrix form of the system after eliminating a;,*



Next, the term a';v; in Eq. (3.5d) is eliminated. The pivot equation, Eq. (3.5b), is multiplied by Mgy =
and then is subtracted from Eq. (3.5d):
duxz s 0.4313 i a’“x,‘ — b‘4

mo(@pnky t dpXy t dyxy) = mpb'

0+ (d g3~ mpd'y3)xy + (@4 —mpd'y)x, = b'y-myub',
b EER—— S
a"y a gy b4
The matrix form of the equations after this operation is shown in Fig. 3-9.

= g - - -

ayy @y ayy awl[x, b,
0 dyy an dullx,| |4,
0 0 a"yya'y|x, [0
0 0 ayayllx |6

Figure 3-9: Matrix form of the system after eliminating a,*
This is the end of Step 2. The system of equations now has the following form:

Aq11X1 + Q12X + A13X3 + QX8 = by (3.6a)
0+ ajyx; + ApaXg + asyxy = by (3.6b)
0 + 0 +ajsx;+ajsxs =by (3.6¢) (3.6)
0 + 0 +ajyx;+aisyxs =Dby (3.6d)

Step 3: In this step, Eqgs. (3.6a), (3.6b), and (3.6¢) are not changed, and the term that includes the variable x;
in Eq. (3.6d) is eliminated. In this step, Eq. (3.6¢) is the pivot equation, and the coefficient a";; i the pivot

coefficient. To eliminate the term a"43x3 in Eq. (3.6d), the pivot equation is multiplied by

is subtracted from Eq. (3.6d):

and then

a"gxy tadyyxy = by

my (@' %y ¥ d"yyxy) = my by

(@"gy—mpa"y)xy = b"y—my3b"s

i i 1

This is the end of Step 3. The system of equations is nc::w in an upper triangular form:
Aq11X1 + Q12X2 + A13X3 + QX3 = by (3.7a)
0+ ajax; + ajzxs + ahuxy = by (3.7b) 3.7)
0 + 0 +aj;x;3+azx,=D>by (3.7¢) '
0+ 0 + 0 +agx,=0>hb (3.7d)

The matrix form of the equations is shown in Fig. 3-10. Once transformed to upper triangular form, the
equations can be easily solved by using back substitution.



1 912 Q13 Q4| | Xy
21 9 An A | | X,

31 Ay Gy Ay || X4
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Initial set of equations,

."n d); Q3 "m-
0 dy dy dy
0 0 a"% a"y
0 0 Ryad'y

Step 3.

an 4 493 a4
0 dydy dy
0 0 a"y a"y
0 0 0 d

- =

Figure 3-10: Matrix form of the system after eliminating . +
The three steps of the Gauss elimination process are illustrated together in Fig. 3-11.

_“ll djy a3 *-"-'u' 11- bl- ay ap ap ay (X, b,
¥) Andydyl|x| |0, 0 dp dyy dy||x,| _ |bYy
My d'g dyy dag||xy o'y 0 Ppa'y d'y||x, b"y
Step 1. Step 2.
a; Gy dp "14- x; -bl-
0 ﬂ‘u a';.; a"-u X b'3
0 0 ady a"y||x, b
0 0 0 a"y||x, o)
* - T Pivor Pivot row
Equations in upper triangular form. element

Figure 3-11: Gauss elimination procedure,
Example 3-1: Solve the following system of four equations using the Gauss elimination method.
dxy-2x3- Ixz+06xy = 12
-6x; +7 X3 +0.5x3 -6x4 = 6.5
X; +7.5x; +6.25x; +5.5x4 =16
-12x) +22x3+ 15.5x3- x4 = 17

SOLUTION: The solution follows the steps presented in the previous pages.
Step 1: The first equation is the pivot equation, and 4 is the pivot coefficient.
Multiply the pivot equation by my; = (-6)/ 4 = -1.5 and subtract it from the second equation:
— le + ?x:"' 6.513 - 6-‘4 = -6.5

(~1.5)(4x, - 2%y~ 3x, +6x,) = (~6/4) 12

Ox, +4x; +2x,+ 3x; = 115
Multiply the pivot equation by m;;= ( 114) =0 .25 and subtract it from the third equation:

J.'l +7.512 + 6.251] - 5.514
(0.25)(41. - 2.\:2 — 3I3 + 61'4)

= 16

= (1/74)-12

0I| +3x1+ 7I3 +4I4

=13

Multiply the pivot equation by my;=(-12)/4 = -3 and subtract it from the fourth equation:
- lZI. + 2212+ 15‘513_ X4 o 17

(-3)(4x;— 2x, — 3x3+6xy)

=

-3.12

{}x, +: 163’; + 6.513 + 17.\"

[}

53



At the end of Step 1, the four equations have the form:
4x; - 2X3 -3x3+ Oxy = 12
4x + 2.1'_1 + 3x4= 11.5
SI;I + 7.1’_; £ 41.; =13
16x3+6.5x3+ 17x4=53
Step 2: The second equation is the pivot equation, and 4 is the pivot coefficient. Multiply the pivot equation
by mj> = 8/ 4 = 2 and subtract it from the third equation:
Bx,+ Txy+4x, = 13
2(4x, +2x,+3x4) = 2-11.5
012 i 313— ZX4 = =10
Multiply the pivot equation by myz = 16/4 = 4 and subtract it from the fourth equation:
lﬁxz +6.5x3 i 17.1:4 = 53
4(412 + 2.[3 + 3x4) =4-11.5
7

sz - 1.513 + 5x4
At the end of Step 2, the four equations have the form:
4x,- 2.3:2- 313-1-614 =12
dxs + 2x3+ 3x4=11.5
31_; = 2x4 =-10
= I.5x_; + Sxy = 7
Step 3: The third equation is the pivot equation, and 3 is the pivot coefficient. Multiply the pivot equation by
my; = (-1.5)/ 3 = -0.5 and subtract it from the fourth equation:

- - 1.51’3 iy 514 = 7
0.5(3x, ~2x,) = ~0.5 - 10
0x3+4x4 =2

At the end of Step 3, the four equations have the form:
dxy- 2x2- 3x3+6x4 = 12
dxs +2x3+ 3xy=11.5
3x;3-2x4=-10
4){4 =2
Once the equations are in this form, the solution can be determined by back substitution. The value of x4 is
determined by solving the fourth equation:
X4=2/4=05
Next, x4 is substituted in the third equation, which is solved for x; :
-10+2x, -10+2(0.5)

3 3
Next, x; and x; are substituted in the second equation, which is solved for x;:

115 - 2x, —3x, _115-2(-3) -3(05) _

4 4
Lastly, x4, x; and x; are substituted in the first equation, which is solved for x; :

oo 1242x +3% -6 1242(4) +3(-3) —6(05) _,
T 4 a 4 a

x3=

Xo =




