2.5 FALS POSITION METHOD

The false position method (also called regula falsi and linear interpolation methods) is a bracketing
method for finding a numerical solution of an equation of the form f{x) = 0 when it is known that, within a
given interval [a, b], f{x) is continuous and the equation has a solution. As illustrated in Fig. 2-5, the solution
starts by finding an initial interval [a;, by] that brackets the solution. The values of the function at the
endpoints are f{a;) and f{b;). The endpoints are then connected by a straight line, and the first estimate of the
numerical solution, xy,, i1s the point where the straight line crosses the x-axis. This is in contrast to the
bisection method, where the midpoint of the interval was taken as the solution. For the second iteration a
new interval, [as, b>] is defined. The new interval is a subsection of the first interval that contains the
solution. It is either [a;, Xysq] ( @; 1S assigned to a,, and xy,q to ba) or [Xysq, bi] (Xysq 1s assigned to ap, and
by to by ). The endpoints of the second interval are next connected with a straight line, and the point where
this new line crosses the x-axis is the second estimate of the solution, xys2. For the third iteration, a new
subinterval [as, bs] is selected, and the iterations continue in the same way until the numerical solution is
deemed accurate enough.
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-

Figure 2-5: False position method
For a given interval [a, b], the equation of a straight line that connects point (b, f{b)) to point (a, f{a)) is given

by:

y =8 x-b) + f(@) (28)
The point xys where the line intersects the x-axis is determined by substituting y=0 in Eq. (2.8), and solving
the equation for x :

_ af(b)-bf(a)

s =)@ @2
The procedure (or algorithm) for finding a solution with the regula falsi method is almost the same as that
for the bisection method.
Algorithm for the regula falsi method
1. Choose the first interval by finding points a and b such that a solution exists between them. This means
that fia) and f{b) have different signs such that f{a)fib) < 0. The points can be determined by looking at a
plot of f{x) versus x.
2. Calculate the first estimate of the numerical solution xy4; by using Eq. (2.9).
3. Determine whether the actual solution is between a and Xy, or between Xy and b. This is done by
checking the sign of the product f{a) - f{xys1):
If fia) - f{xpns1) < 0, the solution is between a and xp41 -
If fla) - fixns1) > 0, the solution is between x4 and b.
4. Select the subinterval that contains the solution (a to xyg;, Or Xys; to b) as the new interval [a, b], and go
back to step 2.
Steps 2 through 4 are repeated until a specified tolerance or error bound is attained.
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When should the iterations be stopped?

The iterations are stopped when the estimated error, according to one of the measures listed in
Section 2 .2, is smaller than some predetermined value.
Additional notes on the regula falsi method
* The method always converges to an answer, provided a root is initially trapped in the interval [a, b].
* Frequently, as in the case shown in Fig. 2-5, the function in the interval [a, b] is either concave up or
concave down. In this case, one of the endpoints of the interval stays the same in all the iterations, while the
other endpoint advances toward the root. In other words, the numerical solution advances toward the root
only from one side. The convergence toward the solution could be faster if the other endpoint would also
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When should the iterations be stopped?
The iterations are stopped when the estimated error, according to one of the measures listed in
Section 2 .2, is smaller than some predetermined value.

Additional notes on the regula falsi method

* The method always converges to an answer, provided a root is initially trapped in the interval [a, b].

* Frequently, as in the case shown in Fig. 2-5, the function in the interval [a, b] is either concave up or
concave down. In this case, one of the endpoints of the interval stays the same in all the iterations, while the
other endpoint advances toward the root. In other words, the numerical solution advances toward the root
only from one side. The convergence toward the solution could be faster if the other endpoint would also
"move" toward the root. Several modifications have been introduced to the regula falsi method that makes
the subinterval in successive iterations approach the root from both sides.

ample 2.5

sing the False Position method, find a root of the function f (x) = €' ~ 3x” to an accuracy of 5 digits. The
t is known to lie between 0.5 and 1.0.

lution

e apply the method of False Position with a = 0.5 and b = 1.0 and equation (2.2) which is:

L _af®)-bf@

f(b)- f(a)
The calculations based on the method of False Position are shown in the following table:
n a b f(a) f(b) X, f(x,) 3
Relative error
1105 1| 089872 | -0.28172 | 0.88067 | 0.08577 | —
2| 088067 | 1| 008577 | -0.28172 | 0.90852 | 0.00441 | 0.03065
31090852 |1 (000441 | -0.28172 | 0.90993 | 0.00022 | 0.00155
41090993 | 1| 0.00022 | -0.28172 | 0.91000 | 0.00001 | 0.00008
51091000 (1| 000001 [ -0.28172 | 0.91001 | O 3.7952 x 107

The relative error after the fifth step is

( 0.91001-0.91

]= 3.7952 x 1075,
091001

The root is 0.91 accurate to five digits.

Example 2.6

Using the method of False Position, find a real root of the equation x* = 11x + 8 = 0 accurate to four decimal
places.

Solution

Here f(x) =x' ~ 11x+ 8 =0

fH=1"-111)+8=-2<0

f@)=2*-112)+8=2>0

Therefore, a root of f(x) = 0 lies between 1 and 2.We apply the method of False Position with @ = land b =2.
The calculations based on the method of False Position are summarized in the following Table :



n a b fla) fib) x, fix,) £

1]1 2| -2 2 |15 34375 | —

27|15 2| -3.4375 2 | 1.81609 | -1.9895 | 0.17405

3] 1.81609 | 2| -1.09895 | 2 [ 1.88131 | —0.16758 | 3 4666 = 10~
4| 1881312016758 | 2 | 1.89049 | —0.02232 | 4.85383 = 10~
5| 189049 | 2| -002232 | 2 | 1.89169 | —=0.00292 | 6.3902 = 107~}
6189160 | 2| -0.00292 | 2 | 1.89185 | —0.00038 | 834227 = 10~
7] 1.89185 | 2| -0.00038 | 2 | 1.89187 | —0.00005 | 1.08786 = 10~

The relative error after the seventh step is

_ 1.89187-1.89185
1.89187

Hence, the root is 1.8918 accurate to four decimal places.

2.6 NEWTON'S METHOD

Newton's method (also called the Newton-Raphson method) is a scheme for finding a numerical
solution of an equation of the form f{x) = 0 where f{x) is continuous and differentiable and the equation is
known to have a solution near a given point. The method is illustrated in Fig. 2.6.

= 1.08786 x 107

Jre

y

Figure 2-6: Newton's method.
The solution process starts by choosing point x; as the first estimate of the solution. The second estimate x»
is obtained by taking the tangent line to f{x) at the point (x;, f{x;)) and finding the intersection point of the
tangent line with the x-axis. The next estimate x; is the intersection of the tangent line to f{x) at the point (x3,
fix2)) with the x-axis, and so on. Mathematically, for the first iteration, the slope, f (x;), of the tangent at
point (x;, f(x;)) is given by:

] _ Jr(xl )=0
P = (2.10)
Solving Eq. (2.10) for x; gives:
— [(x1) "
X = Xq — == 2.11
2T ) (%L1
Equation (2 .11) can be generalized for determining the "next" solution x;,; from the present solution x;:
oy e LD, )
x:+1 _xl ,rl'(xi} [....12}

Equation (2.12) is the general iteration formula for Newton's method. It is called an iteration formula
because the solution is found by repeated application of Eq. (2.12) for each successive value of i.

Algorithm for Newton's method
1. Choose a point x; as an initial guess of the solution.
2.Fori=1,2,...,until the error is smaller than a specified value, calculate x;,; by using Eq. (2.12).




When are the iterations stopped?

Ideally, the iterations should be stopped when an exact solution is obtained. This means that the
value of x is such that fix) = 0. Generally, as discussed in Section 2.1, this exact solution cannot be found
computationally. In practice, therefore, the iterations are stopped when an estimated error is smaller than
some predetermined value. Tolerance in the solution, as in the bisection method, cannot be calculated since
bounds are not known. Two error estimates that are typically used with Newton's method are:

Estimated relative error: The iterations are stopped when the estimated relative error is smaller than a
specified value &:

Xiv1 — X; <

Xi
Tolerance in f(x): The iterations are stopped when the absolute value of f(x;) is smaller than some number
6:

If(x)l <6
Notes on Newton's method
* The method, when successful, works well and converges fast. When it does not converge, it is usually
because the starting point is not close enough to the solution. Convergence problems typically occur when
the value of f '(x) is close to zero in the vicinity of the solution (where f{x) = 0). It is possible to show that
Newton's method converges if the function f{x) and its first and second derivatives f '(x) and f "(x) are all
continuous, if f '(x) is not zero at the solution, and if the starting value x; is near the actual solution.
Ilustrations of two cases where Newton's method does not converge (i.e., diverges) are shown in Fig. 2-7.

y y
flxy)
.v=f(x>7 :
Solution
N
\ E | Xy X
Tox; i i (:;3) J ) ;;N.

flx)

Figure 2-7: Cases where Newton's method diverges.

* A function f (x), which is the derivative of the function f{x), has to be substituted in the iteration formula,
Eq. (2.12). In many cases, it is simple to write the derivative, but sometimes it can be difficult to determine.
When an expression for the derivative is not available, it might be possible to determine the slope
numerically or to find a solution by using the secant method (Section 2.7), which is somewhat similar to
Newton's method but does not require an expression for the derivative.
Example 2.7
Find the solution of the equation 8-4.5(x- sin(x)) = 0 by using Newton's method in the following two ways:
(a) Using a nonprogrammable calculator, calculate the first two iterations on paper using six significant
figures.
(b) Use MATLAB with 0.0001 for the maximum relative error and 10 for the maximum number of
iterations.
In both parts, use x = 2 as the initial guess of the solution.
Solution:
In the present problem, f{x) = 8 - 4.5(x-sinx) and f (x) = -4.5(1 -cosx) .

(a) To start the iterations, f{x) and f '(x) are substituted in Eq. (2.12):
8—4.5(x;—sin x;)
—4.5(1-cos xj)

Xi+1 = X — (2.13)



In the first iteration, i = / and x; = 2, and Eq. (2.13) gives:

—4.5(1—-cos2)

for the second iteration, { = 2 and x, = 2.485172, and Eq. (2.13) gives:

X3 = 2.485172 — 8—4.5{2_4351?z—sin2_4351?2)_2.43098?
—4.5(1—cos2485172)

x2=2_

(b) (Exc)

Example2.8 Consider f (x) = x* — x — 1 = 0 for its positive root a. An initial guess x, can be generated
from a graph of y = f'(x). The iteration is given by:
X6 —xp—1

X =X, — n=0
n+1 n 6!(]5]—1 ¥

We use an initial guess of xy = 1.5.
The column “x, — x,; " is an estimate of the error a — x,,; justification is given later.

T E£n JLrn) Epn — -1
O 1.5 8.80E + 1

1 1.30049088 2.54E + 1 —2.00E — 1
2 1.18148042 5.38E — 1 —1.19E — 1
3 1.13945559 4.92E — 2 —4.20E — 2
<+ 1.13477763 5.50E — 4 —4.68E — 3
5 1.13472415 7.11E — 8 —5.35E — 5
6 1.13472414 1.55E — 15 —6.91E — 9

As seen from the output, the convergence is very rapid. The iterate x4 is accurate to the machine
precision of around 16 decimal digits. This is the typical behaviour seen with Newton’s method for most
problems, but not all.
Example 2.9:
Use the Newton-Raphson method to find the real root near 2 of the equation x* — 11x + 8 =0 accurate
to five decimal places.

df () =f(2)=2"-11(2)+8=2
F'(x0) =f(2)=4(2)° - 11 =21

Therefore,
S (xp) 2
= — — 2 —_—— =
'll ,'l.‘u f’(xO ) “ 21 1.904?6
- -‘ —
R f::.\,) —1.00476— 1-90476) 11(13.904?6)+8= -
JS'(xq) 4(1.90476)" —11
Y .- FE— (1.89209)* —11(1.89209)+8 _ o
WPy 4(1.89209)° —11 o
: 4
p— _@:189188_(1_39183) 11(13.89188)+8 ——
f(x3) 4(1.89188)° —11

Hence the root of the equation 1s 1.89188.
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Example 2.10

Using Newton-Raphson method, find a root of the function f (x) = &" - 3x% to an accuracy of 5 digits. The
root is known to lie between 0.5 and 1.0. Take the starting value of x as x, = 1.0.

Solution:

Start at xo = 1.0 and prepare a table as shown in Table 2.8, where f (x) = " - 3x” and f(x) = ¢" — 6x. The
relative error

Xi+1 — Xj
= Xi+1 |
The Newton-Raphson iteration method is given by
i f(x;)
f,(-rj)
1 Xi fi(x) f(x) Xi+l £
1.0 -0.28172 | =3.28172 | 0.91416 | 0.09391

091416 | =0.01237 | =2.99026 | 0.91002 | 0.00455
0.91002 | —=0.00003 | —2.97574 | 0.91001 | 0.00001
091001 | © -2.97570 | 0.91001 | 6.613 = 107"

b b = O

Example 2.11:

Evaluate V29 to five decimal places by Newton-Raphson iterative method,

Solution:

Let x = ¥29 then x* - 29 = 0.

We consider f(x) = x* — 29 = 0 and f(x) = 2x

The Newton-Raphson iteration formula gives

S(x;) . .-.;’_3—29 1[1}"*’2}
=

S 7 ;2 i
Now f(5)=25-29=-4<0andf(6)=36-29=7>0.
Hence, a root of f'(x) = 0 lies between 5 and 6.
Taking xo = 5.3, Equation (E.1) gives

Xisl = %4

(E.1)

1 29
X =?[ S.3+—] =5 38585

2 53
: [5 38585+ — ] 538516
Xy == 5 - =
27 5.38585)
L5 385164+ —
= — 1 + =
= 2[ 5.38516] SIS

Since x2 = x3 up to five decimal places, V29 = 5.38516.

2.7 SECANT METHOD



The secant method is a scheme for finding a numerical solution of an equation of the form f{x) = 0.
The method uses two points in the neighbourhood of the solution to determine a new estimate for the
solution
(Fig. 2-8). The two points (marked as x; and x; in the figure) are used to define a straight line (secant line),
and the point where the line intersects the x-axis (marked as x; in the figure) is the new estimate for the
solution. As shown, the two points can be on one side of the solution

y y=/x)
Jx)
Solution SGx)
X
a— > I X,
1x) Soletion
(a) (b)

Figure 2-8: The secant method.
The slope of the secant line is given by:

[Ge)=f(xa) _ [(x2)-0

X1=Xz Xz2=X3

(2.14)

which can be solved for x; :

_ f(x2)(xa—x2)

Xa =X
3T r)-f(x)

(2.15)

Once point x; is determined, it is used together with point x2 to calculate the next estimate of the solution, xu.
Equation (2.15) can be generalized to an iteration formula in which a new estimate of the solution x;, ; is
determined from the previous two solutions x; and x;.;.
f(x)(Xi—a=xp)
Flxi—q)=f(x()

Figure 2-9 illustrates the iteration process with the secant method.

¥ —
y=J(x) “ff.m}

xi+1 = xl‘ - (2.16)

Figure 2-9: Secant method.



Example 2.12

Find a root of the equation x* — 8x — 5 = () using the secant method.
Solution:
f=x-8&-5=0
f(3)=3"-83)-5=-2
f@d)=4"-8@4)-5=27
Therefore one root lies between 3 and 4. Let the initial approximations be xy = 3, and x;= 3.5. Then, x; is
given by:

— xo.f (x1) — x1./ (xp)

. S(x) = f(xp)

The calculations are summarized in the above Table

Xg f(xg) X] f(x)) X) fixy)
3 -2 35 9875 3.08421 | —0.33558
3.5 9875 3.08421 | —0.33558 | 3.09788 | —0.05320
3.08421 | —0.33558 | 3.09788 | —0.05320 | 3.10045 0.00039
3.09788 | —0.05320 | 3.10045 0.00039 | 3.10043 0
3.10045 0.00039 | 3.10043 0 3.10043 0

Hence, a root is 3.1004 correct up to five significant figures.
Example 2.13
Determine a root of the equation sin(x)+ 3 cos(x) — 2 = 0 using the secant method. The initial
approximations xo and x; are 0 and 1.5.
Solution:
The formula for x, is given by:

- xo.f (x1) — x,.f (xg)
- f(-"l)"‘f(-"g)

The calculations are summarized in the above Table.

X f(xo) LS f(x,) Xz f(x3)

0 -2.33914 1.5 -(0.79029 (.83785149 0.75039082

1.5 -0.79029 0.83785149 0.75039082 1.160351166 0.113995951
(.83785149 (.75039082 1.160351166 0.113995951 1.2181197917 -0.025315908
1.160351166 0.113995951 1.2181197917 -0.025315908 1.2076220119 0.000503735
1.2181197917 -0.025315908 1.2076220119 0.000503735 1.2078268211 0.000002099
1.2076220119 0.000503735 1.2078268211 0.000002099 1.2078276783 -0.000000000
1.2078268211 0.000002099 1.2078276783 -0.000000000

Hence, a root is 1.2078 correct up to five significant figures.

2.8 FIXED-POINT ITERATION METHOD

Fixed-point iteration is a method for solving an equation of the form f{x) = 0. The method is carried
out by rewriting the equation in the form:
x = g(x) (2.17)
Obviously, when x is the solution of f{x) = 0, the left side and the right side of Eq. (2.17) are equal. This is
illustrated graphically by plotting y = x and y = g( x), as shown in Fig. 2-10.



Figure 2-10: Fixed-point iteration method.

The point of intersection of the two plots, called the fixed point, is the solution. The numerical value of the
solution 1s determined by an iterative process. It starts by taking a value of x near the fixed point as the first
guess for the solution and substituting it in g(x). The value of g(x) that is obtained is the new (second)
estimate for the solution. The second value is then substituted back in g(x), which then gives the third
estimate of the solution. The iteration formula is thus given by:

Xiv1 = g(x;) (2.18)
The function g(x) is called the iteration function.
* When the method works, the values of x that are obtained are successive iterations that progressively
converge toward the solution. Two such cases are illustrated graphically in Fig. 2-11. The solution process
starts by choosing point x; on the x-axis and drawing a vertical line that intersects the curve y = g(x) at point
g(xy). Since x» = g(xi), a horizontal line is drawn from point (x;, g(x;)) toward the line y = x. The
intersection point gives the location of x, . From x; a vertical line is drawn toward the curve y = g(x). The
intersection point is now (Xz, g(x»)), and g(x,) is also the value of x3. From point (X5, g(x;)) a horizontal line
is drawn again toward y = x, and the intersection point gives the location of x3 . As the process continues
the intersection points converge toward the fixed point or the true solution X,.

Yi pt
gx)
X
=4 & T A e .
x,=g(x) x‘_gg;)g(xz) XS y—g(x) 2 S

Figure 2-11: Convergence of the fixed-point iteration method.
t 1s possible, however, that the iterations will not converge toward the fixed point, but rather diverge away.
is is shown in Fig. 2-12. The figure shows that even though the starting point is close to the solution, the
ubsequent points are moving farther away from the solution.
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Figure 2-12: Divergence of the fixed-point iteration method,
» Sometimes, the form f{x) = 0 does not lend itself to deriving an iteration formula of the form x = g(x) . In
such a case, one can always add and subtract x to f( x) to obtain x + f( x) - x = 0. The last equation can be
rewritten in the form that can be used in the fixed-point iteration method:
X =x+fix) = g(x)
Choosing the appropriate iteration function g(x)

For a given equation f{x) = 0, the iteration function is not unique since it is possible to change the
equation into the form x = g(x) in different ways. This means that several iteration functions g(x) can be
written for the same equation. A g(x) that should be used in Eq. (2.18) for the iteration process is one for
which the iterations converge toward the solution. There might be more than one form that can be used, or it
may be that none of the forms is appropriate so that the fixed-point iteration method cannot be used to solve
the equation. In cases where there are multiple solutions, one iteration function may yield one root, while a
different function yields other roots. Actually, it is possible to determine ahead of time if the iterations
converge or diverge for a specific g( x).

The fixed-point iteration method converges if, in the neighbourhood of the fixed point, the derivative
of g(x) has an absolute value that is smaller than 1:
lg’'(x)] <1 (2.19)

As an example, consider the equation:
x"*+12x-5=0 (2.20)

A plot of the function f{x) = xe”™ + [.2x- 5 (see Fig. 2-13) shows that the equation has a solution between x=
! and x= 2,
fx)=xd?)+1.2x-5
15
10
s s
% 1 2 3

x

Figure 2-13: A plot of £(x) = xe™ + L2x - 5,

Equation (2 .20) can be rewritten in the form x= g ( x) in different ways. Three possibilities are discussed
next.




§—xet/2
1.2

Casea: x =
% .-
In this case g(x) = ® il g'(x) = —{ez-c-luzsxez)

The values of g'(x) at p01n1=; x= [ and x= 2 , which are in the neighborhood of the solution, are:

—(e2+0‘5(1}ez)_

2 2
g'(2) = LD 4 5305
. 5
Case b: x = —— .
- _ ) . _ =Gp05x
In this case g(x) = g and g'(x) = 220 % +12)?

The value of g'{x) at points x= [ and x= 2 , which are in the neighborhood of the solution, are:
—5e™

g'(l) W -0.5079

-5a0"
g'(z) = m‘ -0.4426
5-12x
Case ¢: x = —=

3 7+0.6x
'(I} = e” Bx

In this case, g(x) = ea M
The value of g'(X) at points x= f and x= 2 | which are in the neighborhood of the solution, are:
g'(1) = 55=-1.8802

0.5(1)
g 5-1.2(2
9'(2) = S 0.9197
These results show that the iteration function g(x) from Case b is the one that should be used since, in this
case, |g'(1)] < land|g'(2)| < 1.
Substituting g(x) from Case b in Eq. (2.18) gives:
5

i1 = 5 11 2
Starting with x; = 1, the first few iterations are:
5

Xy = e 1.755173, X3 = O5(1755173) 412 1.386928
5 5

X4 = Triaseszeigig 1.56219 , x5 = U5(156219) 412 LATIN
5 5

As expected, the values calculated in the iterations are converging toward the actual solution, which is x =
1.5050. On the contrary, if the function g(x) from Case a is used in the iteration, the first few iterations are:

%, = 022792732

) = 85— 2.79273?‘; 2792782/2 — .5.23667
X, = 5+5.235671-:—513“’!'2 — 4.4849
g s e AARE 10060

1.2

In this case, the iterations give values that diverge from the solution.



5—xeX/2

Casea: x = e
x/2 {e"::+0 Sxei:‘]
. 5- —(e? -
In this case g(x) = ':ez and g'(x) = ——

The values ot g'(x) dt points x= [ and x= 2, which are in the neighborhood of the solution, are:

g'(1) = -———-"(e“fjm"”: 20609

9'(2) = ———-——Fﬂ(é*szmﬁl -4.5305

Case b: x = :%“2.

o this/case gix) = rmy dnd g(x) = z(g:‘.ss:l::z);

The value of g'(x) at points x= I and x= 2 , which are in the neighborhood of the solution, are:
g'() = m -0.5079

51(2)

5-1.2x
Casec: x = i
=3.7+0.6.
In this case, g(x) = — ~——Zand g'(x) = g
The value of g'(x) at points x= I and x= 2 , which are in the neighborhood of the solution, are:
5-1.2(1
g'(1) = T[(fz -1.8802
5-1.2(2)

g (2) = W -0.9197

These results show that the iteration function g(x) from Case b is the one that should be used since, in this
case, |[g'(1)] < land|g'(2)| < 1.
Substituting g(x) from Case b in Eq. (2.18) gives:
5
1= iy 1g
Starting with x; = 1, the first few iterations are:

X, = ———=1755173, %3 = - - 1.386928

e05(1) 417 £0.5(1.755173) 4.4 7

Xy = ———=1.56219 , Xg = ———— = 1.477601

4 T ,L05(1.386928) 1 £05(1.56219) 41 7

5 5
A7 1.518177 , x7 = —————=1.498654

2051518177 )41 7

Xeg =

As expected, the values calculated in the iterations are converging toward the actual solution, which is x =
1.5050. On the contrary, if the function g(x) from Case a is used in the iteration, the first few iterations are:

x, = 222 22792732

g = 5— 2.792?3:: o i 593667
X, = 5+5,2365?1+I.:—5-23“7f3 _ 4.4849
i 5—4.4849+¢ +4849/2 310262

1.2

In this case, the iterations give values that diverge from the solution.



When should the iterations be stopped?

The true error (the difference between the true solution and the estimated solution) cannot be calculated
since the true solution, in general, is not known. As with Newton's method, the iterations can be stopped
either when the relative error or the tolerance in f{x) is smaller than some predetermined value.

Example 2.14

Find a real root of x' — 2x — 3 = 0, correct to three decimal places using the Successive Approximation
method.

Solution:

Here f(x) =x’ = 2x-3=0 (E.1)

Alsof(1)=1-2(1)-3=-4<0

andf(2)=2"-2(2)-3=1>0

Therefore, root of Eq.(E.1) lies between I and 2. Since f (1) < f(2), we can take the initial approximation
xp = 1. Now, Eq. (E.1) can be rewritten as

X =2x+3

orx=2x+3) " =@k

The successive approximations of the root are given by

X1 = @) = 2x0 + 3" = [2(1) + 31" = 1.709975947

x2= @) = (2x1 +3)'7 = [2(1.709975947) + 31" = 1.858562875

x3= @(x0) = (2x: + 3)'° = [2(1.858562875) + 31" = 1.88680851

xi= @) = (2x; + 3% = [2(1.88680851) + 31" = 1.892083126

xs = @) = (2xs + 3)"7 = [2(1.892083126) + 3] = 1.89306486

Hence, the real roots of f (x) = 0 is 1.893 correct to three decimal places.

Example 2.15

Find a real root of cos x — 3x + 5 = 0. Correct to four decimal places using the fixed point method.
Solution:

Here, we have

f(x)=cosx—3x+5=0 (E.1)

f(0)=cos(0)-3(0)+5=5>0

f(m/2) =cos(m/2) - 3(m/2)+5=-3n/2+5<0

Also f(0) f(m/2) <0

Hence, a root of f(x) = 0 lies between 0 and /2.

The given Eq. (E.1) can be written as:

1/3

1
x= E[S +cosx]

Here o(x) = %{5 +cosx] and ¢'(x)=-— it
o'(x) = ;“‘; < 1in (0, /2)

Hence, the successive approximation method applies.



1
x; = ¢lxg) = §[5+cos0]=2
1
x2 = @lx)) = 3 [5 + cos(2)] = 1.52795
x3 =60 = % [5 + cos(1.52795)] = 1.68094

xg = &(x3) = 3 [5 + cos(1.68094)] = 1.63002
3

xs = &lxy) = 3 [5 + cos(1.63002)] = 1.64694
1

xg = &(xs) = 3 [5 + cos(1.64694)] = 1.64131

1
x7 = 6(xg) = 3 [5 + cos(1.64131)] = 1.64318

ot

xg = o(x7) = =[5 + cos(1.64318)] = 1.64256

3
1

x9 = o(xe) = 5 [S + cos(1.64256)] = 1.64277
1

x10 = 0(xg) = 3 [S + cos(1.64277)] = 1.64270

Hence, the root of the equation 1s 1.6427 correct to four decimal places.

2.9 Use of MATLAB Built-in Functions for Solving NONLINEAR
EQUATIONS

MATLAB has two built-in functions for solving equations with one variable. The fzero command
can be used to find a root of any equation, and the roots command can be used for finding the roots of a
polynomial.
2.9.1 The fzero Command

The fzero command can be used to solve an equation (in the form f(x) = 0) with one variable. The
user needs to know approximately where the solution is, or if there are multiple solutions, which one is
desired. The form of the command is:

x = fzero (function,x0)
Solution The function to A value of x near to where the
be solved. function crosses the axis.

« x is the solution, which is a scalar. A value of x near to where the function crosses the axis.
* function is the function whose root is desired. It can be entered in three different ways:
1. The simplest way is to enter the mathematical expression as a string.
2. The function is first written as a user-defined function, and then the function handle is entered.
3. The function is written as an anonymous function, and then its name (which is the name of the handle) is
entered.
* The function has to be written in a standard form. For example, if the function to be solved is xe -x = 0.2, it
has to be written as
fix) = xe™-0.2 = 0. If this function is entered into the fzero commands as a string, it is typed as:
x*exp (-x)-0. 2".
* When a function is entered as a string, it cannot include predefined variables. For example, if the function
to be entered is f{x) = xe™ -0.2 , it is not possible to first define b=0. 2 and then enter:



x*exp (-x) -b'.

* xy can be a scalar or a two-element vector. If it is entered as a scalar, it has to be a value of X near the point
where the function crosses the x-axis. If xp is entered as a vector, the two elements have to be points on
opposite sides of the solution. When a function has more than one solution, each solution can be determined
separately by using the fzero function and entering values for x, that are near each of the solutions. Usage of
the fzero command is illustrated next for solving equation &8 - 4.5(x- sin(x)). The function f{x) = 8 - 4.5(x-
sin(x)) is first defined as an anonymous function named FUN. Then the name FUN is entered as an input
argument in the function fzero.

>> FUN = @ (x) 8-4.5*(x-sin(x))

FUN = L fx) is written as an anonymous func:ion,]
@(x)8-4.5* (x-sin(x))

>> sol=fzero(FUN,2) The name FUN of the anonymous

sol = function is entered in fzero.

2.430465741723630

2.9.2 The roots Command
The roots command can be used to find the roots of a polynomial. The form of the command is:

r = roots(p)

r is a column vector with p is a row vector with the coef-
the roots of the polynomial. ficients of the polynomial.

2.10 PROBLEMS

1. Determine the root of f(x) = x — 2¢ ™" by:

(a) Using the bisection method. Start with a= 0 and b= 1, and carry out the first three iterations.

(b) Using the secant method. Start with the two points, x; = 0 and x> = 1, and carry out the first three

iterations.

(c) Using Newton's method. Start at x; = | and carry out the first three iterations.

2. Determine the fourth root of 200 by finding the numerical solution of the equation x'- 200 = 0. Use
Newton's method. Start at x = & and carry out the first five iterations.

3. Determine the positive root of the polynomial x* + 0.6x° + 5.6 x-4.8 .

(a) Plot the polynomial and choose a point near the root for the first estimate of the solution. Using

Newton's method, determine the approximate solution in the first four iterations.

(b) From the plot in part (a), choose two points near the root to start the solution process with the secant

method. Determine the approximate solution in the first four iterations.

4. The equation x° -x -¢" - 2 = 0 has a root between x = 2 and x = 3.

(a) Write four different iteration functions for solving the equation using the fixed-point iteration method.

(b) Determine which g(x) from part (a) could be used according to the condition in Eq. (2.19).

(c) Carry out the first five iterations using the g(x) determined in part (b), starting with x = 2.

5. Use the Bisection method to compute the root of ' — 3x = 0 correct to three decimal places in the interval
(1.5; 1.6):

6. Use the Bisection method to find a root of the equation © —4x -9 = 0 in the interval (2, 3), accurate to
four decimal places.



