Dependent

Def :- Let S=({ vi,v2,......,va } be a subset of a vectors space V then we
say that S s
(1) Linearly Dependent if there exist elements ki k2 ,......ks in R such

that not all equal to zero with ki vi +k2 v2+ ......+ka va = 0
(2 ) Linearly Independent if there exist elements ki k2 ,......kn in R such
that all equal to zero with ki vi +k2 v2+......+Hkava =0

Ex:- Let S={vi1,v2,va } suchthat Vi=(1,0,2),V2=(0,-1,3),V3=(-2,0,1)
are vectors in R?. Determine whether S is Linearly Independent or Linearly
Dependent ?

Sol :-

Uoleall (Bakad 43l aay Lilad Alsiue § S5 S

KiVi+K2V2+K3iV3i=0
Ui yo OS5 Cagu Al uSe 5 Jliial (sl K1, K2, K3 3 aaea ) Sle lgia Juaniy
Ll

KiVi+Ka2V2+K3V3i=0
Ki(1,0,2)+K2(0,-1,3)+Ks3(-2,0,1)=(0,0,0)

e Jaand Alud) 4dy Hhally o3e | S aladl) Jau
Ki=K:=Ks=0
Therefore , S = { V1,V2,Vs } is linearly independent
Ex:- Does the vectors Vi=(1,-1),V2=(2,-3),V3=(5,1) are linearly
dependent
Sol:- A Alsaall G -3 Jal)
KiVi+K:V2+K3iVi=0
aly diV e Ki Ko, Ks 2he ¥ g8 0l g Ui ddadje Vi, V2, Vs 0585 Sy
a5 e L
KiVi+ K2 V2+KiVi=0
Ki(l,-1)+K2(2,-3)+Ks(5,1)=(0,0)

A Ahall Y alaall Ui e s Aalaall 038 Ja (g

Ki+2Ke+5Ks=0 .ooovoninnn. (1)
Ki-3K2+Ks=0 oo (2)

Jaladl oda aal sV y Jaladl e dgles Y Lead (4S8 Ol e S0y (piidolae (g ()5S oLl 138
by Ko, Ks LYoy aad 34 Lial daf g gy Ko O i

e Jeand odle ) S alaally iy gailly

LetKs=1

Ki=-17 ,K2=6
ki dagi 30 Vi, Va2, Vi b i I

Jall daia (je (3ia5 -c Aliada

oo Juand (linal lpmsan ) (K1, K2, K3 ) 4ad 0 liage 4y
(-I7)(1,-1)+(6)(2,-3)+(1)(5.1)=(-17,17)+(12,-18 +(5,1) =(0,0)
Jall iy



\ =, \\ =, \\ Linear Combination

Def° Let V be a vectors space over R .Then we say v € V is Linear a
Combination of the vectors v V2, , vo (where vi € V , for each y 4
1=1,...,n) if can be written as following v =ki vi + kav2 +

,where ki, k2, kn are scalar numbers.
v Ex:- Let Vi= (1,2,1,-1) ,V2=(1,0,2 ,-3 ) ,V3 =(1,1,0,-2 ) are vectors in R* show
\ . ’ P4 that the vector V =(2,1,5,-5) is linear combination of V1,V2, V3 ?
-

Sol :-
By Def oo iy yall Cuas

V=aVi+aaVa+ca Vs

\T. Tofind c1 2,63
=V

(2,1,5,-5)=c1(1,2,1,-1)4¢2(1,0,2,-3)+c3(1,1,0,-2)
-~ =(c1,2¢1,¢1,-¢1) + (2,0, 2c2, -3c) + (03,3, 0, -2c3 )
‘ (2,1,5,-5)=(Ci+C24C3,2Ci1 + C3,Ci+2C2 ,-C1-3C2-2C3)
Ci+C+C3=2
.’/ 2Ci+Cs=1
\ - Ci+2C: =5

-

C1-3C2-2C3=-5

\ Gkl iyl lasdy ¥ lad o
\ “ Ny *. . .- ' “

Ci=-1,Ca=2,Ci=1 4l i) Jle Joani o gS &yl gl 20y \ "

Vi, Ve, Vi il nghi i Vasid o [ AEE

‘ V=1.Vi+3V2-2V; ol .




h. N - h. N

- W\ N\
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Ex:- Let Ui= (1,2,-1) ,U2=(1,0,1 ) are vectors in R” . Determine whether -, ‘\ -

U =(1,0,2) is linear combination of U1,U2? - V4 ’ ,
Sol :-

et a . b R then
U=aU+bUz2
U=a(12.494+b(1,0,1)

L J
”q (1,0,2)=(a+b,2a,-a+b)
\\Z
-

h

therefore
a+ by o
2a=0
-a+b=2

}‘\.’ o gl A al b b= @IS 520, bo] Gt s

-

y 4

. . - Al 13
‘ Uisnot linear combination of Us,Uz ®

A

Generate of vector spase V clgadal) plaad alga

A 8 s
Def :- LetS ={ vi,v2,.......,van } be a subset of a vectors space V then we
sat that S is Generate ( Span) V if every vector of V is a linear combination of

=4 V1, V2 usiivs ws Va }
=Y
\ SV

W S\




Ex:- Let V=R’ and S={vi,v2,vs }suchthat Vi=(1,2,1),V2=(1,0,2),
Vi=(1,1,0).Does S generate V?

Sol :-
LSy S salic (o phd S i 2 V I Lbdaie Bl @l Qe Valg § gl ol S
Letv ¢ V v=(a,b,c) o

By Def of linear combination
v=kivi+kavz+k3vs
(a,b,c)=ki(1,2,1)+k2(1,0,2)+ks(1,1,0)

AgY) SYslaall Jle Juans aall (a5l 46yl b Jeas LS Aslaal) 038 Ja 2y
Ki+K:+Ks:s =a

2Ki+K3=b
Ki+2Ka=c
i lalaall 48 siiaa 23l Y
1 1 1
A = 2 0 1
1 2 0
adaall Led aad &

cdall iy VO ASY S O e deaniaiay da pladl 13g] G
ulujsd@ﬁnjun_ﬁmajéﬁélwﬁﬂ:}ulhﬁ Au‘.&}.aqjm‘fm‘uﬁh‘u‘{u)
cdall ety VOAlS S Ol e deand Cage ULy da Led Y alaall a8

bl 3l A & gicaall saadl 2 Y]

Al = 2 0
=0+1+4-0-2-0=3#£0
[A] # 0
Thus, A''is exists ,and hence, there exists solution of this system.

hence , every vector of V is a linear combination of S={ vi,vz2v3}
therefore , S is generated of R’.

Ex:-Let V=R and S={i,j } ,show that S is generated R”

Sol:-

Let V e R— V= (a,b)
V=KiVi+K: V2
(a,b)=Ki(1,0)+K2(0,1)
(a,b)=(Ki,0)+(0,K2)
(a,b)=( Ki, K2)

— a=Ki 7 Ki=a

— b= Ks *Ka =b

Then there exists solution to this system, and
hence , every vector of V is a linear combination of S={ v1,v2}.
' )
Therefore , S is generated of R°




‘ A A
|Basis & Dimension

Def :- LetS ={ vi1,v2,
called Basis for V if
(1) S is spans (generate ) V
is Linearly Independent

o) iy yull o i ki () g -2 Jall
(1)To prove that S Linear Ind. T2 To prove that Ss span st

Kii+K2j=0 Let WeR® then W=(wi,w)

Kl(l,0)+K2(0,l)=(0,0) NOW letal+bj =W

(Ki,0)+(0,K2)=(0,0) a(1,0)+b(0,1)=(wi,w2)

(K|K2)=(0,0) (a,O)+(0,b)=(Wl,W2)
Ki=0 & K:=0 (a,b)=(w1,w2)

Therefore S is Linearly Independent a=n

Ex:-Let V=R’ and S={i § } ,show that § is Basis for R’ \

Rz.\l,s iy § ).a\.l;unqhuis‘y',l R? o 4aia S 03 a4l Ll 13
By (1),(2) then S is Basis for R’

- adaadla
R’ & ( Standard Basis ) &skie¥) sascldll (i j } e Gllayy

‘\ - Y/ /f‘\

o &%a o (




\ Ex:-Let V= R* and S={vi,v2,v3,v4 } suchthat Vi=(1,0,1,0),
V2=(0,1,-1,2),V3=(0,2,2,1) va=(1,0,0,1).Does S Spans R* ?
] Sol:-
(1) To show that S Linear Ind.

Let KiVi+KaV2+KsVi+KaVi=0
Aal Lkl EYalaall aUai e Joasii il 3ol Vi V2, Vi, Vi sl e gl
Ki+Ks=0
K:+2K3i=0
Ki-K2+2Ks=0
2Ka+ K3+ Ks=0
< Jall g g s g Ja Sl Leild & puaiall dae (5 gy Y Slaall 220 g Liailaia Laldas pUaill ) Lay
OI";l"g)i.‘ll
Ki=zK2=Kzs=Ks=0
Therefore , S is linearly Ind.
P (1) To show that S Spans for R?
Let V=(a,b,c,d) R*

V=KiVi+K2V2+KsVs+KsVs
(a,b,c,d)=Ki(1,0,1,0)+K2(0,1,-1,2)+K3(0,2,2,1)+K4(1,0,0,1)

1 A Agdaa) Y saal Ll e o Alsladll 03 Jagy
Ki+ Ki=a

Ki-K:+2Ks=¢
2Ke+Ks+Ka=d ...

A0 D e (5 1y g A AL Dl e S 1
(a5 s Y Wnaana (1S 1 i

A

Al 3l saadll 2
| A | Z ()
| A" there exists ,then there exists solution to this system
hence , every vector of V is a linear combination of S={ vi v2v3}
therefore , S is generated ( Spans ) R

by (1),(2) then § is Basisfor R,




' Def :- Let V be a vectors space over R ,then the number of its basis
is called the Dimension of V and denoted by dim( V).

-

Theorem (4-14):- Let U and W be a sub space of a vectors space V and

r 4

Ex-:- Let V = { 0} , Find the Dimension of V?
Sol :-since V={0}is L. D then

The basis of V = @
So that dim(V) =0

\ Ex-:- Let V =R?, Find the Dimension of V?
Sol : The basis is
{ B={(l.0).(0.1)2}={i.jl
| So that dim(V) = dim (R") =2

| Ex-:- Let V=R’ Find the Dimension of V?

B={(1,0,0),0,1,0),(0,0,1) } ={ij,k}
Dim(R*) =3

Remark:- in general dim (R")=n.

Theorem (4-13):- Let U be a sub space of a vectors space V such that
dim(V)=n ,then dim(U)<n andif V=U then dim(U)=n

for each of them finite dimension then
Dim(U+W)=dim (U) + dim (W) -dim(U N W)

Ex:- Let U'be asubspace of R’ Then find dim,.
Sol:-since dim( R’)= 4 and by above theorem then

Dim U= (0),, or (1) or (2) or (3)or (4)
) dimU =0 U=(0)
b)dimU = = U= (2,0,00)
E)dimU=2-» U=(ab00)
)dimU=3"* U= (abc0)
Wumt-' U=(abed)=R*

-

Ex:-
Let V=R? and U ,W two sub space of V such that
U={(ab,0),a,b € R} =xy plane
W={(0,b,c),b,c, eR} =yz plane

Then find dim( U + W) ?

Sol:

Dim (U ) =2
Dim (W) =2
Dim (U N W) =1
Dim (U +W) = dim (U) + dim (W)~ dim (U N W) }
)1
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