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Ex.
Let the r.v x has the p.d.f
X 1-x _
f(x,@):{e 1-0)™ ,x=0,1
0 , O.W

To test the simple hypothesis Hy: 6 =

N

. : : 1
Against the alternative hypothesis H;: 0 < 7
Suppose that critical region is

10
C={X;, Xy, Xj05 2, X; <1} find:

i=1

a) The power of the test K(0).

b) The power of the test at 0 = %

c) Pr [type Il error] at 6 = %

d) The significant level a.
Solution:

Since x ~ Bernoulli (1, 8) then

10
y= zxi ~ binomial (10, 6)

i=1

10 0y . 10—y —
- e)_{cy 0% (1- 0) y=0,..,10
0 o0.W
a) K(0)=Pr[y < 1| Hy]
Hi Gigob s p(y <1) alagd bide sy @il
Pr(y £ 1)=Pr(y=0)+Pr(y=1)

=C0°1-0)""+C;°0(1-0)" =(1-0)"" +1008(1 - 6)°
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d) a = Pr[type I error] = Pr[reject H, | Ho]
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Ex.
Suppose that x;, Xz, ..., X, i1s a random sample from N(O, 1), to test the

simple hypothesis H,: 0 = 0 against the simple alternative hypothesis
H,: 6 = 1, the critical region is:

C = {xi, X2, ..., Xn: X >k } find n and k such that a = = 0.01.

Solution

a = Pr[reject H, | H, s true]

a=Pr[xX>k |6=0]

_ 1 _ 1

X ~ N(0,—)=x|H, ~ N(0,—)
n n

X-m_ k—-m k-0

a=Pr{x=k [0=0]= Pl > =]=PrlZ= "]

=Pr{Z>n k]

0.01=Pr[Z>~/n k]=1-Pr[Z <~/n k]



Pr[Z<~/n k]=1-0.01=0.99

Vnk]=233|........ (1) from tables of standard normal dist.

Also
B =Pr[accept H, | Hi]=Pr[X <k |0=1]

</H, ~ N(, L)
n

X-m k-m k-1
B—Pr[s/\/ﬁ<8/\/5]—Pr[2<m]_Pr[Z<x/H(k—1)]

0.01=Pr[Z<n(k —1)]

Jnk-1)=-233| ... (2) from tables
Solving equation (1) and (2)
By(2):>\/_=—_2'33 k=233 _05
k-1 4.66
~2.33 Now by (2) =+/n (0.5-1)=-2.33

- Jn (<0.5)=-2.33=+/n =4.66
233k =233k - 2.33

4.66k =2.33

n=21.715 = 22 (approximately)

Ex.

The consumption of electricity in a smalltown ship is assumed to be
exponentially distributed with parameter 0. Determine the size of type I
and type II errors if Hy: 6 = 1000 kW is tested against H;: 6 = 2000 kW
and if the test criterion is as follows:

Select any day at random. If the consumption of that day is 4000 kW or
more, reject Ho, otherwise accept Ho.

Solution:

The critical region is

C = {xi1, X2, ..., Xn: Xj = 4000}



a = Pr[reject H, | H, 1s true] = Pr[x > 4000 | 6 = 1000]

we have f(x, G)I%C_X/Q,X>0, 0>1

4000

=—¢ " +e 1000 =g~
4000

o0 1 00
-x/1000 3 _

e dx=-¢ 4

o= [ L
40001000

—x/lOOO‘

B = Pr[accept H, | H; is true] = Pr[x <4000 | 6 =2000]

4000 400
-x/2 —x/2 B
e X/20004y — _ o~X/ ooo‘ —_g 2000 41

0

4000 1

B=1 2000

——e’ +l=1-¢

Ex.

Let xi, X2, ..., Xy be a r.s of size 25 from N(u, 36). We shall reject Hy: u =
75 and accept Hi: p= 80 iff X > C, where C is constant. Find the value of
Cat a=0.01 if it is known that Z 99 = 2.33.

(Solve it) Ans.: C=77.79

Exercises

1) Let x4, X2, ..., Xn be a random sample from poisson (0). The critical
region for testing Hy: 0 = % against H;: 6 > % is:

20
C={X,Xp,.0r Xy, DX 21}

i=1
a) find the power of the test K(0).
b) find the level of significant a.
2) Consider a normal distribution N(6, 4). The simple hypothesis H,: 6 =
0 is rejected and the alternative composite hypothesis Hi: 6 > 0 is

accepted if and only if the observed mean X of a random sample of size

25 os greater than or equal to % Find the power of the test.



3) Let x4, X2, ..., X25 denote a random sample of size 25 from a normal
population with variance & = 4. To test Hy: x ~ N(0, 4) against H;: x ~
N(1, 4). The critical region is

C = {x1, X2, ..., X25: X >0.04} find the error sizes of this test.

Best Critical Region 43 ddkia (Juad|

Jlia) die o anas (BCR) dags dihie adl gl C dajall dilaid) e Jla

13 Hi: 6 = 6; davend) Abad) Zoiajdl)l Jilia Ho: 6 = 6, ddavenl) axall 4 jd
to Cuma A e (93] da s dilaie Ciang

1) Pr[xy, X2, ..., Xn € A | Ho] = Pr[xy, X2, ..., Xn € C | Ho] = @

2) Pr[xi, X2, ..., Xn € A | H ] £ Pr[x1, X2, ..., Xn € C | H{]

Ex.

Consider the r.v. X ~ binomial (5, 0) under H_:0 :%, H,:0= % The

following table gives the density values of X under H, and H;.

X 0 1 2 3 4 5
b L | 5 [ 1o [ s 1
2 32 32 32 32 32 32
F(x E) 1 15 90 270 405 243
"4 1024 1024 1024 1024 1024 1024

Assuming thet a = % = Pr[reject H, | Ho]

We have two critical regions

A={x:x=0},C={x:x=5}

Pr[x € A|H,]=Pr[x € C|H,] = L
32
Also
1
Pr[x e A|H|]= —

1024




Pr[x € C|H1]=£
1024

= Pr[x € A|H] <Pr[x € C|Hj]
= C is the best critical region BCR.

Ex.

For the above example let us use the r.v. x to test H :6:% against
H '9—E but by assumin oc—i
- 4 y g 3

: : .y : : 6
In this case we will have four critical regions of size azﬁ, these

regions are:
Ci={x:x=0,1},C,={x:x=0, 4}
Ci={xix=1,5},Cs={x:x=4,5}
One of these regions is BCR.

Prix € G [Hi] = Pr[x =0, 1| e:%] - 10124+1(1)§4:1(1)§4
Pr[x € C; |Hi] = ;:)%
Pr[x € C3 |H ] = 120%
Pr[x € C4| Hi] = 160%

= C41s BCR of size (123%.
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Ex.

Let xi, X2, ..., Xy be a r.s of size 25 from N(u, 36). We shall reject Hy: u =
75 and accept H;: u= 80 iff X > ¢, where c is constant. Find the value of
cato=0.01 1f 1t 1s known that Zy¢9 = 2.33.

Solution:

a = Pr[reject H, | Ho] = Pr[X > ¢ | Ho]
36 36
x ~N(y, 36) =>X~N(u, —) =X | Ho ~ N(75, —
(1, 36) ( 25) | ( 25)

c—75

X—H_c—u
o=Pr > =Pr[Z >
[S/JH 6/&] [ 6/5]

0.01=Pr[Z > %(c ~75)]

5¢—-375

0.01=Pr[Z > 1

0.01=1-Pr{z <737

]

5¢—375

Pr{Z < ]=1-0.01=0.99

5¢—375

=2.33= 5¢-375=(2.33)6

5c=6(2.33) + 375
5c=388.98 = ¢ =77.79

Exercises

1) Let x;, X2, ..., X, be a random sample from Poisson (60). The critical
: : 1 : 1 .
region for testing H, :0= 10 against H, : 0> 0 1s

20
C = {X1, X2, .v, Xn, ZXi >1}.

i=1



a) Find the power of the test K(0).
b) Find the level of significant a.
Solution:

20
a) K(0) = Pr[reject H, | H|] =Pr[ > x, >1 | Hi]

i=l1

20
Since x ~ Poisson (0), y =Y x; ~ Poisson (200)
i=1

20

X
[Hy(t)] = E(et}’) — E(e i=1 ) — E(etxl+txz+...+tx20)

f(y, 0) =e7"(200)"
K®)=Pﬂy21|9>i%]=1—de<1)=1—Pﬂy=O]

_e_zoe(ﬂ: 1_6—209’9>i

0! 10

=1

b) a = Pr[reject H, | Ho] = Pr[y > 1| 6:%]

20

=1—qu<1L}L=1—e4”L —l-¢ 0 =]-¢
10

_L
10

2) Consider a normal distribution N(0, 4). The simple hypothesis H,: 6 =
0 is rejected and the alternative composite hypothesis Hi: 6 > 0 is

accepted if and only if the observed mean X of a random sample of size
25 is greater than or equal to % Find the power of the test.
Solution:

C= {Xl, X2, eees X25 | X 2

}

D | W

K(0) = Pr[reject H, | H] = Pr[X > % | 0> 0]



Since x ~ N(0, 4) = X ~ N(0, 24—5)

;_“ g

5 S
KO)= Pr[sw— 8/\/— “hrlzzss]

=Pr[Z> %[g —0]]=Pr[Z >

3-56

3-50

=1-Pr[Z< ]

3) Let xi, Xz, ..., Xp5 denote a random sample of size 25 from normal
population with variance & = 4. To test Hy: x ~ N(0, 4) against H;: x ~
N(1, 4). The critical region is C = {Xi, X2, ..., X25: X > 0.04}, find the error
sizes of this test.

Solution:

o =Pr[X>0.04|H,],

2
x ~N(, 8) = X ~N(, 8—)

4 4
X ~N(1, —) = X | Ho ~ N(0, —
X ~N(p 25) | ( 25)

Xop 004y oo 0.04-0

o = Pr[
5/[ §/~n 2/5

]

1-Pr[Z < %(0.04)] =1-Pr[Z<0.1]

=1-0.540=0.46

Soa=0.46

Now to find

B =Prlaccept H, |H,]=Pr[x<0.04| H, ]

X—p 0.04 —pn 0.04-0
Pr[Z <
8/\/_ 8/\/_] : 2/5

= Pr| ]



=Pr{Z < %(0.04 —1)]

=Pi[Z<2.4]=1-N(2.4)
=1-0.992 = 0.008

Let x be discrete random variable whose density values under H, and H;
are given by the following table

X 1 2 3 4 5 6 7
f(x | Ho) 0.01 | 0.02 | 0.03 | 0.05 | 0.05 | 0.07 | 0.77
f(x | Hy) 0.03 | 0.09 | 0.10 | 0.10 | 0.20 | 0.18 | 0.30
List all critical regions of size a = 0.10 then find the BCR.
Ci={x:x=1,2,6},C,={x:x=2,3,4},C3={x:x=2,3, 5},
Ci={x:x=4,5},Cs={x:x=3, 6}
Now to find the BCR
Pr[x € C;|H;]=0.03 +0.09 +0.18 =0.30
Pr[x € C;|H;]1=0.09 +0.10 + 0.10 =0.29
Pr[x € C3|H;]1=0.09 +0.10 + 0.20 = 0.39
Pr[x € C4|H;]=0.10+0.20 =0.30
Pr[x € Cs|H;]=0.10+0.18 =0.28




