
 Chapter Threeالفصل الثالث 
 Testing of Hypothesisاختبار الفرضيات 

 
 Basic Conceptsمفاهيم أساسية  

 Statistical Hypothesisالفرضية الإحصائية 
( حااوم لمة اا  أو أ  اا  false( أو خاطئااا)  trueهي عبارة عن إدعاء قد يكون صاااابا)  

ل جت اااأ  أو عااادة لجت مااااف(ض إن للي ياااا  للتاااي يىااامفا للباحااا   ااادع   الي يااااا  
ض إن رفااف ف يااا  للماادم oHوي لز لفا  Null Hypothesisللصي ي  أو ف يا  للمدم 

 Alternativeيقودنااا إلاا  قفاااوم ف يااا  أخااا   سدىةاا  عضفاااا  ياا    الي ياااا  للفدىةاا  

Hypothesis  1وي لز لفاHض 
 

 Simple and Composite Hypothesisالفرضية البسيطة والمركبة  
يقام عن للي يا  للإحصااا  أنفا  ياط  إذل لفت يااضا أن لمة اا   أو لمااالج( لل جت ااأ 
 ياااااوم  ا اااا  لقااااددة  ويقااااام عضفااااا أنفااااا ل  باااا  إذل لفت يااااضا أن لمة اااا   أو لمااااالج( 

 لل جت أ هي أ ف   أو أصغ ( لن  ا   لقددةض
For ex.) Ho: 0,2 2   Composite 

  Ho: 10,3 2 ==  Simple 

  Ho: 100,3 2 =  Composite 

 
 Test Statisticإحصاءة الاختبار  

عبااارة عاان لتغشاا  عبااولاي سدالاا  لياا دلف للمشضاا  ولاام  وميااأ لحت ااالي لمةااوم ويصاا  
أو  xللملاق  سشن للقاج للضظ ي  لة جت أ وللقاج لل قيوب  عن للمشضاا   لاا لا 

2
ix ضضض

 للخ(ض
 
 

 



 Critical Regionمنطقة الرفض أو المنطقة الحرجة  
هي  ةك لل ضطق  للتي إذل وقمت فشفا  ا   إحصاءة لاختبار وأدف إل  رفف ف يا  

 ضCوي لز لفا  ال لز  oHللمدم 
 

 Type I and II Errorsالخطأ من النوع الأول والثاني  
 هضالك نوعان لن للأخطاء للتي قد يقأ فشفا للباح  عن لختاار للي يااف وه ا:

 عضدلا  كون هي للصقاق ض oHللخطأ لن للضوع للأوم: ويت  ل س فف ف يا  للمدم 
 عضدلا  كون خاطئ ض oHوللخطأ لن للضوع لل اني: ويت  ل  قفوم ف يا  للمدم 

 
 حجم الاختبار أو مستوى المعنوية

The Size of the Test or Level of Significant 
   أم لنم:αوهو لحت ام للوقوع في للخطأ لن للضوع للأوم وي لز لم 

α = Pr [type I error] = Pr [reject Ho | Ho is true] 

   = Pr [x1, x2, ..., xn  C | Ho] 

 
 The Size of Type II Errorحجم الخطأ من النوع الثاني  

 ويم ف  الآ ي:
β = Pr [type II error] = Pr [accept Ho | H1] 

   = Pr [x1, x2, ..., xn  Cc | H1] 

( وهاااي    ااال لضطقااا  C  C complement   ااال لل ضطقااا  لل ك ةااا  إلااا   cCحشااا  أن 
 ضoHقفوم ف يا  للمدم 

 
 The Power of the Testقوة الاختبار 

هااااي  1Hعة ااااا أنفااااا خاطئاااا   أم أن للفدىةاااا   oHهااااو لحت ااااام رفااااف ف يااااا  للماااادم 
 أم أن: K(θ)للصقاق ( وي لز لم 

K(θ) = Pr [reject Ho | H1] 

        = Pr [x1, x2, ..., xn  C | H1] = 1 - Pr [x1, x2, ..., xn  Cc | H1] 



K(θ) = 1 - β 

 

Ex. 

Let the r.v x has the p.d.f 
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To test the simple hypothesis Ho: θ = 
4

1
 

Against the alternative hypothesis H1: θ < 
4

1
 

Suppose that critical region is 

}1x,x...,,x,x{C
10

1i
i1021 = 

=

 find: 

a) The power of the test K(θ). 

b) The power of the test at 
16

1
= . 

c) Pr [type II error] at 
16

1
= . 

d) The significant level α. 

Solution: 

Since x ~ Bernoulli (1, θ) then 


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a) K(θ) = Pr [y   1 | H1] 

1y(p(أم لنم يجب عةشضا إيجاد      1 قت ظ وفH 

Pr(y   1) = Pr(y = 0) + Pr(y = 1) 
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d) α = Pr[type I error] = Pr[reject Ho | Ho] 

= Pr[y   1 | Ho] 

1y(P(أم عةشضا إيجاد      قت ظ وف oH   أم عضدلا  كون oH ) صقاق 

P[y   1 | Ho] = P(y = 0) + P(y = 1)                 
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Ex. 

Suppose that x1, x2, ..., xn is a random sample from N(θ, 1), to test the 

simple hypothesis Ho: θ = 0 against the simple alternative hypothesis    

H1: θ = 1, the critical region is: 

C = {x1, x2, ..., xn: kx  } find n and k such that α = β = 0.01. 

Solution 

α = Pr[reject Ho | Ho is true] 

α = Pr[ kx   | θ = 0] 

x  ~ oH|x)
n

1
,(N   ~ )

n

1
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α = Pr[ kx   | θ = 0] = ]
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33.2]kn =  ......... (1) from tables of standard normal dist. 

Also 

β = Pr[accept Ho | H1] = Pr[ kx   | θ = 1] 

1H/x  ~ )
n

1
,1(N  

)]1k(nZPr[]
n/1

1k
ZPr[]

n/

mk

n/

mx
Pr[ −=

−
=



−




−
=  
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33.2)1k(n −=−  ......... (2) from tables 

Solving equation (1) and (2) 

By (2) 
1k

33.2
n

−

−
=  

By (1) 33.2k
1k

33.2
=

−

−
  

-2.33k = 2.33k - 2.33 

4.66k = 2.33 

5.0
66.4

33.2
k ==  

Now by (2) 33.2)15.0(n −=−  

66.4n33.2)5.0(n =−=−  

n = 21.715   22 (approximately) 

 

Ex. 

The consumption of electricity in a smalltown ship is assumed to be 

exponentially distributed with parameter θ. Determine the size of type I 

and type II errors if Ho: θ = 1000 kW is tested against H1: θ = 2000 kW 

and if the test criterion is as follows: 

Select any day at random. If the consumption of that day is 4000 kW or 

more, reject Ho, otherwise accept Ho. 

Solution: 

The critical region is 

C = {x1, x2, ..., xn: xi   4000} 



α = Pr[reject Ho | Ho is true] = Pr[x   4000 | θ = 1000] 

we have −
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= /xe
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),x(f , x > 0, θ > 1 
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β = Pr[accept Ho | H1 is true] = Pr[x < 4000 | θ = 2000] 
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Ex. 

Let x1, x2, ..., xn be a r.s of size 25 from N(μ, 36). We shall reject Ho: μ = 

75 and accept H1: μ = 80 iff x  > C, where C is constant. Find the value of 

C at  α = 0.01 if it is known that Z0.99 = 2.33. 

(Solve it) Ans.: C = 77.79 

 

Exercises 

1) Let x1, x2, ..., xn be a random sample from poisson (θ). The critical 

region for testing Ho: 
10

1
=  against H1: 

10

1
  is: 

}1x,x...,,x,x{C
20

1i
in21 

=

=  

a) find the power of the test K(θ). 

b) find the level of significant α. 

2) Consider a normal distribution N(θ, 4). The simple hypothesis Ho: θ = 

0 is rejected and the alternative composite hypothesis H1: θ > 0 is 

accepted if and only if the observed mean x  of a random sample of size 

25 os greater than or equal to 
5

3
. Find the power of the test. 



3) Let x1, x2, ..., x25 denote a random sample of size 25 from a normal 

population with variance δ2 = 4. To test Ho: x ~ N(0, 4) against H1: x ~ 

N(1, 4). The critical region is 

C = {x1, x2, ..., x25: x  > 0.04} find the error sizes of this test. 

 

Best Critical Region أفضل منطقة حرجة 
عضااد لختاااار  α(  قجااج BCRأنفااا أفىاال لضطقاا  ح جاا    Cيقام عن لل ضطق  للق جاا  

إذل  1θ=  θ: 1Hلقاساال للي يااا  للفدىةاا  للبياااط   oθ=  θ: oHللماادم للبياااط  ف يااا  
  قش  أن: Aوجدف لضطق  ح ج  أخ   ل ل  

1) Pr[x1, x2, ..., xn  A | Ho] = Pr[x1, x2, ..., xn  C | Ho] = α 

2) Pr[x1, x2, ..., xn  A | H1]   Pr[x1, x2, ..., xn  C | H1] 

 

Ex. 

Consider the r.v. X ~ binomial (5, θ) under 
2

1
:Ho = , 

4

3
:H1 = . The 

following table gives the density values of X under Ho and H1. 

X 0 1 2 3 4 5 
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Assuming thet 
32

1
=  = Pr[reject Ho | Ho] 

We have two critical regions 

A = {x: x = 0}, C = {x: x = 5} 

Pr[x  A | Ho] = Pr[x  C | Ho] = 
32

1
 

Also 

Pr[x  A | H1] = 
1024

1
 



Pr[x  C | H1] = 
1024

243
 

  Pr[x  A | H1] < Pr[x  C | H1]  

  C is the best critical region BCR. 

 

Ex. 

For the above example let us use the r.v. x to test 
2

1
:Ho =  against 

4

3
:H1 =  but by assuming 

32

6
= . 

In this case we will have four critical regions of size 
32

6
= , these 

regions are: 

C1 = {x: x = 0, 1}, C2 = {x: x = 0, 4} 

C3 = {x: x = 1, 5}, C4 = {x: x = 4, 5} 

One of these regions is BCR. 

Pr[x  C1 | H1] = Pr[x = 0, 1 | 
4

3
= ] = 

1024

16
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1
=+  

Pr[x  C2 | H1] = 
1024

406
 

Pr[x  C3 | H1] = 
1024

258
 

Pr[x  C4 | H1] = 
1024

648
 

  C4 is BCR of size 
32

6
= . 

 

 

 

 

 



 تمارين الفصل الثالث 

Ex. 

Let x1, x2, ..., xn be a r.s of size 25 from N(μ, 36). We shall reject Ho: μ = 

75 and accept H1: μ = 80 iff x  > c, where c is constant. Find the value of 

c at α = 0.01 if it is known that Z0.99 = 2.33. 

Solution: 

α = Pr[reject Ho | Ho] = Pr[ x  > c | Ho] 

x ~ N(μ, 36) x ~ N(μ, 
25

36
) x  | Ho ~ N(75, 
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5c = 6(2.33) + 375 

5c = 388.98   c = 77.79 

 

Exercises 

1) Let x1, x2, ..., xn be a random sample from Poisson (θ). The critical 

region for testing 
10

1
:Ho =  against 

10

1
:H1   is 

C = {x1, x2, ..., xn, 1x
20

1i
i 

=

}. 



a) Find the power of the test K(θ). 

b) Find the level of significant α. 

Solution: 

a) K(θ) = Pr[reject Ho | H1] = Pr[ 1x
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 | H1] 

Since x ~ Poisson (θ), 
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b) α = Pr[reject Ho | Ho] = Pr[y   1 | 
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2) Consider a normal distribution N(θ, 4). The simple hypothesis Ho: θ = 

0 is rejected and the alternative composite hypothesis H1: θ > 0 is 

accepted if and only if the observed mean x  of a random sample of size 

25 is greater than or equal to 
5

3
. Find the power of the test. 

Solution: 

C = {x1, x2, ..., x25 | 
5

3
x  } 

K(θ) = Pr[reject Ho | H1] = Pr[
5

3
x   | θ > 0] 



Since x ~ N(θ, 4) x  ~ N(θ, 
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3) Let x1, x2, ..., x25 denote a random sample of size 25 from normal 

population with variance δ2 = 4. To test Ho: x ~ N(0, 4) against H1: x ~ 

N(1, 4). The critical region is C = {x1, x2, ..., x25: x  > 0.04}, find the error 

sizes of this test. 

Solution: 

]H|04.0xPr[ o= , 

x ~ N(μ, δ2) x  ~ N(μ, 
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= 1 - 0.540 = 0.46 

 α = 0.46 

Now to find β 
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= 1- 0.992 = 0.008 

 

Let x be discrete random variable whose density values under Ho and H1 

are given by the following table 

x 1 2 3 4 5 6 7 

f(x | Ho) 0.01 0.02 0.03 0.05 0.05 0.07 0.77 

f(x | H1) 0.03 0.09 0.10 0.10 0.20 0.18 0.30 

List all critical regions of size α = 0.10 then find the BCR. 

C1 = {x: x = 1, 2, 6}, C2 = {x: x = 2, 3, 4}, C3 = {x: x = 2, 3, 5}, 

C4 = {x: x = 4, 5}, C5 = {x: x = 3, 6} 

Now to find the BCR 

Pr[x  C1 | H1] = 0.03 + 0.09 + 0.18 = 0.30 

Pr[x  C2 | H1] = 0.09 + 0.10 + 0.10 = 0.29 

Pr[x  C3 | H1] = 0.09 + 0.10 + 0.20 = 0.39 

Pr[x  C4 | H1] = 0.10 + 0.20 = 0.30 

Pr[x  C5 | H1] = 0.10 + 0.18 = 0.28 

 

 


