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1- Continuous probability Distributions
1- The uniform distribution: -

A continuous r.v X is said to follow a uniform distribution denoted as x ~ u (a, b)
if the p.d.fof x is

1
f(X):{E ;aSXSb
0 0.w

The real numbers a, b are the parameters of the distribution

It can be shown that f(x) is actually a p.d .f sine

I- f(x) = ﬁ > 0 (because a <b)

2- f;f(x)dx= ﬁ ffdle

Properties:

1- The mean M, = b:—a

Proof: M, = E(x) = fab xf(x)dx = ﬁ f‘f xdx

. 1 x2 b _ 1 2 2N b+a

 b-a 2 |a T 2(b-a) (b°—a7) 2
b 2

var (x) §2= ( Jlr;l)

Proof: 62 = E(x?) -[E(X)]?

b b 1 1 x3
E(Xz) = fa x2 f(X) dx= fa E Xz dX:E x? |Z

1

_ 3.3y —_ 1
3(b—a) (b a )

(b — a)(b* + ab + a?)

3(b-a)
__ b%+ab+a?
3
52= b%+ab+a? b+a .,  b*+ab+a® (b+a)?
e 3 4




_4b*+4ab+4a*-3b%-6ab—3a®* _ b*-2ab+a?

12 12

_ (b+a)?
12

3- The m.g.f of the distribution is
bt_ ,at
M, (t) = >0 (proveit)  M()=E(e® )=[ e**. f(x)dx

e’t—e
b(b—a)

4- The k™ moment about origin is :

pkt1i_gk+1
E (x¥) = 2

(k+1)(b—a)

Proof: E(x¥) = f; x* f(x)dx = ﬁ f‘f x* dx

1 xk+1|b _ bk+1_ak+1
a

B (k+1)(b—a) " (k+1)(b-a)

1

Ex: let x~u (-a, a) , a > 0 find the value of a if it is known that p, (x> 1) = 3

Solution : f (x)=—— = —

a—(—a) 2a

a1 1 (a 1 a_ a-1_1
pr(x>1) = 1 2a dx_Zafldx_Zaxl_ 2a 3

2a=3a-3=>a =3

2- Gamma distribution
Def : If <> 0, we define the gamma function I, = [ 0°< y*~le Ydy

Properties of gamma function :

1- Tg41) = I
2- If « is positive integer then [y ) = !

3-T, =2 f0°° § 201 5=X2 ]y

4- i =+vm
2

Note :



I-ffa=1 =2T() = [Fy“leYdy =1
2- ffc>1=T,y =(a—71) fooc y*2eVdy = (x —1)nV = () =
(o< —1)!

Def : the continuous r.v x is said to have a gamma distribution with parameters o«
x=1 o=%/B x>0

1
,B > 0 denoted as x~G (e, B) if the p. d. fofxis f(x) = {Wx

0 o.w

Properties of gamma distribution: -

1- The m. g. f of the distribution is M,.(t) = (1 —Bt™) ,t < &

B
Proof : M,.(t) = E(e%) = foooet" f(x)dx = foooet"ﬁx"“1 e Bdx
o X . Btx—x
— 1 ® x—1 e_x(l_TBt) dx
Foc[;oc 0
_ _ 1-Bt _ B _ B
Patting y—x(—B ) =>x = e Y dx = pry dy
1 of py 171 _
M, () =— |, [ ] e dy

« B%

_ 1 B o x—1
T Tapx (1-BO% Jo ey Tt dy

_ 1 (B)“Rx L _ (1 _ gy

Ty px \1-Bt T (1-BO%
2. My =E(X) =«
3- 6x% = ver (x). o B2 prove it
k
4- the k'™ moment about origin is E(x*) = @ k=123, ..

X
—-X

1 _ —_
x* 1eB dx

. kN [ Kk _ (® .k
proof : E(x) = [ " x* f(x)dx = [ x Ty g

1 co _ —_
— xktx-1 , x/B dx
Focﬁoc 0

Lety=§ >x=0y >dx=dy



@) =5 [ (Bn* e (Bdy)

F«B“ Bo<+kf yo<+k 1e ~Ydy foooyoc—l e‘ydyzl“(oc)

[
B*B*Tieci iy = Bt ;k k=12, ...

ocﬁ“
Ex: use the formula of (x*) , to find u, , 5x?2

Solution : putting k = 1 then

E(X) :Mx Bi}::l — B::oc =X B

Putting k = 2 ,we get

2 2
2y _ B T2y B+ (1)
E(x*) = - ™

2
_ B (0C+1) &I — BZ o (O( +1)

T
6x% = var (x) = E(x?) — [E(x)]?
= B2 (¢ +1) x — B2 o2

=820C2+BZOC—BZOC2=OCBZ

3- the chi square distribution

The chi square distribute on is as pecial case of gamma distribution which &= g
and B=2 where ris positive integer . Hence the p.d.fof the r. v. x is

r —x
1 LI —"
ez, x>0

f( ) r‘rzr/Z

0 o.w

and we write x~ x2 (r) where r is the number of degrees freedom representing the
parameter of the distribution .



properties :-

the properties of chi square dist are the same of properties of gamma dist when
= g,Bz 2 that s :-

D M, (t)= (1- 21:)”/2

2) My=E()="1.2=r

3) Var(x) = 6x% = ( )
2k I1T+k

4) Bxr¥) = —Z= [k =

2

4-Beta distribution

Def :- I[f x> 0,3 > 0, we define the Beta function as

B(x,B) = [ x"'(1—x)P 1 dx

r“rB

It can be show that (¢, ) = , 6, 3>0

Def :- the continuous r. v. x 1s said to have a Beta distribution denoted as x ~ 3 («
XHB yx=1 (1-x)B-1 o< x<1

) Ifthe p. d. fof x is f(x) = {mﬁ

0 o.w

Properties :-

k) _ T (k+o) [ (c+B) k=1,2,..

1) The k" moment a bout origin is E (x
Lol (k+oc+B)

Proof: E (x*) = flxk f(x)dx = Tectp fol x 1= k=1 (1 — x)P1dx

FMFB
_Tutp Torilp [B( B) = F«FB]
Tl Toctktp  Taap
_ Tx+B Ttk
Lo Tyt g

2) From the above formula , the mean and variance of the distribution can be
derive as follows - putting k=1 we obtain



Fat1lactp Tt .
= = = =
E(x) = M, FAro B~ Tt Blers [since Ty q I ]

[o¢

X «+B

i oc+2lec ol
Putting k=2 we get E(x?) = Poctalocsp (x+1)xTolocy B

TolotB+2  To(ox+B+1)(x+B) atp

_ oc(oc+1)
(oc+B+1)(<+B)
Var (x) = [ = E(x®) — [E(®)]?
_ o (oc+1) oA (1) (x+B) —ocP (x+B+1)
(c+B+D)(x+B)  (x+B)2 (oc+B)2 (oc+B+1)
_ o3 +oc? B+oc? +oxf—oc3 —ocZ f—oc? _ B
B (<+B)2(<+B+1) B (<+B)2(x+B+1)

. fz _ B
Tx T (+B)2(c+B+1)

5- The normal distribution
A continuous r.v X is said to have normal distribution with parameters M, §2

denote, as x~N(M, 62) if the p. d. fof x is f(x) = -==5 €2 ' o ¥ oo < x < o0
Proportion :-
52t2
1) The M. g. f of normal dist. Is M,.(t) = ez
f: — txy — _ 1 ®©  tx o (%)2 d
Proof:- M, (t) = E(e )—Wf_ooe ez X
x—M

Iet Y= >x=M+6y =>dx=6 dy

2

M, (t) = (M46Y) ¢ (8 dy)

1 [¢e)
vz o €

2
mt 1

_ ®© tsy s
= e ez d
€ V21 f—oo y

-(y%-2t8y)

1 o)
= eMt \/T_n_ f_ooe 2 dy

Py debee s e 7ok s Ay QY1 e el duely 5



—[(y%-258ty+52t2)-52¢2]

M, (t)=eHt \/%f_oooo e 2 dy
=eMteazz—tZ% foooe_(y_T&)zdy
Let Z=y—0t >2y=7Z+dt =dy=dZ
M. (t) = eMt+822—t2 ]
5242

normal dist. ~ M,(t) = """ 2~
2) The mean of the normal dist. is: - M, = E(x) = M
522
Proof:M, (t) = M+ 2~
52¢2

’ 522t Mt+ ——
MJC(IT) = (M+T) e * 2

=(M+5%t) M, (t)
M,=E(x)=M,(0)=M+0M,(0)=M1=M

3) The variance of the distribution is §x? = Var(x) = §2
Proof:-

My (t) = (M + 8*)My ) + 8*My (D) [since My (t) = (M + 8% +)M, (D]

My (0) = (M + 0)M;(0) + 8°Mx(0)

= (M+0) M+8* — 1 = M? + &2

6% = var(x) = My(0) — [M;(0)]?

=M? + 8% — M? = 8

Def :- If the r.v Z~N(0,1) , then we say that Z distributed as standard normal

—72

distribution with p. d. f. f(Z) = %_n ez ,—0<Z<ow

The mean , Variance and moment generating function of the r.v Z is

My = 0,8,z =1,M,(t) = et/2



Theorem (1) : If the r.v x~N(M, 62) then Z = X;—” ~N (0,1)

Proof :- By using the transformation method we  have
-1 x-M

f(x)=\/% ez (T)Z, —oo < x < oo the space of x denoted by A and the space of Z
denoted by Bare defined as :-

A={x=—0o<x<o},B={Z=—00<Z< o}

Z=ulx) = % is (1 —1) trans formation maps A onto B
=u 1 (Z) =M+ 6Zis (1—1) transformation ~ maps B onto A
d _
171 = || =ddz = g(2) = [ [w " (D)]|7]
1 “1g2 1 “1,2
g2) = = 7" ()= g=er”
Z=22~N(01)

Calculating the probabilities

The probabilities concerning the r.v.x which distributed as N (M, §2) can be

expressed in terms of probabilities concerning Z = % which distributed as

1
\/T_T[ e
we use tables which approximate the value of this integral for differend values of k
In general, the following rules are important.

N(0,1), However an integral like f_koo “#2/ 87 cannot be evaluated . Instead

1) p,(Z<0)=p.(Z>0)=0.5

) p(Z<-Z2)=1-p(2<Z1),Z, >0

3) pr(Z1 <Z<Z;) = p(Z<Z) —p(Z<Zy) = N(Zy) — N(Z,)
Ex:- Given that X~N (2,25) , find p, (0 < x < 10)

Solution :-Type equation here.

10-2 x—M

0-2
pr(0<x<10) = p (Z2< 7)) = p(Z <), 2= 5

=p, (—0.4 < Z< 1.6)

=p,(Z<1.6) —p,(Z < —-0.4)



=p,(Z<16)— [1—p.(Z< 0.4)]
— N(1.6) — [1 — N(0.4)]
=0.45 -[1 — 0.655] = 0.6 [ from tables]

Theorem (2) :- If the r.v X~N (M,62) then ther.v y= (%)2 ~x%(1)

x—M
Proof :- By using the m. g. f. method M, (t) = E(e”) = E [et(T)z]

o XMy -1 x-M
:f_oo\/_%s e’ 67 5 dx
Putting Z="2 5x=M+6Z = dx = 8dZ
oo _1
Mx(t) = \/%6 f—ooetzz 222(5d Z)
) _1
L P
1 © _—22(1—2t)
:2—1_[ f_ e 2 dZ
1 1
Let W= ZV1—2tzZ—mw,dZ— o dw
1 o W 1
= M, (t) = \/T_nf_ooe 2 mdw
2
_ 1 1 oo W _ 1
B Vi-zt [\/ﬁ | e ? dw Vi-zt )

My(t) =(1- 2t)_1/ 2 which is the m. g. f. of chi-square dist. with 1 degree of free
Doue y= ()% ~x*(1)

Theorem(3) :- If xi , i= 1,2,...,n distributed as x~N (0,1) then Y1, x*~x?%(n)
Proof :- let
y= X, x{ , then p,(t) = E(e")

M, (t) = E (et0) = E (et@i+xi++xi)

10



=E(e™) E (etx%) . E(et*h)

Since each of x;, x,,...,xn ~N(0,1) then each of x7,x2,...,x2 ~x2(1) (theories

2)
My(t) = (1—2t) 72(1—=2t) /2. (1—2t) /2 n-terms

M0 =[@-207"] = a-207"

y= i1 Xiz“‘xz(n)

Summary of theorem:
1- x~N(M, 8%) then Z = ~N (0,1)
2- X~N (M,52) then the r.v - z= (55)2 ~x2(1)

3-x~N (0,1) then ¥, x?~x%(n)
(6) the students t distribution

Let the r.v W~N(0,1) and the r.v. V~x2(r) , where W and V are stochastically

independent . then TZ\/% has students t distribution with p. d. f given by
Firt1)/2 1
(t) = & _ —00 <t < 0
g [tr Fg (1+£)( ;1)
. .. . 1 —W2 __1
Proof :- the jointp. d. f. of Wand Vis ¢p(w,v) = N - 2772 (v)2

2

—o0o <w <o, 0<v<o

Let : t =— and u=v define a(1 —1) transformation mapping the space
r
{w,v); —co<w<0,0<v< o0} onto the space
{(t,tu);—o<t< o™, <u<ow}
daw dw
dt du




gt,u)=9 [% ,u] .|

1 r_, v -t
=—— U2 ez e 2zr —
JZarr2 /2 T
2
ro 2[4
:;T uz_l e 2 |:1+T]ﬂ
\/ﬁrrz /2 \/?
2
—o<t<o,0<u<oo Now g(t) = fooog(t,u)du
_(® 1 -1 Vu
Jo 2k € 7
2
. t2
Putting /7= =>u [1 + 7] = 27
27
u=—73 =>du= —7;dZ
1+ 1+—
T r
(o 1 22 L1 _z N2Z 2
_fo V27 Ty 2'/2 rl/z (1+E)2 € 1 t2 1+E az
7 T ,’ - T
r
1 2271 V2 2

ly 72717 2e 24z

- r 2 T_ t2.1 t2
vamnr ng /2 (1+t7)z 1 (1+5) /2 (1+)

_ 1 V2 o -1 -7
- vemr Ty (1+§)%1 Jo Z e “dZ
Fm 1
g(t): 2 2 r+1 ,—OO<t<OO
Var Tr A+ z
2
The mean and variance of t distribution
The mean of students t, distribution is :- E(t) = E Lv =E(W)E
T

12



Juny

[ since ,w. v are indep. | but W~N(0,1) , E(W)=0 hence E(t)=0, E =0

ﬁl*

the variance of distribution is derived as follows var (t) = E(t?) — [E(t)]? = E(t?)
2

var (t)=E \/% =F [WTZ] = EW?)E (%)
since W~N(0,1) then E(w?) = Var(w) + [E(W)]? =
var(t)= IE(%) =rE (%)

but V~x2(r) then E(%) = [7= ;/ vilezov

0 V2
2
FrZr/Z Jy vt le? §v = r/ foovT e &v
2 2
. v 1
Puttlng Z= = v =2L= §v = 2dZ E (;) -
__2 _
— zr/z J, (2z): 2 2dZ
2
_ 272 g foo Z2_1—1 e=Z d7
r‘zzr/z 0
2
1 1
=— Ir  =—
zrg 27t 2G-Drr_, 771
- _ 1
2G-1) 12
Var(t)=r E(%) =—
(7) The F distribution
Let x; ~ x2(n,) is independent from x, ~ x%(n,) then the ration f= xl/ n1 is said to
2 2

have an F distribution with n,,n, degrees of freedom the p. d. f of the

13



distribution is :- g(f) = —2— (&) > ——; »f >0 and we say that
mlny "y n 1z
2 2 [1+n—2f]

—
S
fy
—
S
)
S

f~F(n;,n,) the mean of the distribution is given by uy = E(f) = % ,N, > 2
-

X2/My

Proof :- E(f) = E (%) = %il E (ﬁ)
ny

=7 E(x) EQ)

Since x; ~x2(ny), x,~ x%(ny) : then E(x;) =n4
E(f)="2nE (i) = an(x—t) bydef.

ni
1 ) 1 1 n2_q1 ~*2
—_) = —_— 2 2
E (xz) fO Tny, 2722 %, 2 ez dx;
2

1 o 2_1_1 —X2
e — 2 2
e Jy x2 ez dx,
2
_ X2

%z 3

1 0o —
=T o 202 e7r2dz
2

_ 1 2_2 (0] 2_1_1 —Z
= W 22 2 fO Z 2 e dZz
2

Fnz
i
2Fn2
2
Doy > Tayre @l o5l
Fnz
-2t — !
2( )FTLZ 712_2
7_1

1
2n1+n2—2

The variance of the distribution is var(f)=2 M f ,
ny(ny—4)

n, >4

14



Problems: -

-3
(I)Let tbearvwithp.d. f g(t) = [1 +§ tz] find the value of ¢ such

that the r. v. follows t distribution

1

Sol: g(t) = > G
1+2) 2
D3 =5
1
Lg(t) = — @
1+ 2

(2)et the r. v. t~£(1)show that the C.D.F of t is F(t)=0.5 +~tan™1 ¢t
1

Sol:g(t) =

£2 (r+1)
(1+2) 2
1
g(®) = 2 (1D
1+ 2
1
H= - ———
IO=dr o

t 1 _ 1
I, i 4= tan"'t

__Ww ~ —r2 2
(3)Let t o where w~N(0,1) and v~x“(r) show that T has an F
distributed with parameters v, = 1,1, =71
. X1/M
X2/M
2 _Ww* ~ 2,22 2_W?/1
t el N(0,1) w*~x“(1) t oy

v~x2(r)

has an F

(4)Let f has F distribution with parameters 7y , 7, prove that

distribution with parameters r, and r;

15
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x3/n; x1/Mq

3)Distribution of sample mean and sample variance

(1) the distribution ofx :- let x;,i =1,2,...,n be a r.vs from N (M,52) the
distribution x is derived by using the m.g.f as follows

X in t
M () = B(et) = B (e ) = E(en®#3+ 50

t 4 ¢
= B(en™) E (en?) .. E(en™)
= M,, (%) Hox, (%) v M (%)
52¢2

Since each of xq,X,,..,%, distributed N (M,§2) then M, =M™ 2

2
SQ%Zn 8%.2
e

My (t) = [M (—)] = [e 2t Mt+2—

2 which is similar to the m. g. f of

. : : 82 _ 52 _
normal dist. With mean M and variana — X~N (M ,?) f(x) =
a2
1 -1/2 (XZM) —0 < F <o
A

n

for example if xq,x5,..,x, be a r.s from N (1,2) then f~N(1,%) and
-(x-1)?
2
f(x) = e m ,—o<x<o
21—

ﬁ»—\
SN

2
properties :- According to theorems (1), (2), (3) if x~N(M, %), then :-

1) ;‘/‘J’; ~N(0,1)
a/v‘)z ~xA(D)
3) TG ) ~ 22 ()

16



2- Distribution of sample variance S?

the sample variance S? is defined as : S% = %Z(xi — %)? consider the sum of
squares Y, (x; — M)? = Y [(x; — %) + (x — M)]?

=>(x; —X)>+2 (G —M)X(x; — %) + n(x — M)?
Y(x; — M)? =¥ (x; — X)* +n(x — M)?

i 2 G 2
dividing both sides by §2 we get , Z(%)Z = nd—z + (;C NI;)

since $,(*=)2 ~x2(n) [ theorem (3)]

Also ( )2 ~x2(1) [property (2)]

. ns? ... .

it follows that —- ~x%(n — 1) (additive property of x? dist.)

Hence ( )—n—1=> 2E(sz)zn—l
E(sz)=52n—_1

Var( ) =2n-1) = —var (s’)=2(n—-1)

54

2(n—-1)

var(s?) = —

Ex:- If x isthemeanofr.v of size n from N(M,100) . find n such that
pr(M -5 <XxXx<M+5)=09s4

Solution :- let Xy =M-=5,x,=M+s
prM—s <X <M+5)=p[x; <X <xy]

xl—M XxX—M xZ—M
s < sm <

"—| = p, [ZVn <z < 3]

_ -5
~Pr [10/\/5 <E< 10/vn

:pr[z<%\/ﬁ)_[1_pr(z<%\/ﬁ)]

17



= 2p, |2 <2vn|-1=09s4
pr (2 <3vn) =222=0977

NGVR) = 0977

%\/ﬁ = 2 (approximately ) from tablesvVn =4 =>n =16

Ex:- let S? be the variance of ars of size six from N(u,12) find
p(2.30 < 52 <22.2)

. . ns? 2 652 s? 2
Solution :- since 7 ~X (n—1), then =5 "X (s)

2
pr(230 <s? <222) = p,(1.1s <> <11.1)

2 2
=p (S <111) - p S <119)
= 0.9 50-0.050=0.90 (from x? tables )

Ex:- let x;, x5, ..., X, be ar. S. from N(M,5%) let ¥ and s? denote the mean and
variance of the sample where X has s2 are in dependent and E(s?) = §2 , show that

_ Vn(x-M)
B s

t ~t(n—1) n - oo Lac o) e )4l

2
Proof :- since x~N (M, §%) = x~N(M, %)

M
let Zl = 6/—\/5 = Z1~N(0,1)
4Ve2
let Z, =2 57, ~*(n-1)
L t(n-1)
n-1
x—-M x—-M \/_( ) s
Zy §/N\n  _ &§/m _ Yn(x—M )
but 22 [mns2 s 5 s
n-1 (n-1)62 J&2
@M (n—1

18



il 581 Gl
Problems :-

1) Given that x~Ber (1,&) find
(i) the p. m. fof x, (i)M,, 8,* and w,(t)

2) Them. g. fofarvxis M,(t) = (g + ie’:)9 =(1—p + peH)"
(1) find the p.m.f of x (ii) find the mean M, and variance &,°
(ifi)show that p, (My — 28, < x < My +26,) = X5, (x>)(D* O™

3) Let x~b(2,p) and y~b(4,p) if p,(x " =21)=1—-p,.(x<1) = g find
rr(y21)
=1-f(0)=1-(x*)px(1 — p)*~*

4) Let x4, x, be independent r. v. s such that x; ~p(4) and x,~p(6) let
y = x; + x, (i) find the p.m.fof y , (ii) find M, 2y (iii) find p,(y < 1)

5) given that x~p(t) find the value of A it is known that f(x) = % flx—1),
x=1,2,....

6) Let x;~Nb(ri,p),i = 1,2,...,n show that };/-, x,~Nb(Xi=, ri,p)

7) Let x~Nb(4,0.3) (i) find the p.m.f of x (ii) find M,, 5x?, M, (t)
(iii)let y=4-+5x find M,, 5,/

3)41“&3\ Qhﬁjﬂ\ Gy lad
Problems:-

1) Let x~u(0,1), use the transformation method to find the distribution of y =
—2Ln xthen find M,,, §y*

2) Given that xq,x,, ..., x, are independent random variables where x;~G (o<
,B),i=1,..,n showthaty =Y . x;~G(Xi=, < i,B)

3)

19



4) If x;,~G(2,3) and x,~G(1,3) are two independent r.v.s (i) find the
distribution of y = x; + x, (ii) find the mean and variance of y
y~G(3,3)

5) Let x~B(, B), let y = Ln—— find M,,(t)
6) In each case the r. v. x follow Beta distribution , find the value of the
constant c. (i) f(x) = cx?(1 — x)° (i) f(x) = ¢ (x — x*)0*°

7) If x~B (¢, B) . show that y = (1 — x)~B(B, %) =c (x(1 —x))°%°

8) If x~N(0,1) find E(x?¥),k € 1T, then find E (x?) and E (x*

9) If x4, %5, ..., %X, are independent r.v.s where x;~N(M;,62%),i=1,2,...,n
show that y = Y™ x;~N (XL, m;, X, 6,°)

10) If x1~N(M1, 512), xX,~N(M,, 622) , Where x;, x, are independent r.vs
show that y = x; — x,~N(M; — M,, 8,* + 8,%)

11) If x~x2(n) and (x+y) ~x%(n + m) where x,y are inderendent r.vs .
use the m.g.f to find the distribution of y

12) If x~N(0,2) find E(x*/?) , where k is even positive number , then
find E (x?)

13) If the mgf of the rv. x is M(t) =e3+8t
(1) find the distribution of x (i1) find the mean and variance of

2 .
ifJZ~N(M,%),then g = 2N

n
x—-M
D §/\n

2) )2 ~x*(D)

3) TGt ~ 22 (R

~ N(0,1)

S2X  Cno

2
Problems :- x~N (M, %),
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I- Let X be the mean of r.v of size (5) from N(0,125) find the value of ¢ if
p-(X < c) = 0.90, and from tables it is known that N(1.282) = 0.90
Sol:

plX < c] =0.90

. xX—M c—-M| _ - -
—pr[s/ﬁ <<wﬁ] = 0.90 V125=v25.5=5v5

B %0 c-0
Prlsms <sweve) 090

C
Pr (Z < g) = 0.9
N =090
N(1.282) = 0.90 — = 1.282
C=6.1

2- Let x4, X, ..., X, be ar.s from G (, 8) . show that x~G (o n, g) then show
2
that E (%) = B, var (¥) = %
Sol:
_ t
Mg(t) = E(e™) = E(e;(x1+x2...+xn) )

t
— E(eﬁ(x1+x2 Xy

Q=B A=F) ™ 1= n-terms

_ B
X~G(x n,;)

E()E)=oc[3=.ocn§=oc[3
e 2 _ n_[?z _OCBZ
ver (X¥) = « B4 = — =
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3- Let x4, x5, ..., x, be ar.s from G (3,1) . find the p.d.f of X, then find E(X) and
var(x)
Sol:

_ t
Mf(t) = E(etx) = E(e;(x1+x2...+xn) )

t
— E(eﬁ(X1+X2 Wt Xy

() (%) ..o

1-1973 A=) .. (1-9)7? WHERE (1 — ft)™® n-terms
_1.\-3n
1-1p)
_ 1
xX~G(3n, ;)
1 —-X
fx) = x*"teb
Tu g
oY — 1 -1 1_/—):1
FO =

E(X) =« B=3n-=3

ver (¥) = « B? =3n% =3/n

G (5,2) . show that £~G (5n, %)

(4)Distribution of order statistics

Let x4, x5, ..., X, denote a r.s from a dist of continuous type having p.d.f (x) which

1s positive provided a < x < b let y; be the smallest of these x;, y, the next x; in

order of magnitude , ... and y,, the largest x; , that is y; <y, < --- <y, represent
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X1, X5, ..., X, When the latter are arranged in ascending order of magnitude , then
y;,i = 1,2,...nis called the i*" order statistic of the 1.s x4, X5, ..., Xy,

It can be shown that the joint p.df of y;,y,, ...,y IS
IV, Y2 w0 Y) =0 f(y) f () .. f(0) ... (1) the marginal distribution of yj, is

80 = oy [FOOT L= FOOI™ f() . (D) cdt

NOTE: F.....9 ...f

The joint p.d.f for any two order statistics y;, y; is

9(ey)) = (i—1)!(j—?—!1)!(n—j)! [FOOIMF () = FoP= 1= )] Fonf () - (3)
Ex:- let y; <y, < y3 <y, denote the order statistics on of a r.s of size 4 from a
distribution having p.d.f f(x) = {** 0! n=4,,, k=3

Find the p.d.f of y; then find p, G < ¥3)
Solution :- Applying formula (2) with n=4 and k = 3 we get
g

4!
21 1!

g(y3) = [F(y3)]?[1 = F(y)]' f(r3)

2
Since  F(y; = foxf(u)du = fox 2udu = 2% |5 =x* then  F(y3) = y5?
9(v3) = 12[y5*1%[1 — y3*]2y;
=24y3*(1 — y5®)ys = 24y5°(1 —y5*)  0<y; <1
1 1
28 (; < J’3) = [1,,24ys° (1 —ysP)d ys

1 6 3
=f1,24 5" =y Ddys = 24[ =2 | ), —

Distribution of functions of order statistic :-

(1) The median : when the observations are arranged in ascending order of
magnitude , then
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(a) ifn is odd , the median is the observation of orders nTH

. . . . . n n+1l
(b) if n is even , the median is the average observation of order 2

if x is ar.v with p.d.f f(x) and distribution function f(x), then the value of the
median is the value of x that satisfies the equation F(x) = %
Ex:- let x4, x5, x5 be ar.s from the dist. f(x) = e ™, x >0
(1)  find the p.d.f of the smallest value of the sample

(11)  find the joint p.d.f of the largest and smallest value of the sample
(i11) find the p.d.f of the median and the value of the median

solution : let y; is the smallest value of the sample followed by y, the y;
f)=e*=>F@x) = [ fwdu= [ edu=—e"|}
=—eX4+el=1—e¢"

from formula (2) with k = 1 and n=3
80) = G FORI 1= FOOI™* fO) . (2)

we get

9O === [FOI’ [1 - FO)I? fOn)

gy =310 —1+4+e )2 Y1 =3¢ 2V eV =330

(i1) from formula (3) with i=1, j=3 , n=3

n!

9003) = Topro = Dra—gy FON  FONFOIY 1F O™ f00f () - )
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91,y3) = o1 FOOPIFQa) F)P 1 = Fya)]°f (r1)f (73)

o! 1! o!
= 6[1_e_y3 — (1 — e_yl)]e_yle_y3
= 6[1_e_y3 — 1 _|_ e_yl]e_yle_y3

= 6(_3—3/3 + e—h)e—he—J’s — 6(3—3’3 + e‘)’1)e—(3’1+Y3) 0< Y, < y3 < 0

(ii1)the median is the observation of order nTH = % =2 which is y,

3! [1—e 2]  [1 -1+ e Y2372 f(y,)

1 1!

20) = Gpor FORI T 1= FOOI™* f3i) - (2)

g(y2) =

= 6(1 — e_yZ)Q_yZQ_yZ — 6Q_2y2(1 — e‘J’z) O < yz < oo

To find the value of y, we get F(y,) = % =>1—e2 = % > e )2 :% =y, =
In2

The Range :- the range of the sample is the difference between the largest and
smallest value of the sample thatis R = y,, — y;

Ex:- let x;, x5, x5 be ar.s from B(2,1) and let y; < y, < y; be the order statistics
of the sample

(a) find the probability distribution of R
(b) find the mean and variance of the distribution
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solution :- x~B(2,1) , x~B(x,B) x= 2,B=1

f(x,¢,B) = ll:"‘—lfB x* (1 —x)B1 0<x<1
<! B

I3
1Ty

ifx=2,B = 1then f(x) = x(1—x)%=2x 0<x<1

F(x) = f(ff(u)du = fox 2udu = ZZLZ |’(§ = x?
Applying formula (3) we get g( ¥4,¥3) = 6[F(y3) — F( y)If( y1)f (¥3)

=6 [y:* —y1°]  2y1) (2y3)

9( y1,¥3) =24 y1y3 [y3* — y1°] 0<y; <y;<1
R=y3 -y
Yyi=Yys—R,Z=y;
y1=Z-R
Let

R=y3—y1=u1(¥1,¥3) |/1_ .
2= yam (Y1) }(1 1) transformation from space of y;,y; to space of R,Z

y1=Z—-R=u,"'(R,Z)

YemZ=1y-L(R.Z) } (1-1) transformation from space of R, Z to space of y;,ys

dyi dyi L 1
—| dz ar | — | - |:
J dys dys 1 0 1
dz dR

9(y1,y3) =24 y1y3 [y3* —yi?]
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gR,Z)=
g[ul_l(Ri Z), u2_1(RJ Z)] ”l

=24[Z? — (Z — R)?](Z - R)Z] 0<R<Z<1
=24[Z% - 7%+ 2RZ — R*|(Z - R)Z

=24 [2Z%R — R*Z] (Z — R)

=24 [2Z3R — R?Z? — 27%R? + R37]

=24 R[2Z3 — RZ? — 2Z°R + R?*Z]

=24R [2Z3 — 3Z2R + R?Z] 0<R<Z<1
h (R)= [, 9(R,2)dZ = [, 24R [2Z3 — 3Z°R + R*Z]dZ

3Z3R R?Z?
—24R(——T+ — |z

2 4
=24RG—R+ —— - R*+R*-)

== R[1—2R + R?] = 12R(R — 1)

=12 (1 - R)?R
R~B (2,3) flx, 0, B) = —22 x<71(1 — x)B~1 0<x<1
2
E ( )_ oc+B 5
Var (R)= ———— =2 -1

(x+B)2(x+B+1) 25(6) 25

Ex:- let y; <y, <.+ <ys denote the order statistics of ar.s. of size 5 from a
distribution having p.d.f. f(x) = e™*,0 < x < oo show that the statistics

Z1 = Yy,,Z, =y, — Yy, are stochastically independent .

Solution :- F(x) =1—¢7%,0 < x < 0o and according to formula (2) we get .
5! _ _ _
92, y4) = (1—e™2)[1—e™ —(1-e7?)]

1! 1! 11
[1-(1-e™¥)]e ™2
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=5I(1—e™2)[e Y2 — e V4]e ™4 e V2-vs 0<y, <y, <o

Let the space of y,, ¥, is A = {(y,,V4): 0 <y, <y, < o } the space of Z,Z,
18 —{(Zl,Zz)O<Zl<OOO<Zz<OO}

Z1=Y2=u1(Y1,¥2)
Z=y4-y2=u2(¥1,¥2)

V2=Z1=u;"%(Z1,Z3)
Ya=Zy+Zi=u,"1(Z4,Z;)

] (1-1) transformation maps A onto B

(1-1) transformation maps B onto A

9y2 9y2

] — 071 0% — | 1 0| — 1
94 974 1 1
071 0%

8(Z1,Zy) = g(uy ™M (Z1, Zy), v, M ((Z1, Z) 1]

=120 (l_e—z1) (e—z1 — e—(Zz+Z1))e—(zz+z1)e—z1—Z2—Zl

=120 (1-e%1) e 21(1 — e %2) e Z2e Z1e 2217 22

=120 *1(1 —e %)e ?%2(1—e™%2) 0<Z; <o ,0<7Z,<

The marginal distribution for each of 7Z;,Z, are as follows
h(Zy) = fooo 8(Z1,Z,)dZ, = fooo 120 e7*%1(1 — e %) e72%2(1 — e~ %2)dZ,

=120 e™#%1(1 — e7%) [ " e ?%2(1 — e7%2)dZ,
=120 e %21 (1 — e771) fooo(e‘2Z2 — e 3%2) dZ,
=120 e™*%1 (1 — e™%1) (_71 e 2%z +§ e 32|
=120 e (1—e™) G- 2)

= 120 e*%1 (1 —e ™) (== )

h(Z)=20 e™*%1 (1 —e™?%1) 1

h(z,) = [ 8(Z1,Z5)dZ,

=120 e7%%2 (1 — e7%2) [ " e™*1 (1 — e 21)dZ,
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=120 e7#%2(1 —e7%2) [ e —e7S%ady,

2061 — o) (e 4 Lo

_ —27 -7 1 1

=120 e (1 - e7%) (2 ]y

— 120 e (1 — o) T

=6e 2(1—e"%2) 2

Since g(Z1,Z;) = h(Z1)h(Z;) then Z,, Z, are stocuastically independent .

Problems :-

(DHlet y; <y, <y3 <y, be the orde. Statistics of r.s of size 4 from the dist
having p.d.f f(x)=e™, 0 < x < oo, final p,.(s < y,)

(2)let x4, x5, x5 be ar.s from f(x)=2x , 0 < x < 1, compute the probability that
the smallest of these xi excecds the median of the distribution .
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