Chapter Two

1- Estimation Theory

Let x4, Xz, ..., Xy be a r.s. from a distribution having P.d.f f(x, 0), where f(x,
0) is of known from with unknown parameter 0, therefore it have to be
estimator from the sample date. Two types of estimation can be done, namely
the point estimation and the interval estimation.

Def:

The point estimation of 0 is a rule (function) that assigns each element of the

sample a value (estimate) of 0 denoted as 0= (X[5Xg5eees X ).

Properties of Good Estimator
(1) Unbiasedness:

An estimator © is said to be unbiased estimator of 0 if E(é) =0|. Otherwise,

the estimator is said to be biased.
The value of biased b(0) is defined as

b(0)=E©O-0)= =E(0)-6
Ex:

Let Xy, X2, ...,Xn be ar.s from N(u, 1) show that 0 =X is unbiased estimator

of L.
Solution:
We have to show that E(X) =

_ X, 1 1
B0 - = LrEx) = LB,

n n n

since x; ~ N(u, 1), then E(xij) = 1

. 1& 1
EX)=—> u= —np=p

i=1

A

0 =X is unbiased estimator of p
Ex:

1
Let X1, X, ..., X, be a r.s from N(p, §%), show that —IZ(Xi — X)z 1s unbiased
n J—

est. of &°



Solution:

Recalling that S* = lZ(xi -%)*
n

> (x;-X)*=nS’ = E(ﬁz(xi -X)*) = ﬁE(nSz)

-1 n—-1| n

—E(Sz) _—{“—‘162} =5
= LIZ(Xi ~X)” is unbiased est. of 82
n fr—

(2) Mean Square Error Usill cilay ya Jac gia
The mean square error (MSE) of an est. 0 is defined as
MSE (8) = E (6 - 0)? = var (8) + b*(0)

if © is unbiased then b(0) = 0 and MSE () = var ().
The good estimator has MSE as small as possible.

Ex.
Let x;, X2, ..., Xy be a r.s from (X, 0) =9X(1—9)1_X, x=0,1, use MSE to

compare between the two statistics (estimators) X, x;.

Solution:
Since x; ~ Bernoulli (1, 0), then E(xi) =0,1=1, 2, ..., n, and hence &(x;) = 0

Also, E(x) = E(%) ~(B(Ex) = TEx) =0

:an:O
n

Each of X, x, are unbiased est. of 0.
MSE (x;) = var (x;) = 0(1- 0)

MSE(X) =var (X) = Var(z 1)_ V&I’ZX IZZVar(xl)

ZO(I e)_— no(1 - 9)_9(1 )
n



MSE(X) < MSE(x;). This means that X 1s better than x;.

(3) Consistency (84!

0 is consistent est. of 0 if
1) 6 is unbiased
2) lim var(0) =0

n—oo

Ex.

Let X1, X2, ..., Xy be a r.s from p(0). Show that © =X is consistent est. of 0.

Solution:

-0nx
c 9 <-0.1.2 ..

Since x ~ p(0), then f(x, 0) =

BO)=E® =B =L SE6) =L 50= Lo

=0 = 0 =X is unbiased est. of 6.
var(0) = Var(&) = %Zvar(xi) = %ZG = n—? _9
n n n n-~ n
lim V&I’(é) = lim 9 =0, the two conditions consistency are satisfied = 0=%

n—00 n—o 1

1s consistent est. of O

(4) Minimum Variance Unbiased Estimate

If a statistic T =t (xy, X2, ..., Xn) 1S such that

1) T is unbiased statistic of 0.

2) It has smallest variance among all the unbiased statistics of 0,

then T is called a minimum variance unbiased estimate (MVUE) of 6.

Ex.

Let y; and y» be two stochastically independent unbiased statistics for 6. Say
the variance of y; is twice the variance of y,. Find the constants k; and k; so
that k;y; + koy» 1s an unbiased statistic with smallest possible variance for such
a linear combination.

Solution:



Since each of yj, y2 and k;y; + koy; are unbiased then E(y;) = 0, E(y2) =0,
E(kiy: + kay2) =0

kiE(y1) + kaE(y2) =6 y1 and y, be two stochastically independent
ki0+k0=0= (ki +k)0=6

k1+k2:1:> k2=1—k1 ........ 1

let var(y,) = 6* = var(y;) = 28

Putting Q = var(k;y; + ky») then

Q=k; var(y,) +k3 var(y,)
=2k; 8% +(1-k,)*&?

4k; -2 8+2k1 6%=0
&% (4k, -2 +2k))=0
STQ = 4k 52— 2(1—k,)82 =0 (4 )

1
4k, — 2 + 2k, :O:>6k1:2:>k1:%

1 2
k,=1-k, =1 373
(5) Efficiency 3sUsl)
Let T be unbiased est. for a parameter 0. Then T is called an efficient estimator
of 0 iff the variance of T attains the Rao-Cramer lower bound given by:

1
Olnf(x, 0)
00

it can be shown that:

olns (x,0)., :_nE(82 Inf (x, 0)
00 00

var(T) >

nE( )’

E( )

Ex.
Let xy, X2, ..., Xy be ar,s from p(0), show that X is an efficient statistic for 0.
Solution:

-0Nnx
F(x,0)= 9

,x=0,1,2, ..

e—e X

=Ine®0* —Inx!

In f(x,0) =In

—Ine® +In0* -Inx!'=—0+xInO—-Inx!



Olnf(x,0) +§_x—6
00 0 0
Oln f(X, 6) 2 X—e)z :G%E(X—B)Z

E( )" =E(

09 0
= 91_2E[(X — E(x)]2 (because x ~ p(0) and E(x) = 0)

1 1
= EV&I’(X)= ey 0 = 5
R.C.L.Bzizﬁ
Il n
ni
0

on the other hand we have
0

ZX 2Zvarx1 226:%n6:
" n n n

var(X) = R.C.L.B

X 1s an efficient statistic for 0

var(X) = var =—

Ex.
D>
Let xi, X, ..., X, be ar.s from N(0, 0), show that 9 = L is:
n
1) efficient statistic for .
2) consistent statistic for 0.
Solution:
A >xi 1 2 2 2

1) E(6) = E(=")= HZE(Xi ) var (x) = E(x?) — [E(x)]

1 1
=~ ¥ lvar(x) + (E(x;)*]= 30+ 0)
_Lhe-o

n

A

2
0= & is unbiased statistic for 0
n

2
X

f(x, 0) = ﬁe_ze

X2

In f(x, 0) = —%m 210 + Ine 20



2
= Limon ~Llmes X
2 2

20
dln f(x, 0) :—_1+x_2
o0 20 262
’Inf(x,0) 1 x°
07 207 o
2 2
[8 lnafe‘(zx 6)] e[zéz _)5_3
= o5~ Bx) =5~ lvar(0) + [ECOT ]
L1 0+0)= LS T E(x?) =var (x) + [E(x)]?
20> 6’ 20° 0% 207
RCLB= ! 1 = 20°
[6 In f(x, 9)] n(- n
002 2(92

2
The derive var(0) = V&I‘(Z X%) it is known that since x; ~~ N(0, 0) then

2

ji@ % ~x2(1)
= _Zexf ~ x¥(n)
E(lez) n, var (Zexiz):2n

GLQ var (Y x;)=2n= var » x; =2n0°
A Z 2 B 2
var(0) = var(=—-) = — var > x; 2n6

2
var(@) = 219
n

_i
_n

var(§)=R.CLB



2
0= & is an eff. stat. for 0.
n

2) We proved the first condition of consistent that is © is unbiased.
2

lim var(§) = lim ==~ =0, thus the second condition of consistency is
n—o n—o N
satisfied.

2

0= & 1s consistent est. for 0.
n

(6) Sufficiency 4l

1) The Fisher Neyman Theorem

Let xy, X2, ..., X, denote ar.s from a dist. that has p.d.f f(x, 0).
Let y =u(xi, X2, ..., Xn) be a statistic whose p.d.f is g(y, 9).
Define L(x1, X2, ..., Xn, 0) = f(x1, 0).f(x2, 0) ... f(Xs, 0)

= T1f(x;.0)

Then y = u(xi, X2, ..., Xn) 1s a sufficient statistic for 0 iff:
L(x1, x2, ..., Xn, 0)/ g(y, 0). = H(x4, X2, ..., Xn) does not depend upon 0.

Ex. Let x4, X2, ..., X, denote ar.s from a distribution that has a p.d.f.

0*(1-0)"*, x=0,1, 0<60<1 n
f(x,0)= { (1-9) show that y = >"x; is a suff.
oW io1
stat. for 0.
Solution:

L(X1, X2, .., Xn, 0) = 09 (1-0)7" 0% (1-0)' .0 (1-0)' ™
L=02%(1-0)" 2"

since x; ~ Bernoulli (1, 0) = y =Y x; ~ binomial (n, 0), since
M, (t) = E(e) = E(e'>" ) = E(e™ e ...e™")
=E(e™)E(e™)..E(¢™) =M, (DM (1)..M, (t)



=[1-0+6e'][1-0+0¢']..[1-0+0e']=[1-0+6¢']"
- g(y,0)=(G06"1-0)"",y=0,1,..,n
E _ Gin (1 _ e)n—in _ Gin (1 _ e)n—in 1

g (r; 0Y(1-0)" (nzxi eri (l_e)n—in - (ani

H (x1, X2, ..., Xn) does not contain 6.
-y =X, 1s a suff. stat. for 0.

Ex. Let y; <y, <... <y, denote the order statistics of ar.s xi, X, ..., X, from

the dist. that has p.d.f

— o (x-6)
f(x,0)=e 0 <x <o show that y; is a suff. stat. for 0.
,—00 <0 <00

Solution:
L(Xl’ Xz, ceey Xn’ O) — e_(xl_e)e_(xz—e).“e—(xn_e)

_ e—Z(xi—G) _ e—ZxﬁZG _ e—in+n9
_ n! k-1 _ n—k _
gk) = G Di—k)! [Fy )" " [1=F)]" " f) k=1

g(y, 0) = [F(y)I'[1=F(y)I" ' £(y,)

n!
(1=Dlin-D!
F(x) = .[e_(u_e)du =- e_(“_e)‘z =—e Y 409

0

=—e "V 41=1-e

Fy)=1-¢®™

—1!
g(y,,0) = rz(n 1;),’[1 C(1— e PO e n(3-0)
n—1)!
g(y;,0)= ne """ O<y, <o

[from formula 2 of order stat.] let y; be the smallest of these x; y» the
next x; in order of magnitude , ... and y,, the largest x;  y;= min x;

g(y;,0) =ne

—n(minx; )+n6



e~ LXi gnb e~ LXj

= - =H
E_ n e—n(minxi)oné n e—n(min xi) (X1, X2, +.s Xn)

(does not contain 0)
y1 = min(Xi, X2, ..., Xn) 18 a suff. stat. for 0.

2) The Factorization Theorem

Let xi, X2, ..., X, denote ar.s from a distribution that has p.d.f. f(x, 0). The

statistic T = t(x, X2, ..., Xn) 1s a sufficient statistic for 0 iff we can find two non

negative functions k; and k, such that:

IL(x1, X2, ..., Xn, 0) = ki(T, 0) ka(x1, Xa, ..., Xp)

where ky(x, X2, ..., Xn) does not depend on 0

Ol @y Juala JS3 e L AUS Syl oS 13) @ Aabeall suff, 40 T laad) e J&
Ka(X1, X2, .., Xn) Lalai 0 daleall (o MA (5 A5 Ky (T, 0) Aalaall 5 il (5 a3 Latlas)

Ex.
Let X1, X2, ..., Xn denote ar.s from a dist. which is N(0, &%), co- < x < oo, where

2%

the variance &% is known. Show that X = L is suff. stat. for 0.

n
Solution:
x ~N(0, 5?)

[ e
(X, 0)=———e ¥, —wo<x<®

V2182
L oo L L Y
(Xy> X5y Xy, 0) WG We ...\/ﬁe
(x;-0)
L(X,, Xy, ..., X, 0) = (215%) / 252
3 [(x;,-%)+(X-0)]

=(27m8%) / 25°
(x x) +(X— 9) +2(x; —X)(X-0)]

—(2716 ) / 28




. —Z(xi—i)2+n(i—9)z
2(27582)_46 28? 28

;n(i_e)z _Z(Xi —X)Z

—ns?) e e
.. X 18 a suff. stat. for 0.

Ex. Let xy, X, ..., X, denote ar.s from a dist. f(x, 0) = 0x*!, 0 <x < I.
Show that the product T(x, X, ..., Xn) = Xi. X2. ... Xy 1S a suff. stat. for 0.
Solution:

L(X,, Xy, ..., X, 0) = (0x7)(@Ox5™)...(0x0 )=
=0™ (X1 . %y .. )01
= 0™ (X1 . Xy oo X )0 (g X o X))

The product x, X2, ..., X, 1s a suff. stat. for 0

Problems
(1) Let x4, X2, ..., X, be ar.s from

f(x,0)=19°
0 oO.W

® 0<x<00,0<0<o

Show that X is unbiased statistic for 0.

(2) Let y1 <y»2 <y; be the order statistics of ar.s of size 3 from the uniform
1 4
dist. having p.d.f. f(x, 8) = 0’ 0<x<8,0<0<o0. Show that 4y, 2y, and 3

y3 are all unbiased statistics for 0. Find the variance of each of these unbiased

statistics.
(3) Let x4, X2, ..., X, be ar.s from P(8). Show that > x, is a suff. stat. for 0.

(4) Show that the nth order statistic of ar.s of size n from the uniform dist.

1
having p.d.f. f(x, 0) = % 0<x<0,0<6<oo. is a suff. statistic for 0.



2- - Methods of Estimator
2-1 The maximum likelihood Method
Def. Let x4, X, ..., X, be a r.s from a distribution having p.d.f. f(x, 6) then:

1) The joint function f(xi, 0). f(xs, 0)... f(xa, 0)=]]f(X;,0) is called the

i=1
likelihood function denoted as L(x1, X2, ..., Xp, 0).
2) Let 6 be the value of © that maximize L. Thus, 0 is the root of the equation
oL
-

such that ZZTZ =0 and it is called the maximum likelihood estimate (MLE)

0

for 0.

3) The value of 0 that maximize L, maximize In L also. Thus 6 may be regard
InL 2

as a solution of Oln =0, such that 0"InL <0.

The following assumptions have to be done:
1) The first and second partial derivatives are continuous function of 0.
2) The range of the r.v x does not depend upon 6.

Properties of MLE
1) MLE are consistent estimators.
2) If MLE exist then it is the most efficient in the class of such estimators.
3) If 8 is MLE for 6 and g(6) is the single valued function of 6, then g(@) is the

MLE for g(0). This is called the invariance property.
Ex.1
Let xi, X2, ..., Xy be a r.s from the distribution having p.d.f

6x "' 0<x <1
f(x,0) ={
0 ow
Fine the MLE for 0.
Solution:

L(X, X5, ., X, 0) = (0% ) (0x57)...(0x)



InL=In6"[]x{" =In6" + In]]x]"

=nlnO+(0-1)In]]x, by pro. In(x1.x2) = Inx1 + Inx2
i<l

—nln®+@O-1)>Y Inx;==7nIn@+ 6> Inx, —1> Inx,
i=1 i=1

i=1

olnL n n
=—+>YInx. =0=>—=-)> Inx.

ae e Z 1 e z 1

A— is the MLE for 0.
Zlnxi

Ex.2

Let X1, X2, ..., Xn be a r.s from N(p, 6%), use the MLE method to estimate p and
52,
Solution:

1 _(x _ﬂ)z

f(xaﬂ,52)zﬁe 26? ,—00<X <0
T

L(X{, Xq, ooy X, 14, 07) =[[f(x;, 1, %)
-1

DIACIEINE
L=2n8%) 2e 2%
—n n 2 1 )
InL=—In2n) ——1In(d°) — — X. — W) = e 2
> In(2m) = 2 1n(3%) ~ 5 3 (x; )
OlnL 1 _
aﬂ _EZ(xi_/u)—O:

Z(xi—,u):O
in—nu:OSQ:ZXi:iistheMLEforu.
n

olnL —-n 1 N
= 2+ Z(Xi_“’)zzo

08% 28  28*



n 1 )
R X, —
282 264 Z( 1 “‘)
28" _ Z(Xi _l:l)z
28° n
§2 = Z(Xl —l:l)z _ Z(Xi _i)z
n n
3:\/2(xi _:&)2 :\/Z('xi _x_)2
n n
Ex.3
Let x1, X2, ..., X, be a r.s drawn from
1
f(X,e): 6 0<XS9,0<9<OO
0 0.W
Find the MLE for 6.
Solution:
1.1 1 1
L(X{, X550 X, 0) =(D)(2) () =—
(X5 Xp5ee0s Xy, 0) (e)(e) (6) o
Lnl-nln © , -n/6=0

We can't use the differentiation method because the range of x depend upon
0, but it is clear that L has maximum value at the smallest value of 6, which
coincide with the maximum value of x. Hence, 0 =max(x;)= the largest

order statistic of the sample.

Ex.4
Let xi, X2, ..., Xy be a 1.s from a distribution having p.d.f.

f aﬂ):{ﬁeﬂ()‘“) a<x <0,>20

0 ow

Find the MLE for a, f.
Solution:

B -a)
L(X{, X5, .0, X, 0, B) =B =

The MLE for a can't be found by the method of differentiation since the range
of x depend upon a.



It is clear that L has maximum value at the largest value of a which coincide
with the smallest value of x. Hence, & = min(x;) = the smallest order statistic

of the sample.
To find § we can use the differentiation method as follows:

B -a)
L(X{, X5, .0, X, 0, B) =B =

Y (x,-a)
InL=Inp% *=

=InB" - BY(x; - 4)

=nlnB—-PBD (x; —&)
=nlnf —BZ(Xi —min(X;))

"5 0 min(x)) =0
%: Z(Xi —min(x;))
B_ n _ n _ n
Y (x; -min(x;))  Y.x, - Ymin(x,) nx-nmin(x,)
- ]
X —min(x,)
Ex.5

Let xy, X2, ..., Xy be a r.s from a dist. Having p.d.f.

Fx, 6) = {9"(1 —0)'* x=0,1

0 o0.W

0
Find the MLE for w = m

Solution:

At the first we find MLE for 0

L(x,,X,,.... X, 0) =f(x,, O)f(x,, 0)..f(x,,0)

=" (1-0)"" 02 (1-0)" .0 1-0)"

_0X% (1— ) X0 _gTx (] _ gyn XN,
InL=1n(0>%(1—0)""2%)=1n 0> +1In (1 —0)" =%



=>x;, In0+(n-2x,)In(1-0)
dlnL _Yx; n-¥x 0
00 0 (1-0)

Z)ci:n—in:>

0  (1-0)
1-0_n-2x,

0 2X,
LSRN N PN D 3.
0 2 X; n
W= eA: X is the MLE for w

1-0 1-X

(according to the invariance property)

Ex.6

Eight trials are conducted of a given system with the following results (S, F,
S,F, S, S, S, S) where S denote success and F denote failure. Find the MLE
of P the probability of the successful events.

Solution:

Let the r.v. x denote the success event, then

{1 if the event S occur

0 if the event S does not occur

X ~ Ber (1, P) then f(x) = PX(1-P)!*, x =0, 1
L=f(x;,p)..f(x,,p)=p" (1-p) ™ ..p" (1-p)'™
=p>*(1—p)" =" =p°(1—p)** =p°(1—p)
InL=1In(p°(1-p)*)=6lnp+2In(-p)

Ooln L _ 6 2

2 -0

op p 1-p

6.2 _1-p 21, 2

p 1-p p 6 p 6
114283583 isthe MLE of p
p 6 6 8 4



2- The Moments Method
Let f(x, 04, 05, ..., 8,)be the p.d.f of the population with k parameters 0,

0,, ..., 6, . By this method, we equate the population moments M, =
E(x") with the sample moments m, =% Tx" r=12,.., k. Then
solving for the unknown parameters

m; = LTI G

n

Ex.
Let xi, X2, ..., X be ar.s from p( 8). Find the moment estimator for 6.
Solution:

e 9 9%
f(x) = " E(x)=0, var(x)=0
We have the population moment M; = E(x1) = E(x) = 6

and the sample moment
M=E(x)= 6, m=X=
M=m=>0=X

6= X 1sthe moment est. for 6
Ex.

Let x1, X2, ..., Xy be ar.s from f(x,0) = % 0<x< 6

Ny,
1 X

n

Find the moment est. for 6.
Solution:

6 6 2 62
M; =E(x)= [ xf(x)dx = fox%dxz %"7]8 = %[7—0]=
Lot o
6 2

M = m then 97= X then 6 =2X

is the moment est. for 6

Ex.
Let xi, X2, ..., Xn be ar.s from U( «, )
Find the moment est. for « and (.



Solution: E(x)= Ty
1
— ,x< x <f3 (B—)?
x,o(’ = B—OC —
Foepy= P 7 var () = o
M, = E(x)=5F m1=2=% = ¢ M, = E(x") ,
1 n
mr=;Zxrr=1,z, .k
1
Mi=m1l =—> “7“3 - X————(1)
var (x) = E(x?) — [E(x)]?
M2 = E(x?) = var (x) + [E(x)]? E(x?) = var (x) + [E(x)]?
_ (B—x)? x+B 12
12 +(2 )
_Z?=1x2i
my= 2= X x+B
My=m, 2
(B—0)? x+B \p _ Bz X% —2X ==
— +(2)_ remiE (2) X+=2X >
o _ ~
By ()= 25— + X2 = - 31 2% B=2X—«
(2 X-2 x)? v2 _ 1l yn .2
_12 2 +_X o &i=1X
(X—x) + XZ — l 7_’l1x2
n 1= l
X— )2 1
( 3oc) + X2 = = Z?ﬂle o« + e
— — 3 - -
(X—x)? + 3X% = - m X% 2 i
(X— o )? :% n ox%, - 3X2 x=2X—-0
X—o= = Yl x?% — 3X?
& =X — %zg;lle — 3X2
B=2X—-x
p=2X—-(X—- |- X x% 3X% )u



p2k-%+ [ Epan - 35

B=X+ \/% S, — 3X2

Exercises:
1) Let x4, X2, ..., X, be ar.s from P(@). Find the MLE for Pr(x>0) .
2) Let x4, Xa, ..., X, be ar.s from

_(x-61)
o @ b2 ,0,<x<00, —0<H <o,
f(x, 0, 62) =47 0< 0, <o
0 0.w

Find the MLE for 6, and 6, .
3) Let Xy, X2, ..., X, be ar.s from N( y, 52 ). Find the moment est. for p and §2.
4) Let X1, X2, ..., Xy be ar.s from G( a, f ), Find the moment est. for & and 3.

3-- The Method of Least Squares

Suppose that we can write the observations in the form:

yi=gi (01,0, ..,0)+te,1=1,2,...,n

where g; are known functions and the real numbers 6, 0., ..., Ok are the
unknown parameters of interest. Suppose that g; satisfy the conditions:
(*) E(g)) = 0, var(g;) = 8* > 0, cov(g;, ) =0,i=1,2,..,n,j=1,2, ..,n
The method of least squares says that we should find the point

0" =(6;,03,...,0,), which makes the expected value vector as close as

possible to the observes value that is we should minimize.

Iy; — B(y)T’
i=1




Ex.

Lety;=0;+¢&,1=1, 2, ..., n. Estimate 0; using LS method.
Solution:

We have E(y;) = E(0, + &)

=E(0;) + E(e) =0;

Let Q=367 =3Iy, ~EG)F =Xy, ~6)°

L2503, -0)=0= X3, -0 =0

2.yi—n8, =0=>y, =nb, =6/ :ZHYi =y

Is the LS est. for 0,

Ex.

Let x1, X2, X3 be three random variables with the same variance 8°. Let E(x;)
=01, E(x2) = 0; + 0, and E(x3) =20, + 0,. Find the LS estimators for 0, and
0,, then find the mean and variance for each est.

Solution:
Let Q= 23;[xi —-Ex)T
i=1
=[x, - E(X1)]2 +[x, - E(Xz)]2 +[x; - E(X3)]2

= (X, _91)2 +(x, -0, _92)2 + (x5 — 20, _92)2



%:o:—z(xl-el)—z(xz—el—92)—4(x3—2el—92)=0
1

—2x, +20, —2x, +20, + 20, —4x5; + 80, +40, =0
-X, +6,-x, +0, +0, —2x, +40, + 20, =0
60, + 30, =X, + X, +2X5 .eeunen. (1)

a—Q:O:>—2(x2—61—62)—2(X3—291—92):0

2
X,—0,-0,+x;-206,-0,=0
-30, —20, +x, +x;=0

+x5; — 20
30, +20, = X, + X3 e Q) =0, =277 (¥)

Solving eq. (1), eq. (2) for 0, 6,, we get:
By eq. (1) we get

0
6( 2)+30, =x, + X, +2x,
2x, +2x5 —40, +30, =x; + X, + 2X;

2X2-X1-X2:ez

0, =x, -x
(*) & Lo

2X, — X, +X
0, = 1 32 3

b 3

A

~.0,,0, are the LS est. for 0, 0,



Ex.
Lety; =Bo + Bixi + &,1=1, 2, ..., n (simple linear regression model).
Estimate By, B; using LS method.

Solution:
Let Q= ZG% = Z[Yi - E(Yi)]z
= Z(Yi —Bo - Boxi)2

0

_Q:0:>‘2Z(Yi By —Box;) =0
By

> (yi —Bo = BoX;) =0 e (1)

Q

£=0:>—2ZX1(}G —Bo =Bix)=0

1
> x(y; =By —B1x;) =0 ......... (2)
From eq. (1) we obtain

DY —nBy =B X, = 2y =nBy + B DX s 3)

From eq. (2) we obtain

XY —Bo XX —Blzxiz =2 Xy =B X +Blz><f --------- (4)

B, = 2V —Bi2x;
0 n

By (3) we get

2 XY :in(ZYi _BIZXi)"‘BlZXiz
n
_ 2.Xi2Yi ;Bl(zxi) +B, 3 x>

HZXiZyi :ZXiZYi _[31(in)2 +nBlZXi2
B1(HZX12 _(Z(Xi))z):nZXiYi 2 Vi X



B _ ny Xy, = 2 Vi X
1 nZXf _(in)2

(*) & =2

I N X;¥; — 2 Yi2X
Bo—zyl ( nz i_(z i) )Z

Yy X — 2 i)’ XXy 2 X+ 2 yvi(Xx)’
n> x; - x,)°

ZYIZX _ZX ylZX
nd x; - x;)?

[30, B1 are the LS estimators for Bo, B.

0

Ex.

For the simple linear regression model show that [}, can be written as:

b= 2D =) _ 2 -%)y,
YR Y

for f.

then show that P, is unbiased est.

Solution:
Wehave 3 (x; —X) (v; —¥) = 2X;y; — X2 y; — Y2 X; + X —nXy — nyX

(le)(z Yi)
n

= ZXiYi — Xy = ZXiYi -

(X —X) =Y X7 —2%) X, +1X° = Y X; —nX
_ 2 _(in)z
—in n



(% - By —y) _ 2T (ZXiL(ZYi)
2 (x; -x)? 2_@
PR ;

i

_nYxy - (Cx)(Ey)
nZXf - (in)z

Also we have > (x; —X)y; = D_X,y; —XD.Y;

:ZXiYi . (ZXiL(ZYi)

:Bl

B :Z(Xi_i)Yi
LY -%)
E(B Z(X X)Yi:Z(Xi_X)E(Yi)
1 z< -x)? Y(x -%)

_ 2% =%) B, +Bix;) B Z(X _X) B 2% (% —X)
> (x; = %)’ Y X (x —%)’
:Bl—ZXi — X =B,

Y x2—nx?



2-2 Interval Estimation
Def: An (1-a) confidence interval (C. I.) estimator is an interval whose end
points are functions of the sample statistics such that if we could generate
indefinitely samples, the interval should contain the true parameters (1-a) %
of the times.
Constructing C. L.: -
The following steps are necessary to construct the C.1I.
step (1): obtain the probability distribution of the point estimator for the
unknown parameter.
Step (2): Standardize the estimator such that we get a r.v with completely
known distribution. Step (3): Construct C.I. for standardized r.v. then
1 - Solve for the unknown parameter.

2-2-1 C.I for Means of Normal Population

i- if 62 is known:-

Let x4, Xo, ..., Xn be ar.s from normal population with unknown mean p
and known Variance of §2 Applying the above steps:-

1- the sample mean X is a point estimate of pu with probability distribution
2
N (1,7).

. . _X—Uu -
2- standardizing z= S N(0,1)

3- The values - za 1, 52y, place %a in each tail of normal distribution

1-a

Therefor



pr[—Za/Z < ;/;\/’% <Za/2] =1-a

1.e
Cl
pr(—c<u <c)= Zay,

N( ¢) -N(-¢)=N(c )- (1-N(¢) )
=N(c ) -1+N(c) =2N(c )-1=N( ¢)=1-a/2
solving for p we obtain

Pr[JZ—ZOé/2 CT/\/H < U <JE+Za/20/\/ﬁ] =1-a

Where 0< a < 1 and selected often to be 0.1,0.01 or 0.5

Ex: Find 95% c.I for the mean of normal population N(u,25) if it is known
thatnormal X = 10,n = 100.
005

Solution: we have 1-a=0.95 , 0=0.05 ¥ == == = 0.025.
From tables of standard distribution, we get Za /o= 7 0.025=1.96
xX—

l-a= pr[—Za/Z < 6/—\;% <Za/2]

l-a:pr[—Za/25/\/H <x—pu < +Za/25/\/ﬁ]

I-0=p,[X —za;, 6/\n < p <X +2za;, 6/Vn]
5 5 —

Pr{10-(1.96) 755 < W < x10 - (1.96) 7=] =095

Pr[9.022< p < 10.98] = 0.95

lower bound CL: 9.02
upper bound CU= 10.98



[ ] [ ] T ~ 2 -
2)if o is unknown p x“(n-1),

_ r=n-1
~T (n-1)

. x|t
- In this case the r.v 51 w

Applying the steps stated earlier we get =80 oW

pr[f—ta/zs/\/n— 1 <p <9E+ta/zs/\/n— 1]l=1—-«
Ex: let ¥=20, s2 =29 denote the means and variance of ar.s of size 16 is

from N(u, 62). Find 95% C.1I. form L.

Solution: we have 1- ¢ = 0.95 = o=0.05 , “;zo.ozs

From tables of T distribution. we get ta /5 (n-1)=ty 925 (14)=2.145 from

table.

as another way to represent C.I we write C. I for

_— s _ V9 _ 3
—X+ta/2ﬁ =20 + (2.145) is =20 + (2.145) is u

CL =18.338 ,CU=21.661
(18.338 , 21.661 )

b) For Large Samples (n > 30)
In this case and form statistical inference: theory the distribution of the r.v

i tZ@ will converge to N(0,1).



which means that we can use the standard normal tables instead of t

distribution table and hence.

—— o)
c. I for u=x+Zcr/2\/—H

Ex: let X=20, s? =16 denote the means and variance of a r.s of size 100.
Find 99% c.I. for p.
Solution: we have 1- o =0.99 o=0.01 , % =(0.005.

from tables of Normal we get Za /5= Z0.005= 2.58
ST 7., S 20T V16
Cl=x + Zoz/2 n =20+(2.58) 7100

=20 F (2.58).110

= (18.968 , 21.032).

2-2-2 C.I. for Difference Between Two Means
i) If 57, 55 are known
Let X,, X, denote the means of two independent random samples of size n;,

n, from normal population with variance 512, 5% respectively. A (1—a) C.L

for p, —p, 1s

5,8

n,

Clforp, —p,=(X,-X,)*Z,),

ii) If 57, 87 are unknown

a) For large sample (n, n2 > 30)



A (1-a)% C.I. for p, —p, is given by

S, S

n, n,

Clforp, —p,=(X,-X,)*Z,),

Where S7, S; denote the variance of the two samples.

Ex.
Construct 96% C.I. for pu, —p, 1s it is known that n, = 50, X, =76, S, =6, n;

=75, %, =82and S, =8.

Solution:
We have (1—a) =0.96 = o= 0.04, % = 0.02.

From tables of standard normal distribution o/2 = Z¢ ¢, = 2.054, then 96%

C.I for pu, —p,

S, 5

n, n,

= (X1 - Xz) * Za/2

— (82— 76) + (2.054).| 0% 4 36
75 50

64 36

=6+ (2.054), [ +
75 50

b) For small samples (n1, n2 < 30)

A (I1-a) C.I. for p, —p, is given by

1 1
CLforp, —p, =(X; =X,) £ .58, n, i n,
1

Where Sﬁ 1s the pooled variance obtained from the sample variance 312 , S% as



_ (0, = DS} +(n, =S

2
5 n, +n, —2
| T,

Ex.
Given thatn; =12, X, =85, S, =4, n1, =10, X, =81, S, = 5. Find 90% C.I.

for p, —p,.

Solution:
a
We have (1-a) =0.90 = a=0.10, 5 =0.05

ty,(n, +n, +2)=t,,5(20)=1.725 from tables

g2 _ ( =DS{ +(m, =DS; _ (AD(16) +(9) 25
2 .

=20.05
n, +n, —2 12+10-2
S, =4.478
o 1 1
90% C.I. for p, —u, is (X; =X,) £ t,,,S, | —+—
0, 0y

(85 — 81) + (1.725)(4.478) /é + %

= (0.69, 7.31)

2-2-3  C.I for Variance o?

(n-1)s* (n-1)s?
x? " x%4-
%/ 1=a/,

If mean p is known:-
(1-a) % C.I for o2 is given by

prl

— 2 _ 2
(n-1)s < 0_2 <(1; 1S

- =1-a
X a/, X 1-a/,




11-

Let X% /o X’ 1-q /, are the X? values obtained from X? distribution

table with n degrees of freedom and level of significant 1 — a/Z , & / 2

respectively.
Ex : let $%=9 denoted the variance of ar.s of size 25 from N(10,02%),

find 95% c.I. for o2

Solution:

2 2
l-a=p, [2L < 52 < S

X a/z X2 a/z

we have 1- 0. =0.95, a=0.05 ,%=0.025 : 1-% =1—0.025 = 0.975

]

from X2 table  we get

v, - EENESIEHGSS
P, ) EESEIED]

(n) s* (n) s?
prlz— <o <g.=lua
/ /2
T 24(9) < o2 24(9) | =095
40.6465 13.1197
216 ) 216 ,
pr[40.6465 <o < 13.1197] =0.95

pr[5.5355 < ¢ < 17.1498] =0.95
CL=5.5355 , CU=17.1498

If mean u is unknown:-

(1-a.)% CJlfor o? is given by

prl

-1 2 -1 2
(7; )S < 2 < (nz )S
X 1-ay, X a4/,

] =1-a



Let X* | _a 1, 0 X > /, are the X2 values obtained from X2 distribution

table with (n — 1) degrees of freedom and level of significant
a _a :
/2 , 1 /2 respectively.
Let X1, Xo, ..., X1o be ar.s from normal population N (u,02).where EX:
both are unknown, suppose ). x;= 159, and ), x?;= 2531. Compute 95% c.I.
for 0-2 Jaf it x20_025(9) = 2.70 and x20_975(9) =19

(n—-1) s? (n—1) s?

prl < o* < ] =1-a
Xt 1-ay, xt Yy
(xzi—inf+ fz)
(n—-1) s? (n-1) s, Z
Pr[le_a <o < Xq J=l-a 2Y i+ NE2=Yx? —
/2 /2 14 i
g2 1 ( _)2 =Zx2i—232xif+ ni?
= X;— X
n—1 z '
( ) =Zx2i—2nz1f"f+nf2
(n_ 1)52 = Z(xl-— X)Z = Z Xzi— nfz
156 2n %% +nx?Y x%; —
(n—1)$* = 2531 - 10(—)? =2531-10(15.9)? = 2.90

we have 1-0.=0.95 o= 0.05 ,%:0.025 1-% =1—0.025 = 0.975
95% C.I. foro? is

(n—1) s?

pr[Xz 1— < 02 < X2 ] =1-a
2 2
2.90 2.90
T[1_9 < 02 < _0] =0.95

pr[0.15 < ¢ < 1.07] =0.95

ii) C.I. for the Ration of Two Variances

Let S7, S5 be the variance of two independent random samples of size ny, n

respectively.



Let vi=n; - 1, v =ny - 1 be the degrees of freedom then (1—-a)% C.I. for

2
the ratio 6—12 is given by:
2

Z1="1 _y2(n1o),
‘71
S2
72=22 Cx2(n2-1),
52
_ Zim-1
Z,/n2-1

S 1 & 52
2—< B 2f(x/2(V2>V1)]:1_a
S5 fun(Visvy) 65 S;

Pr]

The values of f,,(v,,v,) and f_,,(v,, v,) obtained from the F distribution

table.

Ex.
62
Find 98% C.I. for /82 if it 1s known thatn; =25, n, =16, S; =8, S, = 7.
2
Solution:
We have (1— o) =0.98 = o= 0.02, % = 0.01

fa/z(Vp Vz) = f0_01(24, 15) =3.29
flfa/Z (VZ’VI) :fo,()l(lsg 24) =2.89

82 1 82 2
<L ()= -
S5 fun(Vi,vy) 83 Sz

Pr|

2
prySt L O ﬁ(289)] 0.98

49 3.29 5 49



C.I =(0.397, 3.775)

Exercises
1) If it is known that n = 17 is the size of r.s. from N(u, §%) with X = 5.3, S* =
6.2. Find 95% C.I. for both p and 8°. The tabulated values are:

tg.005(16) = 2.120, X 55(16) = 6.91, X{ 175 (16) = 28.8
2) Given X = 18, is the mean of ar.s. of size 20 from N(u, 25). Find 99% C.I. for

p if it is known that Zg gos = 2.58.

3) A r.s. of size 10 is drawn from N(p, 8%). The values of individuals are 10.7,
12.6,9.3,9.5,11.3,12.2, 11.5, 11.1, 10.4 and 10.2. Find 95% C.I. for p and
82, to.025(9) = 2.262.

4) Two random samples each of size 10 from N(w;, 8%), N(i1, 8%) yield x, =4.8,

S? =8.64, X, = 5.6, S5 = 7.88. Find 95% C.I. for 11, —, if it known that

t0.025(18) =2.101.
5) Let X1, X2, ..., Xn be ar.s. from N(p, 6%). Let 0 < a < b. Show that the

mathematical expectation of the length of random interval

2
[Z(Xib_ “)2 , Z(Xi B l”")z] iS (b _ a) (ﬁ)
a ab

Problems

(1) Let x4, Xo, ..., Xy be ar.s from

1 -x/0

£(x,0)= 66 0<x<00,0<0<o0

0 oW

Show that X is an unbiased statistic for 0.

Solution:



Since x ~G(1,0),a=1,3=06
Ex)=ap=06

Now B =E(=) = () = ¥ () = L 30

:an:O
n

.. X 1s unbiased estimator of 0.

(2) Let y; <y» <y; be two order statistics of a r.s of size 3 from the uniform

dist. Having p.d.f. f(x,0)= é, 0<x<0,0<6<on.

3 : . : :
Show that 4y, 2y, and 2 y; are all unbiased statistics for 0. Find the variance

of each of these unbiased statistics.

Solution:

0= e P IRl 1)
0= G O FOP )
F(x) :I —:>F(y1 :%

g(y) =5 [1- 2 s =312

0
3
E(dy,)=4E(y,) = 4] 5[1—%]2yldyl
0

129 2y, yi
0 E[[ 0 o ]Y1 Yi



120 2y] v
=1y, - d
5 ![yl - 92] Yy

22ty 20 Y

0
zg(y_lz_%'l )
0 2 30 492

12 6> 2 02 0° 12 60% —80% +30% 0

- _= —_1=-= =—=0
9[2 3 ] 12 0

.. 4y, unbiased statistics for 0.

0= G gy PO - FOI)

Fly2) =27

g(y2) =602 101 - y2] yez 5 o)
=632 )

E(2y,) =2E(y,) = 2I6yz %——) Y,

6

0 2 3 3
Yo Y2 Yo
=12[ (22 - 22)dy, =12(2%
£ (92 93) 72 (392 493)
3 4
~12 9—2—9—3 _1p 89y 1,393
30 40 3 4 12
.. 2y, unbiased statistics for 0.
3! _ _
g(y;) = [F(y3)I" '[1=F(y;)I 7 £(ys)

G-1)!(3-3)!



3y

1
= 3[F(y,)I*f(y;) = 3[y—e3]2 5=

E( Y4)—_ (y3)=7% IY3 3 dY3—4IY3dY3

0

0
_ 4y 6"
0’ 4 0’

0

4
§y3 unbiased statistics for 0.

Now, to find the variance of 4y,

var(4y,) =16 var(y,) = 16[E(y;) ~ E(y,)’]

E(y}) = Jy153 J 1——+—]dy1
02
0
39 L 2y, v 3.y, 2y, i
=— 22l gy, == (L -2 4 2L
eg(yl o T =G, )
_36° 0' 0 340 3, 100°-150" +66°
0 3 20 502 2 5 10
62
" 10
E(y,) = Jyl 3[1—3] dy,
2
:_I +_Y1dY1
2 3 4 |®
:_j[ J Vi 32
g 92 0" 2 30 4920

3 0° 293 0* 3.0% 2
=—(——— —) = —[——— 0> + ]
30 49 3



_360°-80°+30° 6> 0
0 12 40 4
0> 9> e se2 302 3.
4y.)=16[— — — 16——16——9
var(4y,) [10 ] ( ) 20

To find the variance of 2y,

var(2y,) = 4var(y,) = 4E(y?) - E(y,)]*

E(y?)= J y26 %——)dyz

6

o 3 5
Yo ¥
=6|(Z= d = —

0* 0 0> 0> 0 3
=6, 7o) =0~ ) =6 =0’
40° 50 20 10

60> —50° _0°

var(2y,) = 4(i 0% — ﬁ) =4
Y2070 4 20 5

4
To find the variance of § Y3

16
Var( y3)——Var(Y3)— [E(Y3) E(Y3)]
2 3y3 3% 4 3 3 6
E 23 dy. = > dy, =—23
(Y3) Jy 03 Y3 63,([}]3 Y3 03 3 .
ie_széez
0> 3 5
4 163, 9 ., 16(48-450> 06°
var3ys) =g s — 69 =9 0 15

(3) Let x4, Xa, ..., Xn be ar.s from p(0). Show that > x, is a suff. Stat. for 0.

Solution:



Since X, X2, ..., Xn ~ p(0)

-0Nnx
Fx)=S 9 x=0,1,..

x!

L =1(xi, X2, X3, ..., Xn, 0) = f(x1, 0) f(x2, 0)...f(Xn, 0)
e %0 e %0 e %0

X! x,! X,!
-0 x;
_ € 0 _ e_neezxi 1
TX;! TX;!

- >_x; is a suff. Stat. for 6.

(4) Show that the n™ order statistic of a r.s of size n from the uniform dif.

Having p.d.f. f(x,0) = 6 0<x<0,0<0<owis a suff. statistic for 0.

Solution:
=1 1 7 x
Fx)=|-du=—u| =—
{e 06 |, ©
y
F ==
(Yn) 5
n! n—1 n-n
= F 1-F f
20 = i ORI =Pl £y,
_nm-Dly,mal_n ay
. _1),[ ] IRL
L(x1, X2, ..., Xn, 0) = f(x1, 0) f(Xx2, 0)...f(xn, 0)
_11 11
0070 o

Nyman Fisher 44l aaaius



1 :
g =— does not involve 0
g n n ny

= vy, 1s suff. Stat. for 0.

Exercise
(1) Let x4, xa, ..., X, be a r.s from p(0). Find the MLE for pr(x > 0).

Solution:

e %0*

f(x, 0) = ,x=0,1, ...

L(X1, X2, -..; Xn, 0) = f(x1, 0).f(x2, 0)...f(Xn, 0)

e 0% e %0 %%

x!  x,! 7 ox,!
_e—neeri

X!

e—nG >x 0
In L(xl,Xz,...,xn,e):ln—':1ne_n +1n0%% —Inmx,!
X, !
=-—n0+> x;In0 - Innx,!
81nL:—n+&:0:>n:&:>9:&:i
00 0 0 n
~00

pr(x>0)=1—pr(x =0) = 1= 1 _¢

o
u\ Lﬁ‘ ‘X }AJLA‘)MOJMPI‘(X>O) g_,J;\ MLE Jlé:’\?’

MLE for pr(x > 0) = 1—¢*

(invariant property) <Ll duald Crua



(2) Let x4, Xo, ..., Xy be ar.s from

(x=6,)
ie_ 0, 0, <x<w
f(x1,6,,6,)=1¢2 —0<0, <0,0<0, <o

0 oW

Find the MLE for 0, and 0,.

Solution:

To find MLE of 6,

L(x1, X2, ..., Xn, 01, 02) = f(x1, 01, 02).f(x2, 01, 02)...f(Xx, 01, 62)

-(x,-6,) —(x,-9y) —(x,—9;)

=—=8 92 Le e2 e 62
e2 e2 eZ
_Z(Xi_el)
=—C3 92
6;

We can't use the differentiation method because the range of x depend upon

0, but it is clear that L has maximum value at the largest value of 6; which

n
coincide with the smallest value of x. Hence, 0; =min(x,) = the smallest

order statistic of the sample.
Now, to find the MLE of 6,

_Z(Xi -6,)
0,

L(X], X2, vees X 91, 92) = —ne
0,
1 _Z(Xi_el)
InL=In(—e % )
6

:lnegn _ _Z(Xi _el)

2

2.(x; —96,)

=-nln0, -
0,



OlnL  -n Z(X 1):

0
00 92 03
n_X(x;—-6) en_Z(X -0 _2x;-6n
62 62 2 n n
ny Xx; .
Lgp TG nmin(x) g RO
2 n n

(3) Let xi, X2, ..., Xa be a 1.s from N(u, 8%). Find the moment est. for p and 8.

Solution:
1 _
n

p =EX)=p

n

U, =m; = pu=X the moment of p
)
m, =—>X;
n
i, =B(x?) = var(x) +[EX)]* = > + 8. =(X)* +&°

1 _
—>'x; =82 +%°
n

—>(x; - X)*> the moment of &

(4) Let x4, X2, ..., X, be ar.s from G(a, B). Find the moment est. for a and f.

Solution:



m, = E(x*) = var(x) + [E(0)]* = op* + o’B* = af*(1+ 1)
Ha :llez

n
m, = U, :ﬁfo =B%ou(l+ o)

=2
Isye -2 al+a)
n (04

1 X*  _, 1 . X
X =AY X X =
a n a

o=

1 2 =2

;in_

1 2 =2

. X X lw o 2 n="7
B" = - =i—2(HZXi— ) —

1 2 =2

szi

2

S
1’1__
P =3
an_i_i.i_iz

i 82 S2

X



Exercises
(1) If it is known that n = 17 is the size of r.s from N(p, 8%) with X = 5.3, s* =
6.2. Find 95% C.I for both p and 8. The tabulated values are tg 025(16) =2.120,

Xg 0p5(16) = 6.91, X{ 475(16) = 28.8.
Solution:

n < 30, 8% is unknown

S

a/2 \/H

Pr[x —t <p<X+t =l-a

S
/2 E]
We have 1— o =0.95= o= 0.05, % ~0.025

From tables of t distribution we get

ty (M —1)=1t(4,5(16) =2.120

ClLforp=x+t,, % =53+ (2.120)%
=53+1.28

CL=4.0197

CU = 6.58

Now, we find C.I. for §°, when p is unknown

(n—-1) s? (n—-1) s?
p?"[ X2 g < 02 < X2 1—¢q
/2 /2

] =l-a

1—%: 1-0.025=0.975

From x? table, we get

XZ 1_(1/2 (TL — 1) = XZ 0.025 (16): 28.8



XZ 1_0!/2 (n - 1) :Xz 0975 (16) :691

(n;l)s2 < 2 < (721—1)52
X a/z X 1—0c/2

prl | =l-o

Pr[(16)(6.2) <5’ < (16)(6.2)] 0095
28.8 6.91

Pr[3.44 < 8% <14.356]=0.95
CL=344,CU=14.356

(2) Given X =18 is the mean of ar.s. of size 20 from N(u, 25). Find 99% C.I.
for p if it is known that Z gos = 2.58.

Solution:

We havel -0=0.99 = a=0.01
001 005

2 2

From tables of standard normal distribution we get

Zor = Zo005s = 2.58

Pr[i—Zq/2%<p<i+za/2%]:l—a

Pr{18 — (2.58)% <p<l18+ (2.58)%] =0.99

Pr[15.1155<pn<20.881]=0.99

CL=15.1155
CU =20.881



(3) A r.s of size 10 is drawn from N(p, &%), the value of individuals 10.7, 12.6,
9.3,9.5,11.3,12.2, 11.5, 11.1, 10.4 and 10.2. Find 95% C.I. for p and &2,

t0.02(9) = 2.262, X{425(9) = 2.70, X 475(9) = 19.
Solution:

Since n < 30

Pr[i—ta/zi<u<i+t l-a

8,
n cx/2\/H
1—0(20.95:>0L:O.05:>%:O.025

From tables of t distribution we get:

to o (M —1) =1;,0,5(9) = 2.262

2%, 10.7+12.64+9.3+9.5+11.3+12.2+11.5+11.1+10.4+10.2

X =

n 10
=—108'8 =10.88
10
S :lZ(xi ~-%)* :lZXiz —lniz :le? —-x?
n n n n
S? 2%1194.18 —118.3744 =1.0436
S=1.0216
1.0216 1.0216
Pr[10.88 — (2.262 <u<10.88+(2.262 =0.95
[ ( ) Jo M ( ) 70 ]
Pr[10.1493<u<11.611]=0.95
CL=10.1493
CU=11.611

Now, to find C.I. for 8> when p is unknown



(n—-1) s? 2 (n—-1) s?
pr X2 a <0< X2 1—q
/2 /2

] =1-a

o =0.05, % ~0.025,1— % —1-0.025=0.975

From x? tables we get

X? 1-a/, (n—1) = X* 0,025 (9)=19
X2 1-a/, (n—1) =X? 9.975 (9) =2.70

(n—-1) s? (n—1) s?
pr[ XZ a < 0-2 < XZ 1—a
/2 /2

] =l-a

(9)1.0436) _ > _ (9)(1.0436)

Pr|
19 2.70

1=0.95

(4) Two random samples each of size 10 from N(p;, &%), N(uo, &%) yield
%, =48, s =8.64, %, =56, 55 =7.88. Find 95% C.L for p, —p, if it is
known that to5(18) = 2.101

Solution:

Since ny, n, < 30



We have 1—a:0.95:>a:0.05:>%:o.025

toa(ny + 1y —2)=14,,5(18) =2.101

- 1
C.Lfor py —p, =((X; —=X5) Fto,8p [ —+—
o, 1y

2 (n,=Ds; +(n, —s;

S =
P n,+n, -2
_98.64) +9(7.88) _ o
18
Sp =2.874
C.I for p, —p, =((4.8-5.6) F(2.101)(2.874) % + %)

= (~0.8 F 2.7004)
= (~=3.5004, 1.9004)

(5) Let x1, X, ..., X, be a r.s from N(u, 8%). Let 0 < a < b. Show that the

mathematical expectation of the length of random interval

[Z(Xi -w? ’ (% - Ivl)z] is (b—a) ﬁ
b a ab
Solution:
o2 -t Y W’ bR —w? —a¥i(x —p)
a b ab
L2 -’ (b-a)

ab

B = B3 :g (b=a)y_ LB - 107)

b

s’
ab

—a b—a
ab 282 :?n82 :(b—a)






