Methods for solving 1% order Ordinary Differential Equations Spring 2025

We will study some methods that can be used to find the solutions of the

first order equations which take the form y' =f(ty)

1- Separable Equations:

Finding a way to separate the variables can be considered the best
method to attempt first when trying to solve a differential equation. Even
if we use one of the methods that we will discuss later for a given
differential equation, we will invariably end up with the same integral to

solve. Formally, a differential equation is separable if it can be written as:

dy B
— = a(®b®)

where a, b: R = R are continuous functions.

Solving Method:

The approach of solving a first order ODE using separation of
variables is as follows:

Step 0: If required, we can first determine whether or not that the ODE
Is separable by using the theorem below:

Theorem: The DE y' = f(t,y) Is separable if and only if

0°f _ 9fof
f( ’y)atay_ at dy

Step 1: Rewrite (if necessary) the equation in the required form:

dy
i a(t)b(y)

Step 2: Find the general solution as follows:
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dy
[ ol [a(t)dt

Step 3: If the initial conditions are given, solve to find the unique

solution.

EXAMPLE: Verify that the IVP below is separable and find its solution:

y'==2ty,y(0)=1
Solution:

Step 0: To verify that the IVP above is separable, we set that y’ =

2
f(t,y) andwe have to prove that:  f(t,y) :t a]; = Z_{Z_f,
of of 0%f

So f(ty)=-2ty, 5p =2y, 5 =-2t,and 5=~

o’f _ o :
f(t,y) e 2ty . —2 = 4ty is equal to
afof _ . oy
acay — (T2y).(—2t) =4ty
Step 1: y' = -2ty - % = =2ty (a(t) = -2t, b(y) =

y)

- fa;—y=f — 2tdt - Ln(y)=—-t*+c - eln =
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The general solution is y = p—ttc
Step 3: y = e+ and y(0) = —1
S0 )’(0)=6’_02+C=ec=1 - Cc=0

Finally, y= e ©*¢= ¢ t+0 = o=t s the solution of the above
IVP.

To verify the solution:

y = et > y' = et (=2¢t) = —2ty  correct (©9)

Homework: verify that each of the following DEs are separable and use

separation of variables method to find the solution of each one:

1-y'=1+y

ay ¥y — _
- =7 y(0)=-4
1l 2
3y2dx+x =0

dy _ t(et2+2)
dat  6y2 '’

y(0) =1

5- (y + y2)dt —tdy = 0, Hint: =2 can be transferred into % +

xy

B
5 for some

y(1) =2 real numbers A and B

EXAMPLE: Check if the ODE below is separable and find its solution:

15



Methods for solving 1% order Ordinary Differential Equations Spring 2025

(t—y)dt+tdy =0

Solution: Step 0: First we need to rewrite the ODE in the form y' =
fty)
(t—y)dt+tdy=0 - tdy=—-(t—y)dt - tdy= (y—t)dt

dy y—t y y
= :——1 ’:——1: t’
ey n " >y =3 f&y)

To determine if the ODE above is separable, we set that y' = f(t,y)

2
and we have to prove that: £ (t,y) =L = £

dtdy ot dy
_Y_ 4 ¥ __y 9_1 o°f _ _ 1
So f(t,y)—t 1’01:_ = ay_t’andatay_ >
0°f _ (¥ _ )_1__1 1o 9rof _
f(t'y)atay_(t 1).—5=-5+7 is NOT equal to =" =
_y 1__ ¥y
t2 't t3

Therefore, the ODE is not separable.

QUESTION: Is it possible to overcome this problem, and make the
above ODE is

separable?
ANSWER: YES, if it is Homogeneous Equation.

2- Homogeneous Equations:

An ordinary differential equation is said to be a homogeneous
differential equation
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if the following condition is satisfied
y' = f(zt,zy) = f(t,y) Vz€ER

Let us come back to the previous example and see if it is homogenous

EXAMPLE: Check if the ODE is homogenous: (x — t)dt + tdy =0

Solution: We need to show that y' = f(zt,zy) = f(t,y)

Weknowthaty’=%—1=f(t,y) So, f(zt,zy)=%—1=%—1=
fty)

Therefore, the ODE is homogenous.

QUESTION: How can the method for solving homogeneous equations

transform the not separable ODE into separable.

ANSWER: The method for solving homogeneous equations follows
from this fact:
“ The substitution y = vt (and therefore dy = vdt + tdv) transforms a

homogeneous equation into a separable one.”

Let us come back again to the previous example and see how is it going

to be separable?

EXAMPLE: Transfer the not separable ODE below into separable by

using the method of homogenous DE:
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(t—y)dt+tdy =0

Solution: we know that y' = % —1=f(ty)

d_y_d(vt)_ ﬁ ﬂ_ .
ol —vdt+tdt—v+tv = f(t,vt)

Set y=vt -y =

, _fvt)—v

- tv' = f(t,vt) —v - v n

f(t,y)=¥—1 —>f(t,vt)=v7t—1=v—1

_f@Evt)—v v-1-v -1

t t t

!/

!

Now, this new form of our ODE v’ = _71 Is separable, so we can use
the separation of variables method to solve it as follows:

dv -1 dat dt
’=E=T - dv:—T —>fdv=—f7 - v=—In(t)+

Cc

But, y=vt -y=(-ln(t)+c)t

To verify the solution:

y=(In@®+t >y =(=Int) +c) +t(-7) = (~In() +¢) -

1=2-1

~ | <L
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correct (©9)

Strategy: The approach of solving a first order DE using the method of
homogenous DE is as follows:

Step 0: If required, check if the DE satisfies (The homogeneous
property)

y'=fzt,zy) = f(L,y)
Step 1: setthat y = vt

Step 2: from f(¢t,y), find f(t, vt)

Step 3: substitute f(t,vt) in v’ = L&Y

to make the DE separable
Step 4: use the separation of variable method to solve for v
Step 5: substitute v = % in the solution from step 4 to get the solution of

the DE.

EXAMPLE: Verify that the ODE below is homogenous and find its

solution:

(t?2 —y3)dt + tydy = 0
Step 0: To verify that the ODE above is separable, we set that y' =

f(t,y) and we have to prove that y' = f(zt,zy) = f(t,y)
(62 — y2)dt + tydy = 0 - tydy = —(t2 — y2)dt —» —= =2
dt ty
y2 — 2

fley) ==
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(zy)? = (z2t)*>  z*(y* —t?) y*—t?

t’ = = t,
flat,zy) = — 5 5 =@y
The ODE is homogenous.
Step 1: setthat y = vt
. . yZ_tZ . . (Ut)z—tz L
Step 2: from f(t,y) = o e find f(t,vt) = o
t?(v?-1) _ wv?-1
t2v v
2_ —
Step 3: substitute f(t, vt) = - - L in v = L9977 {4 make the DE
separable
vi—1_ vi-1-v* 1 )
o =V _ v __ v _
t t t vt

Step 4: use the separation of variable method to solve for v

dv _ -1 dt dt v?
'=—=— > vdv=—— oS fvdv=[-— - —=
dt vt t t 2

—In(t) +c

- v2=2(-In(t) + )
Step 5: substitute v = % in the solution from step 4 to get the solution of

the ODE.

v? =2(=In(t) +¢c) » (%)2 =2(=In() +¢c) - y*

= 2t%(=In(t) + ¢)
To verify the solution:
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y2 =2t2(=Iln(t) +c) - 2yy' = 2t2(_71) + (—=In(t) + c)4t

y2 —t2+y2
Sy = —2t+(=In(O)+0)at _ 2t(-1+2(=In(D)+c)) _ t(-1+7) _ t—z) _
2y 2y y y
yZ_tZ
ty

correct (©9)

EXAMPLE: Verify that the ODE below is homogenous and find its

solution:

(t3 + y3)dt — 2ty?dy = 0
Step 0: To verify that the ODE above is separable, we set that y’' =

f(t,y) and we have to prove that y' = f(zt,zy) = f(t,y)

d
(t3 + y3)dt — 2ty*dy =0 - 2ty?dy = (3 + y3)dt - il

dt
NGESS
C 2ty?

_ (343 _((@)3+(zy)®) _ 23(t3+y?) _ t3+y3
f(t'y) o 2ty?2 ! f(Zt' Zy) - 2zt(zy)? - z3.2ty? - 2ty?2 -

fty)

The ODE is homogenous.

Step 1. setthat y = vt

t3+(wt)®  3(1+v3)
2t(wt)2  t3(2v2)

i t3+y3 i
Step 2: from f(t,y) = 27t e find f(t,vt) =

14+v3
2v2
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3 —
Step 3: substitute f(t,vt) = 12:”2 in v =257 {5 make the DE
separable
1+v3 1+v3—-2v3 1-93
o = _2V7 v _ 2v2 __2v?
t t t

Step 4: use the separation of variable method to solve for v

1—v3
;o dv . 2172
vV =— = —
dt t
dv dt 2v2dv  dt 2v2dv dt
= = — - f = —
1-v t 1-v3 t 1-v3 t
202
-3 ~ 2v%dv dt 2 —3v2dv dt
- — = _ d —f = -
-3 1-v3 t -3 1-v3 t

- %ln(l —v3) =In(t) +c¢
Step 5: substitute v = % in the solution from step 4 to get the solution of
the ODE.
The solution of the ODE is _%ln(l - (%)3) = In(t) + c

To verify the solution:

Zin(1-OH=h@®+c > Z@-%) =@ +c

2 3 2 3 2.0 503
Yo 1_2Y Vo, 1_5Y 2ty“y -2y
2 ~Bzy 33 1 23y 23 1 — g
- R = - > _—_— - - _— = -
N 3 3 373
3 ¥ t 1 t y t
t3 t3 t3

270 _5a)3
- =1 - 2tyty' =2y  =tP —y® - 2ty%y' =
t3 +y3
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3 3
= 1Y) correct (©%)

_)
y 2ty?

Homework: verify that each of the following ODEs are homogenous

and find the solution for each one:
-y =>+1=0
2-y2 + (2 +ty) 2 =0

3- (t2 + y?)dt + (t> — ty)dy =0 Hint: use long division

EXAMPLE: Check if the ODE below is homogenous and find its

solution:
2tydt + (t2 — 1)dy =0

SOLUTION:
Step 0: To verify that the ODE above is separable, we set that y’' =

f(t,y) and we have to prove that y' = f(zt,zy) = f(t,y)

dy -2ty

2 _ 2 _ — _
2tydt + (t* —1)dy =0 - (t° - Ddy = —2tydt > - =55

2ty
) =@

_ —2(zt)(zy)  —2z°ty
f(Zt!Zy) - ((Zt)z _ 1) - (Zztz _ 1) :;tf(t,y)

The ODE is nonhomogeneous.
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QUESTION: Is it possible to overcome this problem, and make the
above ODE is

solvable?

ANSWER: YES, if it is Exact Equation.

3- Exact Equation:

Consider the differential equation which takes the form
M(t,y)dt + N(t,y)dy =0
we say that this differential equation is exact if it is satisfied this
condition
oM _ ON
dy Ot

Solving Method: The approach of solving a first order DE using the

method of Exact DE is as follows:
Step O: If required, check if the DE satisfies (The Exactness condition)
First, the equation should be in the form:

M(t,y)dt + N(t,y)dy = 0

oM _ 9N
dy  at

Step 1: Assume that the function @ = @(¢, y) (the solution of the

and check it satisfies the condition:

general equation)

such that % =M(t,y) and % = N(t,y) (the old one)
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(Which means that M(t,y)dt + N(t,y)dy =0  becomes

a0 00
—dt+—dy =0
ot e,
- 00=0 > @=C VtvyeER? )

Step 2: Integrate M(t,y) with respect of t to get:

o(t,y) = [, M(t,y)dt +h()
Step 3: Calculate the new Z—i as following:

9 _ i(f M(t,y)dt + h(y)> = if M(¢, y)dt + h'(y)
dy ay\J, dy J,

Step 4: Compare the new Z—i with the old Z—S = N(t,y) and solve to get

h(y)
Step 5: Substitute h(y) in the equation from step 2:

0(t,y) = j M(t,y)dt + h(y)
t

to get the solution of the DE.

Strategy: The steps of the Exact DE method are:
Step 0: Find M(t,y) and N(t,y) from M(t,y)dt+ N(t,y)dy =
0

. oM ON
and verify that = ot

Step 1: A= [ M(t,y)dt, withignoring the integration constant,

which should be a function of vy .
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Step2: B = aa—yA
Step 3: h(y) = [(N(t,y) — B)dy

Step 4: k = A + h(y) is the solution where k is constant.

EXAMPLE: Verify that the ODE is Exact and find its solution using the

Exact

equation method: 2tydt + (t> — 1)dy =0

Solution: Step O0: Find M(t,y) and N(ty) from M(ty)dt+
N(ty)dy =0
M _ aN

and verify that Flalrs

M(t,y) =2ty and N(t,y)=(t?-1)

oM

— =12t is equal to % — 2t the ODE is Exact
oy ot

Stepl: A= [M(t,y)dt, A= [2tydt=_t*y, we integrate
without the integration constant.
Step 2: B = %A ' =%(t2y) = ¢2
Step 3: h(y) = [(N(t,y) — B)dy

h(y) = [t*—1—-tDdy =~ [dy = -y + ¢
Step 4: k = A+ h(y) is the solution where k is constant.
k=t’y—y+c¢ - t’y—y=c wherec=k—¢
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To verify the solution: t2y —y =¢c - t2y' +2ty—yy' =0->y' =

dy 2ty
dt ~ t2-1

- 2tydt + (t? — 1)dy =0 correct (©9)

EXAMPLE: Verify that the ODE is Exact and find its solution using the

Exact

equation method:  (e?Y — y cos(ty))dt + (2te?¥ — t cos(ty) +
2y)dy =0

Solution:

Step 0: Find M(t,y) and N(t,y) from M(t y)dt+ N(t,y)dy =0

. oM ON
and verify that o ot

M(t,y) = e?Y —ycos(ty) and N(t,y) = 2te?” —t cos(ty) +
2y

5= 2e% — (y (=sin(ey)t + cos(ty)) = 22 + ty sin(ty) -
cos(ty))
2 = 2e% — (¢t (—sin(ty))y + cos(ty)) = 2e? + ty sin(ty) —
cos(ty))

Stepl: A= [ M(t,y)dt,
Here, we find the integral with ignoring the integration constant.
A= [(e? —y cos(ty))dt = te?” — sin(ty)
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. p_29
Step 2: B—ayA ,

B = %(tezy — sin(ty)) = 2te?Y — tcos(ty)
Step 3: h(y) = [(N(t,y) — B)dy
h(y) = [(2te®Y —t cos(ty) + 2y — (2te?” — tcos(ty)))dy
= [2ydy =y* + ¢,
Step 4: k = A + h(y) is the solution where K is constant.
k =te? —sin(ty) +y*> + ¢, - te? —sin(ty) +y? =c

wherec =k — ¢4

To verify the solution:
te?y —sin(ty) +y*> =c
- 2te?y’ + e’ — (tcos(ty)y' + ycos(ty) + 2yy' =0
- y'(2te®” —t cos(ty) + 2y) = —e?¥ + y cos(ty)

I dy _ —e?Y + y cos(ty)
AT (2te?Y —t cos(ty) + 2y)

- (e?’ —ycos(ty))dt + (2te? — t cos(ty) + 2y)dy =0
correct (©9)
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4- Solving the first-order Linear ODE by Integrating Factor method:

We continue our quest for solutions of first-order differential equations
by next examining linear equations.
Def: A first-order differential equation of the form

y' =a()y+b(t)
Is said to be a linear equation in the variable y where a: R — R and
b:R - R.

Solving Method: The approach of solving a first order linear ODE using

the integrating factor is as follows:
Step 0: Make sure that the equation is in the standard form:
y' =a(t)y+b(t)
Step 1: set u = e~ Ja®at
This is called the Integrating Factor, and no constant need be used in
evaluating the indefinite integral [ a(t)dt
Step 2: Multiply both sides of the equation in step 0 by u, to get

py' =u(a(t)y + b(t))

ﬂ — e—fa(t)dta(t)y + e—fa(t)dtb(t))

- [a(t)dt
- e
dt

N e—fa(t)dt % _ e—fa(t)dta(t)y — e—fa(t)dtb(t))

N %(e—fa(t)dt y) — e—fa(t)dtb(t)
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— d(e—fa(t)dt y) — e—fa(t)dtb(t)dt

Step 3: Integrate both sides of the equation above

N j d(e—fa(t)dt y) = j e—fa(t)dtb(t)dt
N e—fa(t)dt y = f e—fa(t)dtb(t)dt
>y = efa(t)dt f e—fa(t)dtb(t)dt

Strategy Summary: The steps of solving a first order linear DE using

the integrating factor are:

Step 0: The equation should be in the form: y' = a(t)y + b(t)

Step 1: set u = e~ Ja®at  (integrate without constant)

Step 2: The solution of the equation is
y = efa(t)dt j e—fa(t)dtb(t)dt

Step 3: Only for IVP, use the initial condition to find the value of the

constant

EXAMPLE: Solve the differential equation =X — 3y =0

Solution:

Step 0: The equation should be in the form: y' = a(t)y + b(t)
E_3y=0 —>y’=3y —>a(t)=3,b(t)=0

Step 1: set u = e~ Ja®at  (integrate without constant)
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p=e-Ja®dt — o=J3dt — o=3t the |ntegrating Factor
Step 2: The solution of the equation IS
y = efa(t)dt f e—fa(t)dtb(t)dt
y=e3[e3t0dt=e3[ 0dt =e3(0+c) =ce’

To verify the solution:

y=ce3 - y' =3ce3t -y =3y correct (©9)

EXAMPLE: Solve the IVP % —2y=6,y(0)=09

Solution:

Step 0: The equation should be in the form: y' = a(t)y + b(t)

Step 1: set u = e~ J2®at (integrate without constant)
p=e-Jadt — p—J2dt — ,=2t the |ntegrating Factor
Step 2: The solution of the equation IS

y = efa(t)dt f e—fa(t)dtb(t)dt

_ L2t [ ,—2t _ o2t -2t _ o2t (e _
y=e[e  6dt =6e*" [ e7?tdt =6e* (—+c)=-3+

6ce?t

Step 3: Only for IVP, use the initial condition to find the value of the
constant

y=-3+6ce’t > y(0)=-3+6¢c=9 »c=2
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>y=-3+6ce?* - y=-3+12e%

To verify the solution:
y=-3+12e* > y' =24e*t >y =2(12e**-3+3)=2y+6

correct (©9)

EXAMPLE: Solve ~ t=X — 4y = "

Solution:
Step 0: The equation should be in the form: y' = a(t)y + b(t)
t— — 4y = tbe’ —>y’=%y+tset —>a(t)=%,b(t)=tset
Step 1: set u = e~ J2®4t  (integrate without constant)
p=e Ja®at - e~ T — g=4in() — pIn(t™) — (=4 the Integrating
Factor

Step 2: The solution of the equation IS
y = el a®)dt [ e—fa(t)dtb(t)dt
y=tt[t*toetdt=t*[tet dt
We should use the integration by parts to solve [ ¢ et dt as follows:
Letu=t,dv=etdt »du=dt,v=[ etdt=cet
> [tetdt=uv— [vdu=te'— [eldt =tet —el + ¢
—>y=t4ftetdt=t4(tet—et+c)

To verify the solution:
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y=t*tet —et+c) > y' =t*(tet +ef —eb) +4t3(tet —et +

c)
Sy =th(tet) + 4t3(tet — et +¢) = tSet + %y

correct (©9)

5- Nonlinear Equations can be transformed to linear by

Substitutions:

We usually solve a differential equation by recognizing it as a
certain kind of equation (say, separable, linear, or exact) and then

carrying out a procedure, consisting of equation specific mathematical

33



Methods for solving 1% order Ordinary Differential Equations Spring 2025

steps, that yields a solution of the equation. Sometimes a well-chosen
substitution allows us to solve an equation. Sometimes it allows us to
simplify an equation before we resort to numerical or qualitative

techniques.

Next, we will study a type of differential equation, which take the

general form:

g' )y =a(t)gly) + b(t)

Solving Method: The approach of solving this type of equations is as
follows:

Step 0: Make sure that the equation is in the standard form

g' )y =at)g(y) + b(t)

Step 1: Set v = g(y), which leads to % =g )y’

Step 2: Substitute v, v’ in the general equation, we get a linear equation
with

respect to new dependent variable v
v =a(t)v+ b(t),

Step 3: Solve the last linear equation using integrating factor method to
getv

Step 4: Use v = g(y), to get the solution in terms of vy .

EXAMPLE: Solve e’y +eY = cos(t)

Solution: The good choice is when we let v=e
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v=eY -lnw)=mhE¥) » n(v)=y
- v = (e”)y
So, e?y" + eY = cos(t) becomes v'+v =cos(t) -v' =
cos(t) —v
Now, this equation is linear with respect to v, so we can solve it using

the integrating factor method.

HW: Finish the solution of the example above using the integrating
factor method.

t2

EXAMPLE: Solve cos(y)y' = sin(y)t + 5ez

Solution: The good choice is when we let v = sin(y)

v =sin(y) = v =cos(y)y’ and y = sin"1(v)

cos(y)y' = sin(y)t + Seg becomes v’ = vt + Seé
Now, this equation is linear with respect to v, so we can solve it using
the integrating factor method.
HW: Finish the solution of the example above using the integrating
factor method.
NOTE: Some differential equations may take different forms from the
two examples above, So There are no general rules for finding good

substitutions, see the following example:

EXAMPLE: Solve y'=—e¥ -1

Solution: The good choice is when we let v=e?

v=eV SinW) =) - In(v)=—y
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!

v
- y=—In() - y’=_?
y' = —e¥ —1 becomes —%:—$_1 Sy =14 v

Now, this equation is linear with respect to v, so we can solve it using

the integrating factor method.

Step 0: The equation should be in the form: y' = a(t)y + b(t)
vi=1+4+v —a(t)=1,b(t) =1
Step 1: set u = e~ Ja®at  (integrate without constant)
p=e J1dt = g=Jdt — o=t the Integrating Factor
Step 2: The solution of the equation
v = efa(t)dt f e—fa(t)dtb(t)dt
v=el[et(1)dt=ef[etdt =e'(—e "+ ) = —1+cet
v=—1+cet but v=e7Y
v=—1+cet » eV = —1+cet
> In(e™) = In(—1+cet) - —y =In(—1+ce?)
-y = —In(—1+ce?)

To verify the solution:

— _In(— t , _ —cet  —(cef-1)-1  -eV-1_ -e7¥
y = —n(=1+ce’) > y' = (-1+cet) ey T ey
1
ey
»y =-1-¢” correct (©¢)

6-Bernoulli’s Equation:
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Def: The differential equation  y' = a(t)y + y"b(t)

where n is any real number (n # 0 and n # 1), is called Bernoulli’s
equation.

Note: For n =0 and n = 1, the equation above is linear.

Strategy: To solve Bernoulli’s equation:
1- Do the substitution z = y~™ because this substitution reduces any
equation of the form above to a linear equation with respect to z.
2- Solve the linear equation in terms of z to find z using the
integrating factor method.

3- Use z = y1™™ to make the solution in terms of y.

EXAMPLE: Solvethe IVP t22+y = t2y2, y(1) = 1

!/

Solution: t%+y=t2y2 > ty +y=t3y? - y' =
—%y+ty2

This equation is Bernoulli’s equation with n=2

Let z=yl M =9yl2=y"1 S5y=2"1 5y =—z727
y' = —%y + ty? becomes —z %z’ = —%z‘l + t(z™1)?
1
- —z%(—z7%2") = —zz(—?z‘1 +tz7?)

- Z /Al A
t
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Now, this equation is linear with respect to z, so we can solve it using

the integrating factor method.

Step 0: The equation should be in the form: y' = a(t)y + b(t)

7' =%z—t = a(t) =%,b(t) = —t

Step 1: set u = e~ J2®at (integrate without constant)
1 —_
p=e It = g~In(®) = pn(t™) = -1 the Integrating Factor
Step 2: The solution of the equation IS
7 = efa(t)dt f e—fa(t)dtb(t)dt
z=t [t} (-t)dt=t[—-dt=t(—t+c)=—t*>+ct
z=—t’+4+ctbut y=z1 5z=y71
1
—t? +ct
Step 3: Only for IVP, use the initial condition to find the value of the

z=—t’+ct—> y ==t +ct - y=

constant
1
i A &
1
TV T Ty
To verify the solution:
1 , —(=2t+2)  —g(—t?+20)+t —%%H
Y= Ty Y T 24202 = - =
y y
-y’ = (—% §+ t) y* = —%y + ty? correct (©<)
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EXAMPLE: Solve ~ & _ Y — otys
dt 3t

- dy Yy ta 4 / Yy ta 4
. — — — ﬁ e —
Solution ¢V y =5 tey

This equation is Bernoulli’s equation with n=4

1 4
— — —= 1 =
-4 =9y3 Ly=z359y =—27737

let z=yl™ M=y -

1

=Y 4 otyt _1 —%r_Q t —%4
y =3 tey” becomes —=z z—3t+e(z)

1

4 1 _4 473 _4
- —323(—§Z 3z7") = —323(¥+etz 3)

/ 1 t
- Z =—?z—3e

Now, this equation is linear with respect to z, so we can solve it using

the integrating factor method.

Step 0: The equation should be in the form: y' = a(t)y + b(t)

z’=—%z—3et —>a(t)=—%,b(t)=—36t
Step 1: set u = e~ Ja®at  (integrate without constant)
1
p=e 17t = on® = ¢ the Integrating Factor
Step 2: The solution of the equation IS
7 = efa(t)dt f e—fa(t)dtb(t)dt
z=t"1[t(-3e")dt = -3t~ [teldt

We should use the integration by parts to solve [ —3t e* dt as follows:
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Lletu=t,dv=eldt »du=dt,v=[ etdt=cet

- [tetdt=uv— [vdu=te'+ [eldt =tet —et +¢
- z= —3t‘1ftetdt = -3t 1(tet — et +¢)

z=-3t"(tet —et +¢) butz=y3
- y73 =3t (tet —et +¢)
—t

- y3 =
3(tet —et +¢)
To verify the solution:

3 - o, _ 3(tet—et+c)+t(3(tet+ef—et))
Yo = 3(tet—et+c) - yyo= (3(tet—etl+c))? o

—3(tet—et+c)+3t2et

(3(tet—et+c))?2
t 2t t? 1. t.3 1
, —3+3t e 3—3(§+€ y ) 3( +ety3) 1
- 3y2y — Yy = — Yy = — 3ti — 3:)]3(E + ety3)
G y6 y3
-y = % + ety correct (©9)

EXAMPLE: Solve  y' +—y — cos(t)y? = 0

Solution: y' + 1—10y —cos(t)y? =0 - y' = _1_103, +
cos(t)y?

This equation is Bernoulli’s equation with n=2

Let z = yl—n = yl_2 = y_l -y = Z_l EN y’ — —Z_ZZ'
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y' = —1—10y + cos(t)y? becomes

—z7 %7 = —1—102_1 + cos(t)(z™1)?
1
- —z%(—z7%2") = —z? (—1—02_1 + cos(t)z™?)

-z = 0%~ cos(t)

Now, this equation is linear with respect to z, so we can solve it using

the integrating factor method.

Step 0: The equation should be in the form: y' = a(t)y + b(t)
r_ 1 _ 1 — _
2’ =z cos(t) - a(t) = 10,b(t) = —cos(t)

Step 1: set u = e~ J2®4t  (integrate without constant)

—fidt _t .
u=e ’10 =e 10 the Integrating Factor

Step 2: The solution of the equation IS

7 = el a®dre f e—fa(t)dtb(t)dt

t t
z = et [ e 10(cos(t)) dt

t
We should use the integration by parts twice to solve [ e Tocos(t) dt

as follows:
t
First, we let u = cos(t),dv = e 10dt

t t
- du = —sin(t)dt , v = [ e 10dt = —10e 10
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t
- [e Tocos(t)dt =uv — [vdu =

t t
—10cos(t)e 10 — [ —10e 10(—sin(t))dt
We should wuse the integration by parts again to solve
t
[ —10e 10(—sin(t))dt
t

Now, we let u = —sin(t),dv = —10e 1w dt

t t
— du = —cos(t)dt ,v = j —10e 10dt = 100e 10
_t _t
j —10e 10(—sin(t))dt =uv — f vdu =—100sin(t)e 10
_t
+ 100]8 10 cos(t)dt

t t t
- fe_l_ocos(t) dt = —10cos(t)e 10 — j —10e 10(—sin(t))dt

t t

= —10cos(t)e 10 — (—100sin(t)e 10 +
100fe_% cos(t) dt)

= —1OCos(t)e_% + 1005in(t)e_1_t0 —
100fe_% cos(t)dt)

t t t
- 101 j e 10cos(t)dt = —10cos(t)e 10 + 100sin(t)e 10

t 1 t t
- j e 10cos(t)dt = To1 (—10cos(t)e 10 + 100sin(t)e 10)
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t

t t t
> z = e [ e 1(cos(t))dt = eﬁ(ﬁ(—lﬂcos(t)e_E +
_t
100sin(t)e 10) +c

t
= % (10sin(t) — cos(t)) + ce1o

t
zZ = %(msin(t) —cos(t)) +cew but y=2z"1 »z=y"!

t
z= (105m(t) — cos(t)) + ceTo » y~t
101
t
— 10
101 (105m(t) cos(t)) + cel

1

101 (10sm(t) — cos(t)) + cel0

To verify the solution:

t
1 , 101(1Ocos(t)+sm(t))——ce_o

= - =
(10sin(t)— cos(t))+celo)2

(1051n(t) cos(t))+ceL0

101 (171

t
;o 101(1OCos(t)+sm(t))——ce o

y

__<101(1Osm(t) Cos(t))+ce10>+mcos(t)
1

y
1/1
) tees® g g
- y' = yyiz = (—1—0(;) + cos(t))y2
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S oy = _1_10y + cos(t)y? correct (©9)
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Exercises
1- Determine if either of the following equations are separable.

y = cos(t + ) + cos(t — y), "= cos(t +y) + sin(t — y).

2- Solve the following homogeneous equations
N g — Y(Y
I 32_3:‘;2

(ii) y = £33

3t—4
(iil) ¥ = g7,

(iv) ty =y + tan(¥),

(V) y’ = %[111(115) - 1]'

3- Determine which of the following differential equations are exact

(t* + ty)dt + tydy = 0,
(2y + y?)dt — tdy = 0,
t2y3dt + t3y*dy = 0,
(e' +y)dt + (2y +t + ye¥)dy = 0.

4- Show that the following equations are exact and then solve them

rdx N ydy
(22 + y2)3/2 T (22 4 y2)3/2
dy — y+ 622

dr (2 —1In(z))’

tdt + ydy = 0.
. 5- Solve the IVP,

y +y = cost, y(0) = 1.
ty + 2y = €', t >0,

r 3 -5 ;

y—y=47 oyl =2
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