Chapter Three

Banach Space

In this chapter, we introduce the following

1.1. Banach Space.
1.2. Examples of Banach Space.

1.3. General Properties of Banach Space.
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Banach Space

Definition (3.1):-

Let L be a normed space, we say that L is a complete space if every Cauchy

sequence is convergent.

The complete normed space is called Banach space.

i.e,(L,|.1) is Banach space if

(1) (L, 11-11) is normed space

(2) (L, 11.11) is complete space.

Examples of Banach Spaces

Example (3.2) :-

The space F™ with the norm x| = (2’{‘=1|xi|2)%, x € F", is Banach space ?
Solution :- To prove that :

Q) (F™. .11 is normed space (H.W)

(2) (F™.).11) is complete space ?

Let < x,,, > be a Cauchy sequence in F* = x,,, € F", for eachm =1,2,3,...



(Xm) = (X1, X2, vee) Xy wun)

= (011, %12, «r X17), (X201, X292y ceis Xon )y wees (Xgm1s Xomzs wees Xomr) s +oe )
Then Ve > 0,3k € Z_ such that

1Xm — Xl <€, VM, j >k = |xp —xl12 <€e* ...(1)

Since,

Xm = (s Xmzy eoir X )y Xm; E F,i=1,...,n

xj = (%1, X%j2, 0, X)), X% EF,i=1,..,n

Xm — X] = (xm1 — le,xmz - ij y s Xmmn — x]n)

” ..

SO, X — xil1* = Xitq|xmi — %
2
From (1) & (2) = Y& |xm — xji|” < €2
2 2 .
=>|xml-—le-| <€“,Vm,j>k
= | — x| <€ = <xp>Vi=12,....,n isCauchyinF
But F is complete space = Vi = 1,2, ...... ,n, x; EF s.t

Xmi = X; = Ve > 0,3k; € N such that

€
Vn
Put, X = (xl, X7, ...,xn). Letk = {kl, k2, ...,kn}

|xmi—xi|< ,‘v’m>ki
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€

2
ﬁ:) |xmi _xilz <7

= Vm>k, |x,—xl<

2

€
= Y o — X2 < n—= €2

2 _ \vn 2 2
But |x,,, — x|I° = Xisqlxm —xi|” <€

= |lx, — x||I? <€ = |x,, — x| <E

= < x,, > Isconvergent sequence = (F™,|.||) is Banach space .

Example (3.3) :-

The space F™ with the norm |jx| = (z?=1|xi|l’)r%, p=>1, x € F", is Banach space ?
(HW.))

Example( 3.4) :-

a . The space R™(or C™) with the norm

Xl = {111, «oey 1Xnl}, VX = (x4, ...,x,) € R (or C*) is a Banach space .

Solution : Let (x,;,) be a Cauchy sequence in F™

(Xm) = (X1, X2, eeey Xy s oer)

= ((X11, X192, » X11), (X921, X225 ey Xom )y weey (Xom1s Xnzs oo s Xmm)s oo )

Thenve> 0,3k € Z, such that ||x,, — x;|| <€EVm,j >k (1)

Since x,,, x; € F™ , then
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X = (X1 Xmzs voor X )y Xmi € F,i=1,...,n

xj = (%1, %j2) 0, X ), X, EF,i=1,..,n

Xm — x] == (xm1 - le,xmz - sz y s Xmn — x]n)
Then,
2¢m = X;|| = {|%m1 — Xj1] s [Xm2 — Xj2| s ooos [Xmn — Xjn|} < € VmM,j >k

It follows that |x,,; — x;| <€, Vi=1,..,nand ¥Ym,j > k

Hence (x,,;) is a Cauchy sequence in R(or C)

So, it is convergent to x; in F

Hence , for any €> 0,3k; € Z, such that |x,,,; — x;| <€,V m; > k;
putl ={ky,..,k,} .then foreach €> 0

| — x| <EVM>LVi=1,..,n

For each e > 0,

[1Xm = XN = {1Xm1 — X11, [Xm2 = X2l oo, [Ximn — Xnl} <E,V m>1

Thus (x,,) be a Cauchy sequence in R™(or C*)and x,,, = x. Thus, R"(or C") isa

Banach space

Example (3.4):-
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b . Show that (I*,].]]) is Banach space where ||x| =sup |x;|, Vx = (x1,X2,...) €

1”2
Solution :- (1) To prove that (I*,]. 1)) is normed space ( H.W.)
(2) To prove that (I, |.])) is complete space

Let < x,,, > be a Cauchy sequence in [ = x,,, € [”

Xm = (X1 Xm2r o» Xmns =)
Xm — Xj = (Xm1 = Xj1s s Xmn — Xjns e )

1Xm — Xjll =SUp |Xpm — x| <€, Vm,j>k
= |xmi — x| <€,¥m,j >k
= |xp — x| < €,¥m,j >k =< x,, >is Cauchy in F , but F is complete =

Vi, 3x; € F such that

Xmi = X; = Ve > 0,3k; € Z, suchthat |x,,; —x;| <€
Letk = {ky, ks, ...} = |xpi — xi|l <€, vm>k..(1)

Put x = (x4, x5, ...) to prove that x € [®
And x,, = x. Now , since x,, € [® = 3k, € R* such that

1Xmil < km,Vi,but x; = (x; — X)) + X
1] < 1% — Xl + 1 Xs] < €+ Ky = x €17

By (1) weget, sup |x,; —x;| <€, Vm>k

= ||Ix,, — X|| <€ = < x,, > is Cauchy sequence
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= (I, .1 is complete. So, (I*,].1]) is Banach space.

Example (3.5) :-

The space C[a, b] with the norm ||f|| = {|f )|: x € [a,b]} Vf € C[a,b] is a Banach

space
Solution : Let (f ) be a Cauchy sequence in C[a, b]
Then ve> 0,3k € Z, suchthat |f — f Il <€ VYmn>k
Hence , ve> 0,3k € Z, such that:

{lIfm(x) — f,(X)|:x € Cla,b]} <EVM,n >k

It follows that |f,,,(x) — f,,(x)| <€ Vx € C[a,b], Vm,n >k

Hence, (f,,(x))is a Cauchy sequence in R.

Since R is a Banach space , then (f, (x)) is convergent to f(x)in R thus,
ve> 0,3k € N such that |f,,(x) — f(x)| <€ Ym >k

Thus, ||f,, — fll ={If,0 — fO|:x € [a,b]} <E Vm =k

Hence, f,, = f asm — oo thus, C[a, b] is a Banach space .
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Example(3.6) :-

The space (C[0,1], .11 is not Banach space where ||f|| = f01|f(x)| dx

Solution :- The space (C[0,1], .11 is normed space but not complete space , since

there exist Cauchy sequence but not convergent , for example consider

fal) = (1 if 0<x<s

To prove f,,(x) is Cauchy ? Letm >n > 3
1
Ify = Fall = [ 10 = F)@dA]
= [ 1fm(0) = fo(0)| dx

=[2G — fulOldx + Flfn() = fal)ldy

= [al = 1ldx + flfn0 - ful)ldx

< ilf Ol dx + i1, ()] dx



11 11

= J¢ m|—mx+%m+1| dx+ [2 " —nx+%n+1 dx
2 2

-, 1

“2m o 2n”

1 1
SO, If,—fall<5=t5, anm >0 =|f, — fo >0

=< f,, > Is Cauchy sequence

Butf, = f , wheref(x)=({1 if0<x<

N|R

0 if-<x<1
and f is not continuous function — f & Cla, b]

=< f,, > not convergent = C[0,1] is not Banach space.

Some Important Theorems in Banach Space
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Theorem (3.7): Let H be a subspace of Banach space L . then H is Banach space

iff H is closed in L

Proof :- =)

If H is Banach space = H is complete . To prove that H is closed ?

Let x € H = there exist a sequence < x,, > inH s.tx, - x.

So, < x, > is Cauchy sequence
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Since H is complete = 3y € H s.t x,, — vy, But the limit point is unique
So,x=y = x€H = H=H = His closed
<) Suppose that H is closed set in L. To prove that H is a Banach space ?

It is clear that H is normed space (because every subspace of normed space is

normed space ). Now , let < x,, > be a Cauchy sequence in H S L

= the sequence < x,, > is Cauchy sequence in L, but L is complete.
=< x,, > isconvergentsequencein L .i.e,I3x EL s.t x, > x

Since x,, € H = x € H (by theorem) , but H isclosed .i.e, H = H

So,x eEH = < x,>convergentinH = H iscomplete

Theorem (3.8):- Every finite dimensional normed space is complete space
Proof :- Letdim L=n >0 and {xq,x3, ..., x,} basis for L. T.p L is complete
Let < x,, > be a Cauchy sequence in L =|x,, — x;|| <€, Vm,j>k,
e, X —xil=>0, Vm,j>k v (D)

Since, x,,,xj € L. By previous lemma = x,, = X1\ @miX; ,&mi EF
Xj = Nisq @ix; ,@j; € Fand xp — x5 = XLy (@m; — @)X,

Since {x4, x5, ..., x, } is linearly independent = 3¢ > 0 s.t
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1Xm — X1l = 1 2721 (@i — @) 1| = € Xiq|@mi — @ji|  wov e (2)
From (1) & (2) we get 37y |t — aji| = 0 asm,j - .

= |am; — aji| > 0asm,j > o, Vi.

=< a,,; > Is Cauchy in F & F is complete

= a, —>q, Vi=12,.....,n

i.e,xm = x ,where x =Y a;x;

= L is complete space

Corollary(3.9):- Every finite dimensional subspace of a Banach space is closed

set.

Proof :- Let M is finite dimensional = M complete = M is closed (by above

theorem)
Dentition (3.10) Quotient Space

Let X be a linear space over F. Let H be a subspace of a linear space L. Let x +

H={zz=x+y,x€L,y€H}

Define addition and scalar multiplication by

b+ +0+Y) =Cu+x)+y, V x4y, x,+yel/y

a.(x+y)=a.x+y,Vx+yE§, a €F
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Then the space (%, +,.) is called quotient space (or factor space)
Proposition (3.11) :-

Prove that (%, +, .) isalinear space over F. (H.W.)

Theorem( 3.12) :- Let L be a normed space and H be a closed subset of L, then

L/H is normed space with |. ||, where
Ix + Hil, =inf inf{lx +yl:y € H}
Proof (1) T.P lx + H||; =0

Forany x+ H € L/H
Ix+y|l=0 VyeH

{lx +yl:yeH} =0

lx+ Hil, =inf {lx+yl:y € H} =0

@ TPIx+H|;, =0 x+H=H=0y4
(=)If Ix+Hl, =0=inf {Ix+yl:y € H} =0
Hence , 3(y,) € Hsuch that |x+y_ || > 0asn— 0

Hence,x +y, - 0asn = 0.Thus, y, = —x.
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Therefore , 3(y,,) € H such that y,, » —x thus —x € H ( by theorem).
Now, since H is closed ,then —x € H = H ,i.e.,—x € H

Since H is a subspace then x € H and x + H = H, thatis,, x + H = 0y
(S)Ifx+H=H=0,,,thenx€H.i.e.,x+H€EH, VyEH
Hence, ||x + H|l, =inf {lIlx + yl:y € H} = inf {|izll:z € H}

Since 0 € Y and |0 = 0,so inf {|iz|l:z € H} = 0.Thus, |lx + H||,; = 0
@) T.Pla.(x + H)|I, = |alix + HIl,, a €F

If « = 0 then (3) holds

If « # 0 then

le. (x + H)Il, =inf {lla(x +y)l:y € H}

=inf {lalix + yi:y € H}

= |al inf {Ix + yI:y € H}

By using the proposition (If A is bounded below and @ = 0, then inf (ad) =«

inf (A))
= lalix + HI,

(4)Letx; +H,x,+H€EL/H
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|Gy + H) + (2 + H)|ly = (|G + x2) + HIly

inf {llx; +x2 +yl|l:y € H}

inf {||x; +x, +2z; +2,||:21,2, € H}

<inf {|lx; + z1|| + ||x2 + 22||: 21, 2, € H}

=inf {llx1 + z1|l:z; € H} +inf {[|x; + 23|z, € H}
=y + HIl, + I, + HII,

Thus L/H is a normed space

Proposition (3.13) :- If L is a Banach space and H is a closed subspace of L .Then

L/H is a Banach space.

Proof: L/H = {x + H: x € L}. Let (x,,) be a Cauchy sequence in L / H then , x,, =

X, + Hwhere x,, E L,Yn € Z,

ve> 0,3k € Z, such that ||x,,, — x,]| <KEVn,m >k
So,ve> 0,3k € Z, such that ||x,,, — x, + H| <€Vn,m >k
Then, ve> 0,3k € Z, such that:

inf {|lxm —xp+ H|l:y € H} <€Vn,m >k .This implies Vy € H, (x, +y) is a

Cauchy in L

Since L is a Banach space , then 3z € L suchthatx,, + y—=z=(Z—-y)+y



=w+y, VyeEH

Thus, x,, + H—>w+ H. Thus L / H is a Banach space .
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