
 

 

 

Chapter Three 

Banach Space      

 

      In this chapter, we introduce the following 

 

1.1. Banach Space.  

1.2. Examples of Banach Space.    

1.3. General Properties of  Banach Space.                  .                       
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Banach Space 

   

Definition (3.1):- 

Let 𝐿 be a normed space, we say that 𝐿 is a complete space if every Cauchy 

sequence is convergent. 

The complete normed space is called Banach space.  

𝑖. 𝑒, (𝐿, ‖. ‖) is Banach space if  

(1) (𝐿, ‖. ‖) is normed space  

(2) (𝐿, ‖. ‖) is complete space. 

 

Examples of Banach Spaces 

 

Example (3.2) :- 

The space 𝐹𝑛 with the norm ‖𝑥‖ = (∑ |𝑥𝑖|2𝑛
𝑖=1 )

1
2,    𝑥 ∈ 𝐹𝑛

, is Banach space ?  

Solution :- To prove that :  

(1) (𝐹𝑛. ‖. ‖) is normed space (H.W)  

(2) (𝐹𝑛. ‖. ‖) is complete space ? 

Let < 𝑥𝑚 > be a Cauchy sequence in 𝐹𝑛 ⟹ 𝑥𝑚 ∈ 𝐹𝑛, for each 𝑚 =1,2,3,... 
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〈𝑥𝑚〉 = 〈𝑥1, 𝑥2, … , 𝑥𝑚 , … 〉  

= 〈(𝑥11, 𝑥12, … , 𝑥1𝑛), (𝑥21, 𝑥22, … , 𝑥2𝑛), … , (𝑥𝑚1, 𝑥𝑚2, … , 𝑥𝑚𝑛), … 〉  

Then ∀𝜖 > 0, ∃𝑘 ∈ 𝑍+ such that 

 ‖𝑥𝑚 − 𝑥𝑗‖ < 𝜖 , ∀𝑚, 𝑗 > 𝑘 ⟹ ‖𝑥𝑚 − 𝑥𝑗‖2 < 𝜖2      … (1)   

Since, 

𝑥𝑚 = (𝑥𝑚1, 𝑥𝑚2, … , 𝑥𝑚𝑛), 𝑥𝑚𝑖 ∈ 𝐹, 𝑖 = 1, … , 𝑛  

𝑥𝑗 = (𝑥𝑗1, 𝑥𝑗2, … , 𝑥𝑗𝑛),    𝑥𝑗𝑖  ∈ 𝐹, 𝑖 = 1 , … , 𝑛  

𝑥𝑚 − 𝑥𝑗 = (𝑥𝑚1 − 𝑥𝑗1, 𝑥𝑚2 − 𝑥𝑗2 , … , 𝑥𝑚𝑛 − 𝑥𝑗𝑛)  

So,  ‖𝑥𝑚 − 𝑥𝑗‖2 =  ∑ |𝑥𝑚𝑖 − 𝑥𝑗𝑖|
2𝑛

𝑖=1   … (2)  

From (1) & (2)  ⟹  ∑ |𝑥𝑚𝑖 − 𝑥𝑗𝑖|
2𝑛

𝑖=1  < 𝜖2  

⟹ |𝑥𝑚𝑖 − 𝑥𝑗𝑖|
2

< 𝜖2 , ∀𝑚 , 𝑗 > 𝑘 

⟹ |𝑥𝑚𝑖 − 𝑥𝑗𝑖| < 𝜖  ⟹   < 𝑥𝑚𝑖 > ∀ 𝑖 = 1,2, … … , 𝑛  is Cauchy in 𝐹 

But 𝐹 is complete space  ⟹ ∀𝑖 = 1,2, … … , 𝑛, ∃𝑥𝑖 ∈ 𝐹  𝑠. 𝑡 

𝑥𝑚𝑖 → 𝑥𝑖 ⟹ ∀𝜖 > 0, ∃𝑘𝑖 ∈ 𝑁   such that 

|𝑥𝑚𝑖 − 𝑥𝑖| <
𝜖

√𝑛
  , ∀𝑚 > 𝑘𝑖 

Put,  𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛). Let 𝑘 = {𝑘1, 𝑘2, … , 𝑘𝑛}  
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⟹ ∀𝑚 > 𝑘,    |𝑥𝑚𝑖 − 𝑥𝑖| <
𝜖

√𝑛
⟹ |𝑥𝑚𝑖 − 𝑥𝑖|2 <

∈2

𝑛
  

⟹ ∑ |𝑥𝑚𝑖 − 𝑥𝑖|2𝑛
𝑖=1 < 𝑛.

∈2

𝑛
= 𝜖2  

But ‖𝑥𝑚 − 𝑥‖2 =  ∑ |𝑥𝑚𝑖 − 𝑥𝑖|𝑛
𝑖=1

2
< 𝜖2  

⟹ ‖𝑥𝑚 − 𝑥‖2 <∈2    ⟹  ‖𝑥𝑚 − 𝑥‖ <∈  

 ⟹  < 𝑥𝑚 >   is convergent sequence ⟹ (𝐹𝑛, ‖. ‖) is Banach space . 

Example (3.3) :- 

The space 𝐹𝑛 with the norm ‖𝑥‖ = (∑ |𝑥𝑖|𝑝𝑛
𝑖=1 )

1
𝑝, 𝑝 ≥ 1, 𝑥 ∈ 𝐹𝑛

, is Banach space ?   

( H.W.) 

Example( 3.4) :-  

a .The space ℝ𝑛(𝑜𝑟 ℂ𝑛) with the norm 

 ‖𝑥‖ = {|𝑥1| , … , |𝑥𝑛|}, ∀𝑥 = (𝑥1, … , 𝑥𝑛) ∈ ℝ𝑛
  (or ℂ𝑛) is a Banach space . 

Solution : Let 〈𝑥𝑚〉 be a Cauchy sequence in 𝐹𝑛  

〈𝑥𝑚〉 = 〈𝑥1, 𝑥2, … , 𝑥𝑚 , … 〉  

= 〈(𝑥11, 𝑥12, … , 𝑥1𝑛), (𝑥21, 𝑥22, … , 𝑥2𝑛), … , (𝑥𝑚1, 𝑥𝑚2, … , 𝑥𝑚𝑛), … 〉  

Then ∀∈> 0, ∃𝑘 ∈ 𝑍+ such that ‖𝑥𝑚 − 𝑥𝑗‖ <∈ ∀𝑚, 𝑗 > 𝑘         (1)  

Since 𝑥𝑚 , 𝑥𝑗 ∈ 𝐹𝑛 , then  
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𝑥𝑚 = (𝑥𝑚1, 𝑥𝑚2, … , 𝑥𝑚𝑛), 𝑥𝑚𝑖 ∈ 𝐹, 𝑖 = 1, … , 𝑛  

𝑥𝑗 = (𝑥𝑗1, 𝑥𝑗2, … , 𝑥𝑗𝑛), 𝑥𝑗𝑖 , ∈ 𝐹, 𝑖 = 1 , … , 𝑛  

𝑥𝑚 − 𝑥𝑗 = (𝑥𝑚1 − 𝑥𝑗1, 𝑥𝑚2 − 𝑥𝑗2 , … , 𝑥𝑚𝑛 − 𝑥𝑗𝑛)  

Then, 

 ‖𝑥𝑚 − 𝑥𝑗‖ = {|𝑥𝑚1 − 𝑥𝑗1| , |𝑥𝑚2 − 𝑥𝑗2| , … , |𝑥𝑚𝑛 − 𝑥𝑗𝑛|} < 𝜖    ∀𝑚, 𝑗 > 𝑘  

It follows that |𝑥𝑚𝑖 − 𝑥𝑗𝑖| < 𝜖, ∀𝑖 = 1, … , 𝑛 𝑎𝑛𝑑 ∀𝑚, 𝑗 > 𝑘 

Hence 〈𝑥𝑚𝑖〉 is a Cauchy sequence in ℝ(or ℂ)  

So, it is convergent to 𝑥𝑖  𝑖𝑛 𝐹  

Hence , for any ∈> 0, ∃𝑘𝑖 ∈ 𝑍+ such that |𝑥𝑚𝑖 − 𝑥𝑖| <∈, ∀ 𝑚𝑖 > 𝑘𝑖  

𝑝𝑢𝑡 𝑙 = { 𝑘1, … , 𝑘𝑛}  . then for each ∈> 0 

|𝑥𝑚𝑖 − 𝑥𝑖| <∈, ∀ 𝑚 > 𝑙, ∀𝑖 = 1, … , 𝑛  

For each 𝜖 > 0, 

‖𝑥𝑚 − 𝑥‖ = {|𝑥𝑚1 − 𝑥1|, |𝑥𝑚2 − 𝑥2|, … , |𝑥𝑚𝑛 − 𝑥𝑛|}  <∈, ∀  𝑚 > 𝑙  

Thus 〈𝑥𝑚〉 be a Cauchy sequence in ℝ𝑛(or ℂ𝑛)and 𝑥𝑚 → 𝑥.  Thus, ℝ𝑛(or ℂ𝑛) is a 

Banach space 

Example (3.4):- 
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b . Show that (𝑙∞, ‖. ‖) is Banach space where ‖𝑥‖ =𝑠𝑢𝑝  |𝑥𝑖|, ∀𝑥 = (𝑥1, 𝑥2, … ) ∈

𝑙
∞

 ? 

Solution :- (1) To prove that (𝑙∞, ‖. ‖) is normed space ( H.W.)  

(2) To prove that (𝑙∞, ‖. ‖) is complete space  

Let < 𝑥𝑚 > be a Cauchy sequence in 𝑙∞ ⟹ 𝑥𝑚 ∈ 𝑙∞ 

𝑥𝑚 = (𝑥𝑚1, 𝑥𝑚2, … , 𝑥𝑚𝑛, … ) 

𝑥𝑚 − 𝑥𝑗 = (𝑥𝑚1 − 𝑥𝑗1, … , 𝑥𝑚𝑛 − 𝑥𝑗𝑛, … ) 

‖𝑥𝑚 − 𝑥𝑗‖ =𝑠𝑢𝑝  |𝑥𝑚𝑖 − 𝑥𝑗𝑖| < 𝜖 ,   ∀𝑚, 𝑗 > 𝑘  

⟹ |𝑥𝑚𝑖 − 𝑥𝑗𝑖| < 𝜖 , ∀𝑚 , 𝑗 > 𝑘 

⟹ |𝑥𝑚𝑖 − 𝑥𝑗𝑖| < 𝜖 , ∀𝑚 , 𝑗 > 𝑘 ⟹< 𝑥𝑚 > is Cauchy in 𝐹 , but 𝐹 is complete ⟹

∀𝑖, ∃𝑥𝑖 ∈ 𝐹  such that 

𝑥𝑚𝑖 → 𝑥𝑖 ⟹ ∀𝜖 > 0, ∃𝑘𝑖 ∈ 𝑍+  such that |𝑥𝑚𝑖 − 𝑥𝑖| < 𝜖 

Let 𝑘 = {𝑘1, 𝑘2, … } ⟹ |𝑥𝑚𝑖 − 𝑥𝑖| < 𝜖, ∀ 𝑚 > 𝑘 … (1)  

Put 𝑥 = (𝑥1, 𝑥2, … ) to prove that 𝑥 ∈ 𝑙∞  

And 𝑥𝑚 → 𝑥. Now , since 𝑥𝑚 ∈ 𝑙∞ ⟹ ∃𝑘𝑚 ∈ ℝ+ such that 

|𝑥𝑚𝑖| < 𝑘𝑚 , ∀𝑖 , but  𝑥𝑖 = (𝑥𝑖 − 𝑥𝑚𝑖) + 𝑥𝑚𝑖 

|𝑥𝑖| ≤ |𝑥𝑖 − 𝑥𝑚𝑖| + |𝑥𝑚𝑖| < 𝜖 + 𝑘𝑚 ⟹ 𝑥 ∈ 𝑙
∞

 

By (1) we get,       𝑠𝑢𝑝  |𝑥𝑚𝑖 − 𝑥𝑖| < 𝜖 , ∀𝑚 > 𝑘   

⟹ ‖𝑥𝑚 − 𝑥‖ <∈  ⟹  < 𝑥𝑚 > is Cauchy sequence 
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⟹ (𝑙∞, ‖. ‖) is complete. So, (𝑙∞, ‖. ‖) is Banach space. 

 

 

Example (3.5) :-   

The space 𝐶[𝑎, 𝑏] with the norm ‖𝑓‖ = {|𝑓(𝑥)|: 𝑥 ∈ [𝑎, 𝑏]}  ∀𝑓 ∈ 𝐶[𝑎, 𝑏]  is a Banach 

space  

Solution : Let 〈𝑓𝑛
〉 be a Cauchy sequence in 𝐶[𝑎, 𝑏] 

Then ∀∈> 0, ∃𝑘 ∈ 𝑍+ such that ‖𝑓𝑚 − 𝑓𝑛‖ <∈, ∀𝑚, 𝑛 > 𝑘 

Hence , ∀∈> 0, ∃𝑘 ∈ 𝑍+ such that: 

  {|𝑓𝑚(𝑥) − 𝑓𝑛(𝑥)|: 𝑥 ∈ 𝐶[𝑎, 𝑏]} <∈ ∀𝑚, 𝑛 > 𝑘  

It follows that |𝑓𝑚(𝑥) − 𝑓𝑛(𝑥)| <∈ ∀𝑥 ∈ 𝐶[𝑎, 𝑏],   ∀𝑚, 𝑛 > 𝑘  

 

Hence, 〈𝑓𝑛(𝑥)〉is a Cauchy sequence in ℝ. 

Since ℝ is a Banach space , then 〈𝑓𝑛(𝑥)〉 is convergent to 𝑓(𝑥)in ℝ thus ,  

∀∈> 0, ∃𝑘 ∈ 𝑁 such that |𝑓𝑚(𝑥) − 𝑓(𝑥)| <∈   ∀𝑚 ≥ 𝑘 

Thus , ‖𝑓𝑚 − 𝑓‖ = {|𝑓𝑚
(𝑥) − 𝑓(𝑥)|: 𝑥 ∈ [𝑎, 𝑏]} <∈   ∀𝑚 ≥ 𝑘  

Hence , 𝑓𝑚 → 𝑓 𝑎𝑠 𝑚 → ∞ thus , 𝐶[𝑎, 𝑏] is a Banach space .  
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Example(3.6) :- 

 The space (𝐶[0,1], ‖. ‖) is not Banach space where ‖𝑓‖ = ∫ |f(x)|
1

0 𝑑𝑥 

Solution :- The space (𝐶[0,1], ‖. ‖) is normed space but not complete space , since 

there exist Cauchy sequence but not convergent , for example consider  

𝑓𝑛(𝑥) =  {1                                  𝑖𝑓     0 ≤ 𝑥 ≤
1

2
  

                                                    −𝑛𝑥 +
1

2
𝑛 + 1       𝑖𝑓      

1

2
< 𝑥 ≤

1

2
+

                                                         
1

𝑛
 0                        𝑖𝑓   

1

2
+

1

𝑛
< 𝑥 ≤ 1       

 

To prove 𝑓𝑛(𝑥) is Cauchy ?  Let 𝑚 > 𝑛 > 3 

‖𝑓𝑚 − 𝑓𝑛‖ = ∫ |(𝑓𝑚 − 𝑓𝑛)(𝑥)𝑑𝑥| 
1

0
 

                                                       = ∫ |𝑓𝑚(𝑥) − 𝑓𝑛(𝑥)|
1

0
𝑑𝑥  

= ∫ |𝑓𝑚(𝑥) −  𝑓𝑛(𝑥)|
1

2
0

𝑑𝑥 + ∫ |𝑓𝑚(𝑥) − 𝑓𝑛(𝑥)|
1

1

2

𝑑𝑥  

=  ∫ |1 − 1|
1

2
0

𝑑𝑥 + ∫ |𝑓𝑚(𝑥) − 𝑓𝑛(𝑥)|
1

1

2

𝑑𝑥  

≤ ∫ |𝑓𝑚(𝑥)|
1

1
2

𝑑𝑥 + ∫ |𝑓𝑛(𝑥)|
1

1
2

𝑑𝑥  
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=  ∫ |−𝑚𝑥 +
1

2
𝑚 + 1|

1

2
+

1

𝑚
1

2

 𝑑𝑥 + ∫ |−𝑛𝑥 +
1

2
𝑛 + 1|

1

2
+

1

𝑛
1

2

𝑑𝑥  

=
1

2𝑚
+

1

2𝑛
  .  

So , ‖𝑓𝑚 − 𝑓𝑛‖ ≤
1

2𝑚
+ 1

2𝑛
,    as  𝑛, 𝑚 → ∞ ⟹ ‖𝑓𝑚 − 𝑓𝑛‖ → 0  

⟹< 𝑓𝑚 > is Cauchy sequence  

But 𝑓𝑚 → 𝑓 , where 𝑓(𝑥) = {1       𝑖𝑓 0 ≤ 𝑥 ≤
1

2
  

                                                    0      𝑖𝑓 
1

2
< 𝑥 ≤ 1    

and 𝑓 is not continuous function → 𝑓 ∉ 𝐶[𝑎, 𝑏] 

⟹< 𝑓𝑚 > not convergent ⟹ 𝐶[0,1] is not Banach space. 

 

Some Important Theorems in Banach Space 

 

Theorem (3.7): Let 𝐻 be a subspace of Banach space 𝐿 . then 𝐻 is Banach space 

iff 𝐻 is closed in 𝐿  

Proof :- ⟹) 

If 𝐻 is Banach space  ⟹ 𝐻 is complete . To prove that  𝐻 is closed ?  

Let 𝑥 ∈ 𝐻̅ ⟹ there exist a sequence < 𝑥𝑛 > in 𝐻  s. t 𝑥𝑛 → 𝑥 .  

So , < 𝑥𝑛 > is Cauchy sequence  
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Since 𝐻 is complete ⟹ ∃𝑦 ∈ 𝐻  𝑠. 𝑡  𝑥𝑛 → 𝑦 , But the limit point is unique 

 𝑆𝑜, 𝑥 = 𝑦 ⟹  𝑥 ∈ 𝐻  ⟹ 𝐻 = 𝐻̅   ⟹ 𝐻 is closed   

  ⟸)   Suppose that 𝐻 is closed set in 𝐿. To prove that 𝐻 is a Banach space ? 

 It is clear that 𝐻 is normed space (because every subspace of normed space is 

normed space ). Now , let < 𝑥𝑛 > be a Cauchy sequence in 𝐻 ⊆ 𝐿 

⟹ the sequence < 𝑥𝑛 >  is Cauchy sequence in 𝐿 , but 𝐿 is complete. 

 ⟹< 𝑥𝑛 > is convergent sequence in 𝐿 . i.e, ∃𝑥 ∈ 𝐿  𝑠. 𝑡  𝑥𝑛 → 𝑥  

Since 𝑥𝑛 ∈ 𝐻 ⟹ 𝑥 ∈ 𝐻̅ (by theorem) , but 𝐻 is closed . 𝑖. 𝑒, 𝐻 = 𝐻̅ 

𝑆𝑜, 𝑥 ∈ 𝐻   ⟹   < 𝑥𝑛 > convergent in 𝐻  ⟹   𝐻 is complete  

Theorem (3.8):- Every finite dimensional normed space is complete space  

Proof :- Let 𝑑𝑖𝑚  𝐿 = 𝑛 > 0   and {𝑥1, 𝑥2, … , 𝑥𝑛}  basis for 𝐿. T.p 𝐿 is complete 

Let < 𝑥𝑚 > be a Cauchy sequence in  𝐿 ⟹‖𝑥𝑚 − 𝑥𝑗‖ <∈,    ∀𝑚, 𝑗 > 𝑘 , 

i.e., ‖𝑥𝑚 − 𝑥𝑗‖ → 0 ,     ∀𝑚, 𝑗 > 𝑘       …..     (1) 

 Since, 𝑥𝑚, 𝑥𝑗 ∈ 𝐿.  By previous lemma ⟹ 𝑥𝑚 = ∑ 𝛼𝑚𝑖𝑥𝑖
𝑛
𝑖=1   , 𝛼𝑚𝑖 ∈ 𝐹  

𝑥𝑗 =  ∑ 𝛼𝑗𝑖𝑥𝑖
𝑛
𝑖=1  , 𝛼𝑗𝑖 ∈ 𝐹 𝑎𝑛𝑑  𝑥𝑚 − 𝑥𝑗 = ∑ (𝛼𝑚𝑖 − 𝛼𝑗𝑖)𝑥𝑖

𝑛
𝑖=1  

Since {𝑥1, 𝑥2, … , 𝑥𝑛} is linearly independent ⟹ ∃𝑐 > 0   𝑠. 𝑡 
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‖𝑥𝑚 − 𝑥𝑗‖ = ‖ ∑ (𝛼𝑚𝑖 − 𝛼𝑗𝑖)
𝑛
𝑖=1 ‖ ≥ 𝑐 ∑ |𝛼𝑚𝑖 − 𝛼𝑗𝑖|𝑛

𝑖=1    … … ..   (2)  

From (1) & (2) we get ∑ |𝛼𝑚𝑖 − 𝛼𝑗𝑖|𝑛
𝑖=1 → 0  𝑎𝑠 𝑚, 𝑗 → ∞. 

⟹ |𝛼𝑚𝑖 − 𝛼𝑗𝑖| → 0 as 𝑚, 𝑗 → ∞ , ∀𝑖 . 

⟹< 𝛼𝑚𝑖 > is Cauchy in 𝐹 & 𝐹 is complete 

 ⟹ 𝛼𝑚𝑖 → 𝛼𝑖 , ∀𝑖 = 1,2, … . . , 𝑛  

𝑖. 𝑒, 𝑥𝑚 → 𝑥  , where  𝑥 = ∑ 𝛼𝑖𝑥𝑖
𝑛
𝑖=1   

⟹ 𝐿 is complete space  

Corollary(3.9):- Every finite dimensional subspace of a Banach space is closed 

set. 

Proof :- Let 𝑀 is finite dimensional  ⟹ 𝑀 complete ⟹ 𝑀 is closed (by above 

theorem)  

Dentition (3.10)   Quotient Space 

Let 𝑋 be a linear space over 𝐹. Let 𝐻 be a subspace of a linear space 𝐿. Let 𝑥 +

𝐻 = {𝑧;  𝑧 = 𝑥 + 𝑦, 𝑥 ∈ 𝐿 , 𝑦 ∈ 𝐻}.  

Define addition and scalar multiplication by 

(𝑥1 + 𝑦) + (𝑥2 + 𝑦) = (𝑥1 + 𝑥2) + 𝑦,    ∀   𝑥1 + 𝑦 ,   𝑥2 + 𝑦 ∈ 𝐿
𝐻⁄  

𝛼. (𝑥 + 𝑦) = 𝛼. 𝑥 + 𝑦, ∀ 𝑥 + 𝑦 ∈
𝐿

𝐻
 , 𝛼 ∈ 𝐹 
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Then the space (
𝐿

𝐻
, +, . ) is called quotient space (or factor space)  

Proposition (3.11) :- 

 Prove that (
𝐿

𝐻
, +, . ) is a linear space over F.  ( H.W.) 

 

Theorem( 3.12) :- Let 𝐿 be a normed space and  𝐻 be a closed subset of 𝐿, then 

𝐿/𝐻 is normed space with ‖. ‖1 where  

‖𝑥 + 𝐻‖1 =𝑖𝑛𝑓 𝑖𝑛𝑓 {‖𝑥 + 𝑦‖: 𝑦 ∈ 𝐻}   

Proof (1) T.P ‖𝑥 + 𝐻‖1 ≥ 0  

For any 𝑥 + 𝐻 ∈ 𝐿/𝐻 

‖𝑥 + 𝑦‖ ≥ 0, ∀𝑦 ∈ 𝐻  

{‖𝑥 + 𝑦‖: 𝑦 ∈ 𝐻} ≥ 0  

‖𝑥 + 𝐻‖1 =𝑖𝑛𝑓 {‖𝑥 + 𝑦‖: 𝑦 ∈ 𝐻} ≥ 0   

(2) T.P ‖𝑥 + 𝐻‖1 = 0 ⇔ 𝑥 + 𝐻 = 𝐻 = 0𝐿/𝐻 

(⟹)𝐼𝑓 ‖𝑥 + 𝐻‖1 = 0 ⟹𝑖𝑛𝑓  {‖𝑥 + 𝑦‖: 𝑦 ∈ 𝐻} = 0   

Hence , ∃〈𝑦𝑛〉 ∈ 𝐻 such that ‖𝑥 + 𝑦𝑛‖ → 0 as 𝑛 → 0  

Hence , 𝑥 + 𝑦𝑛 → 0 as 𝑛 → 0.Thus , 𝑦𝑛 → −𝑥.  
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Therefore , ∃〈𝑦𝑛〉 ∈ 𝐻 such that 𝑦𝑛 → −𝑥 thus  −𝑥 ∈ 𝐻̅ ( by theorem). 

Now, since 𝐻 is closed , then −𝑥 ∈ 𝐻̅ = 𝐻 , i.e. , −𝑥 ∈ 𝐻 

Since 𝐻 is a subspace then 𝑥 ∈ 𝐻 𝑎𝑛𝑑 𝑥 + 𝐻 = 𝐻, that is , 𝑥 + 𝐻 = 0𝐿/𝐻 

(⟸)𝐼𝑓 𝑥 + 𝐻 = 𝐻 = 0𝑥/𝑦 𝑡ℎ𝑒𝑛 𝑥 ∈ 𝐻. 𝑖. 𝑒. , 𝑥 + 𝐻 ∈ 𝐻, ∀𝑦 ∈ 𝐻  

Hence , ‖𝑥 + 𝐻‖1 =𝑖𝑛𝑓  {‖𝑥 + 𝑦‖: 𝑦 ∈ 𝐻} = 𝑖𝑛𝑓 {‖𝑧‖: 𝑧 ∈ 𝐻}  

Since 0 ∈ 𝑌 and ‖0‖ = 0, so 𝑖𝑛𝑓  {‖𝑧‖: 𝑧 ∈ 𝐻} = 0. Thus , ‖𝑥 + 𝐻‖1 = 0  

(3) T.P ‖𝛼. (𝑥 + 𝐻)‖
1

= |𝛼|‖𝑥 + 𝐻‖1, 𝛼 ∈ 𝐹  

If 𝛼 = 0 then (3) holds  

If 𝛼 ≠ 0 then  

‖𝛼. (𝑥 + 𝐻)‖
1

=𝑖𝑛𝑓  {‖𝛼(𝑥 + 𝑦)‖: 𝑦 ∈ 𝐻}   

=𝑖𝑛𝑓 {|𝛼|‖𝑥 + 𝑦‖: 𝑦 ∈ 𝐻}   

= |𝛼| 𝑖𝑛𝑓 {‖𝑥 + 𝑦‖: 𝑦 ∈ 𝐻}   

By using the proposition (If A is bounded below and 𝛼 ≥ 0 , then 𝑖𝑛𝑓  (𝛼𝐴) = 𝛼

𝑖𝑛𝑓  (𝐴)  )  

= |𝛼|‖𝑥 + 𝐻‖1  

(4) Let 𝑥1 + 𝐻 , 𝑥2 + 𝐻 ∈ 𝐿/𝐻  
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‖(𝑥1 + 𝐻) + (𝑥2 + 𝐻)‖1 = ‖(𝑥1 + 𝑥2) + 𝐻‖1  

𝑖𝑛𝑓  {‖𝑥1 + 𝑥2 + 𝑦‖: 𝑦 ∈ 𝐻}   

𝑖𝑛𝑓  {‖𝑥1 + 𝑥2 + 𝑧1 + 𝑧2‖: 𝑧1, 𝑧2 ∈ 𝐻}   

≤𝑖𝑛𝑓  {‖𝑥1 + 𝑧1‖ + ‖𝑥2 + 𝑧2‖: 𝑧1, 𝑧2 ∈ 𝐻}   

=𝑖𝑛𝑓  {‖𝑥1 + 𝑧1‖: 𝑧1  ∈ 𝐻} + 𝑖𝑛𝑓  {‖𝑥2 + 𝑧2‖: 𝑧2 ∈ 𝐻}  

= ‖𝑥1  + 𝐻‖
1

+ ‖𝑥2 + 𝐻‖
1
  

Thus 𝐿/𝐻 is a normed space  

 

Proposition (3.13) :- If 𝐿 is a Banach space and 𝐻 is a closed subspace of 𝐿 .Then 

𝐿/𝐻 is a Banach space.  

Proof : 𝐿/𝐻 = {𝑥 + 𝐻: 𝑥 ∈ 𝐿}. 𝐿𝑒𝑡 〈𝑥𝑛〉 be a Cauchy sequence in 𝐿 / 𝐻 then , 𝑥𝑛 =

𝑥𝑛 + 𝐻 𝑤ℎ𝑒𝑟𝑒 𝑥𝑛 ∈ 𝐿, ∀𝑛 ∈ 𝑍+   

∀∈> 0, ∃𝑘 ∈ 𝑍+ such that ‖𝑥𝑚 − 𝑥𝑛‖ <∈ ∀𝑛, 𝑚 > 𝑘  

So , ∀∈> 0, ∃𝑘 ∈ 𝑍+ such that ‖𝑥𝑚 − 𝑥𝑛 + 𝐻‖ <∈ ∀𝑛, 𝑚 > 𝑘 

Then , ∀∈> 0, ∃𝑘 ∈ 𝑍+ such that: 

 𝑖𝑛𝑓  {‖𝑥𝑚 − 𝑥𝑛 + 𝐻‖: 𝑦 ∈ 𝐻} <∈ ∀𝑛, 𝑚 > 𝑘 .This implies ∀𝑦 ∈ 𝐻, 〈𝑥𝑛 + 𝑦〉 is a 

Cauchy in 𝐿 

Since 𝐿 is a Banach space , then ∃𝑧 ∈ 𝐿 such that 𝑥𝑛 + 𝑦 → 𝑧 = (𝑧 − 𝑦) + 𝑦 
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= 𝑤 + 𝑦, ∀𝑦 ∈ 𝐻  

Thus , 𝑥𝑛 + 𝐻 → 𝑤 + 𝐻. Thus 𝐿 / 𝐻 is a Banach space .  


