Chapter 4

Inner Product Space

Definition 4.1.
Let L is a linear space over F. A mapping ( ,) : L x L — F'is called an

inner product on L if the following axioms hold
(1) (z,z) >0 Vxe L.

(2) (z,2) =0 <= x =0p.

(3) (z,y) = (y,x) Vz,y € L, where (z,y) =conjugate of (x,y).
(4) (ax + By, z) = alz,z) + f{y,2) Vz,y,z€ Land a, € F.

(L,( ,)) is called inner product space (briefly, I.LP.S) or Pre-Hilbert

space.

Remark 4.2.
(1) If FF =R then axiom (3) becomes (z,y) = (y,z) Vz,y € L.

(2) Every subspace of inner product space is an inner product space.



Functional Analysis-Inner Product Space Dr. Saba Naser, Dr.Zena Hussein, Dr. Sabah Hassan 83

4.1 Examples of Inner Product Space

Example 4.3.

Let L = R? and let { ,) : R? x R? — F is defined as (z,y) = z1y1 +
zoys  Va,y € R? where z = (21,79),y = (y1,%2). Show that ( ,) is an
inner product on R?.

Solution: (i) We check the I.P.S axioms

(m,2) =22+ 23>0 Vo= (v1,20) € R

(r,2) =0 & 2}+23=0 & 11 =122=0 <= 2= (0,0)

(x,y) = 21y1 + T2y2 = (z,y) (since ' =R)
Let o, 5 € R and let © = (21, 22),y = (Y15 42), 2 = (21, 22)

axr + By, z) = ((aw1 + Byi, axs + Bya), (21, 22))
= (ax1 + By1)z1 + (s + Bys) 20

= (ax121 + axsze) + (By121 + By222)
= a(z121+ x222) + B(y121 + Y222)

=a(z,z) + B{y, 2)
Thus, ( ,)-is an inner product on R?.

As an application to Example 4.3:

Let x = (2,1),y = (0, —-3),2 = (3,4). Find (x, 2), (z,x), (x + y, 2).
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Remark 4.4.

As a generalization of Example 4.3, let L = R" and (,) : R* x R" — F
is defined as (z,y) = x1y1 + Toy2 + ... + Tpyn Vr,y € R" where
r = (21,....,2,), ¥y = (Y1, ..., Yn). Then, (R™, (,)) is an inner product space

(check!). The space (R",(,)) is called usual inner space.

Example 4.5.

Let L = R?, which of the following is an inner product on L.

(i) (z,y) =3z1y1 + x2y> (H.W.)
(i) (z,y) = 23y} + 233

where & = (21,22),y = (41, y2)
Solution: (i) We check the I.P.S axioms
(ii) The first three axioms of the definition of inner product hold but the
forth condition does not satisfy.
fa=p=1andlet z=(1,—-1),y =(—1,0),z2 = (—2,2). Then
(ax + By, 2) = ((0,—1),(=2,2)) = 0*(=2)* 4+ (-1)22 = 4
and oz, z) + B{y, 2) = ((1, =1),(=2,2)) + 5{(=1,0),(=2,2))
= 11 (=2)2 4 (—1)2.22 4 (—1)2.22 + 02.2712

Thus, (ax + By, z) # alz, z) + 5{y, 2).
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Example 4.6.
Let L = F" be a linear space and let { ,) : F" x F" — F defined as
(x,y) =Y 01 2Y; = ©1Y+...+2,y, Vr,y € F"wherex = (z1,...,2,),y =
(Y1, .--» Yn). Show that ( ) is an inner product on F™.
Solution:
(1) (s x) = 3000 @i = 320 jz|* > 0
(2) (z,2) =0 —= S |z’ =0 <= 2, =0 Vi=1,..,n
— = (21,...., %) = (0;...,0) = Opn
(3) (Y) = 2o 2l = Do Tyi = D Ui = (Y, )
(4) Let a, f € F and let x,y,z € F"
axr + By = (axy + Pyi, ..., ax, + Byn)
(ax + By, 2) = > i (ax; + Byi)Zi = D> wiZi + B yiZi = oz, z) +
By, 2).
Thus, (,) is an inner product on C".

As an application to Example 4.6:

Let L = C? and (z,y) = Z?Zl vy, Vr,y € C? where v = (v1,79),y =

Solution: (z,z) = (24 3i)(2 + 3i) + (1 +4)(1 +4)
= (24 30)(2—3d) + (1 +4)(1 — i)
=(4+9+(1+1)=15

r+y=(3+4i,2)

(x+y,2) =3+41)2+2(1+4) = (64+8)+2(1—14) =8+6i

(x,y+ 2) =
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Example 4.7.

Let L = C[0, 1] be a linear space over R, and let (, ) : L x L — R is de-
fined by (f, g) / f(x)g(z) dx. Prove that ( , ) is an inner product on L.
Solution: / f(x)f(x) dx = / [f(z)]* dv >0

() (/1) =0 = / () de =0 <= [f() =0 vae 0,1

— f(x)=0 Vzel0,1] & f=0
(3) Let a, € R and f,g,h € L

(af + By, h) = / (af + Bg)(@)h(a)ds

1 1
:a/o f(x)h(m)derﬁ/o g(x) h(x) dx

= alf, h) + B(g,h)

1) (f.g) = / F(@)g(x) di = / g(x) () dz = (g, f)
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As an application to Example 4.7:

Let f(x) =2 +1, g(x)=2% h(z)=3x+2 Vzecl0,1]

Find <f7f>7<f+gah>7<f7h>7<2f+3.g>h>v<f_gvh_g>

Example 4.8.
Let L =R and (, ): R xR — R such that (z,y) = |[ry| Vz,y € R. Is

(L,(,)) LP.S? (H.W.)
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4.2 Some Properties of Inner Product Space

Theorem 4.9.

Let (L,(, )) be an inner product space (I.P.S). Then, Vz,y,z € L and

a,feF

(1) (x,0L) = (0p,x) =0
(2) (z,ay + Bz) = alz,y) + B(z, 2).

Proof. (1) (0p,z) = (0 + 0y, z)
= (0g, x) + (0, )
Hence, {0z, z) + 0 = (0, 2) + (0, 2)
Thus, 0 = (0, z) (I)
Now, (0r,z) = (z,0r)
0= (x,05)
0= (z,0p)

(2) (z,ay + Bz) = (ay + Bz, z)

= aly,z) + B{z, )

Corollary 4.10.
If (L,(, ))is an I.LP.S. Then

(i) <Z?:1 ozixi,y> =>", ozi<:vi, y> where z1, ..., 7,,y € L
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(11) <$7 Z?zl Bzyz> — Z;‘L:l B@<x7yl> where LyYly ooy Yn c L

(i) (D07 i, 25 Biyy) = 2oimy ai( 252 Bilwi, y5)

where x1,...,Tn, Y1, .oy Ym € L

Proof. (i) We proof using induction.

If n =1 then (a121,y) = ag(z1,y) (by definition of norm)

If n = 2 then (a1 + asxs,y) = ay(r1,y) + as(ze,y) (by-definition of
norm )

Suppose (i) hold when n =k

< Z?:l QT y> = Zle O‘i<xi7 y> (I)
To prove (i) hold when n =k + 1

Top. (X iy y) = S0 el y)
< Zfif T, ?J> = < Zle G + Oy 1Tk 1,5 y>
= (8 i, y) + (i, y)
S ZL Oéz'<fffz'7 y) + 1 (Tre, y)

= 25211 Oéi<$z'7 y>
(i) The proof is similar to the proof of (i).

(iii) Let z = Z;nzl Bjyj

< Z X, Z Bjyj> = < Z T, z>
=1 j=1 i=1

= Z ai<xi, z> (by part (i))



Functional Analysis-Inner Product Space Dr. Saba Naser, Dr.Zena Hussein, Dr. Sabah Hassan

= iz, > Biy;)
i=1 =1

=3l Rifen) (ot )
1=1

Theorem 4.11.
Let (L,(, )) is an L.P.S. such that (v;,w) = (ve, w)

v1 = v9. Also, if (v;,w) =0 Vw € L then v; = 0.

Proof. By assumption, (v; — v, w) = (vy, w) — (vg, w) =0,

90

Yw € L. Then

Put w = v; — vy, then (v; —v9,v1 — 1) =0 = v =V =0 = vy = vo.

Now, (vi,w) =0, Yw e L = (v1,v1) =0 .= v; = 0.

Theorem 4.12. General Cauchy Schwarz’s Inequality

]

Let (L,( , )) is an L.P.S. and let || || : L — R is defined by ||z| =

\/<x,x> Vo € L. Then,

[z 9)| < |zl |lyll  Va,y € L.

Proof. If x =0 or.y = 0 then (z,y) = 0, and hence (z,y) =0 < ||z| ||y||

IfyyéO,putz:i (I)

o]
=276z 2) = <HyH Hyu>

<y y) =

o llyl” = (IT)

Next, it is enough to show that |(z,z)| < [|z]|

because if |(z, z>| < ||xH then from (I)

o) = ()| -

|\fcy!<H$H

|y Y]

[z, )| < el Nyl
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Let a € F then (x—ozz,x—ozz> >0
<x,az> — oz<z,x> — @<x, ,z> + o@<z, z> >0

HxH2—a<x,z>—a<z,x>—l—@@ 12> >0

H
o
S
=

—~
=

o)

lz|? = (2, 2)(z, 2) + (z,2)(z, 2) — @z, 2) — alz,2) + a@ > 0
el — |G, ) + G, 2) (2, 2) — ) — (e w) @) 20

ol = [ (2, =) + (2. 2) (2, 2) = @) = a((z,2) =) 2 0

lol* = {2, 2)[" + ((2,2) = a) ({w.2) —a) 2 0

|z = [(z,2) |+ [(2,2) —a° >0 VaeF - (1)

Put o = (x, z), then (III) becomes

ol = Kz, 2)" 20 = [{z,2)]" < ]

[z, )| < ||

il < ] (using (0)

)y < e

[z y)| < llzll Iyl

As an application to Theorem 4.12:

If L =R" and <x,y> = >0 xy; for any X = (21, ..., 2,), Y = (y1, ..

Apply Cauchy Schwarz inequality.

91

o UYn)-

Sloution: We have , ||z|| = [<:L‘ x>]% = [ " J and ||y|| = [<y,y>]% =

PYTE

From Theorem 4.12, |(z,y)| < ||z|| [ly||; that is
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Theorem 4.13.

Every inner product space is a normed space and hence a metric space.

Proof. Let (L, (, )) is an L.P.S. and let the function || || : L — R is defined
by

|z|| = /{z,z) Vx € L. To prove | | is a norm on L
(1) Since (z,z) >0 Ve e L = |lz|| =+/{(z,2) >0 VzeL

2) z[| =0 <= /(z,2) =0 < (2,2) =0 < z=0x

(3) Let « € F and xz € L
Hosz2 = <oza:,ozx> = o@<:1:,x> 2 \oz\2 H$H2

Thus, [laz|| = [af ||z

(4) T.P. flz +yl| <[zl + [ly]| Vz,yeL
|z + gl = (z +y, 2 +y)
=(z,7) + (. 7) + (T,9) + (¥ y)
= ll2|® + (2, y) + (z,y) + |yl
= ||2||* + 2Re(z, y) + [ly]’
< ll* + 2 [{z, y)| + lyl®

< lz[I* + 2 {2[l lyll + lyll*  (by Cauchy Schwarz)



Functional Analysis-Inner Product Space Dr. Saba Naser, Dr.Zena Hussein, Dr. Sabah Hassan 93

= (llzll + llwl)?

Thus, [z +yll < flz]l + |-

Theorem 4.14.
Let (L,(, )) is an L.LP.S. and =,y € L. Then

(1) Jlz +ylI* = ll=|I* + 2Re(x,y) + y|? (Polarization Identity)
2) llz+ylI” + |z = yl* = 2]lz)* + 2|yl (Law of Parallelogram)

2 2 . .2 . .12
[l +ylI” = llz = ylI” + iz +iyll” = illx —iy]]”]

AN,

(3) (z,y) =

Proof. (1) ||z +y|* = (z +y,2 +y)
= (z,2) + (y,2) + (z.9)+ (v, 9)

= [l + (z,y) +Czry) + lyll”

2 2
= ||z[I” + 2Re{z,y) + [ly|

2 2 2 2
(2) TPz 4+ yl” e = ylI” = 2{|z[I” + 2 ly]]

By part (1), ||z + sz = ||xH2 + 2R€<x7y> + HyH2 (I)

lo—yl* = (z -y, 2 — y)
= (z,2) = (y,x) — (z.9) + (¥, 9)

= [lz]|* = (z,y) — (z,y) + ||y’

= ||lz[|* = 2Re(z,y) + [ly|*  (ID)

By summing up (I) and (IT) we get ||z +y||> + ||z — y||> = 2 ||=|* + 2 ||y|’
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(3) By parts (1) and (2), we have

|z +ylI* = llz — ylI* = [l«]*+2Rez, y) +lyll* = (1] —2Re(z, y) + 1y|*)
= 2Re<:c,y> +2Re<x,y>
= (TY) +(@y) +(TY) + (5,9)

= 2<y, £L‘> + 2<:E, y> (I)

|z + iy||* = {z + iy, 2 + iy)
= (z,2) +i{y,z) +i(z,y) + {y,y)
= |le|* +i(y, x) — i(z,y) + |lyll’
|z —iy|* = (v — iy, @ — iy)
= (@) —i{y.x) =iz, )+ (9. 9)

= |le|* = i(y, z) +i(z,y) + |lyll’

Hence we get,

il +iyl* = il —ayll® =iz + iy, 2) — iz, y) + Nyl ] — il ll=]® -
iy, x)y +1(z,y)
+ [yl
=illz)* = (v, 2) + (z.y) +illyl® =i lel® = (y,2) +
(z.y) —illyll”

=2(z,y) — 2(y, x) (IT)

By (I) and (IT), we have
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Iz +yl* = lle = ylI* +illz +iyll* =il —iyll* = 2(y, @) + 2(z,y) +
2(,y) = 2y, )
|z +yll* = lle = ylI* +ille + iy||* — i |z — iy]|” = 4(z,y)
eyl — lle =yl + ille + iyl — i o — gl = () 7
Remark 4.15.
Any normed linear space generated from inner product space must satisfies

the three laws of Theorem 4.14.

Example 4.16.
Let L = Cl[a,b] and let ||f|| = max{|f(x)| : * € [a,b]}. Then the converse

of Theorem 4.13. i.e.,

(1) Show that (L, || ||) is a normed linear space (H.W.)

(2) Show that L is not generated by I.P.S (i.e, L is not I.P.S)

Solution: (2) To show that L is not I.P.S, we shall show that parallelo-
gram law does not hold. ie., |[f+gl*>+|f —gl* # 2IfI° +2|g|° for

some f,g € Cla,bl.
Let f(x) =1 and g(x) = Z:Z Va € [a,b]

Note that f, g are continuous on |[a,b]. Thus, f,g € Cla,b].

[f] =1 and [lg] =1

r—a T —a

If +gll = |1+b_a‘:max{ 1+b—a :x € [a,b]} =2
L —a r—a

I f— gl = ‘1—b_a‘:max{ 1_b—a cx € [a,b]} =1
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If+glP+f—gl’=4+1=5 (I)
20171+ 2gl]> =2.12 +2.12 =4 (1)
By (I) and (IT), we get || f + || + | f — glI> # 2| £I* + 2 lg]”

ie,b#4
Example 4.17.

Let L = R? and let ||z]] = |z1] + |72] Vo = (21,79) € R®~ Then the

converse of Theorem 4.13. i.e.,

(1) Show that (R2, || ||) is a normed linear space (H.W.)

(2) Show that R? is not generated by I.P.S (i.e, R? is not I.P.S)

Solution: (2) To show that L is not [.P.S, we shall show that parallelogram
law does not hold. i.e., ||z +y||> 4[|z — y||* # 2|z||* + 2|jy||*> for some
z,y € R?

Let x = (2,3) and y = (=6, 1)

|zl = 12| + 13| = 5= 2||z||* = 50

lyll = |-6] + 111 =7 = 2|ly||* = 98
[z +yll =(=4,4)| = |4 + |4] = 8
|z +y|I* = 64

le =yl = 118,2)] = [8] + 2| = 10

lz —y||* = 100

Thus, ||z +y||* + ||z — y||* = 64 + 100 = 164
and 2||z)* 4+ 2 ||y||* = 50 4 98 = 148

2

2 2 2
Hence, |lz +y|” + [z — y[I” # 2 [=[|” + 2 [y|

i.e., || || does not satisfy paralleogram law.
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Example 4.18.

Let L = R? and let ||z|| = max{|z|,|z2|} V(z1,29) € R% Then

(1) Show that (R?, || ||) is a normed linear space (H.W.)

(2) Is R? generated by I.P.S? (H.W.)

97



Functional Analysis-Inner Product Space Dr. Saba Naser, Dr.Zena Hussein, Dr. Sabah Hassan 98

Theorem 4.19.

Let (L,(, ))is an [.LP.S. Then

(1) If (z,) — « and (y,,) — y then <xn,yn> — {(x,y)

(2) If (z,) and (y,) are Cauchy sequences in L then (z,,y,) is a Cauchy

sequence in F'.

Proof. (1) {n,yn) = (x + (0 — ),y + (o — )
= (2,y) + (T, yn — ) + (z0 — 2, ) + {T0 — T, Y0 — )
(T yn) — (2,9) = (2,90 — y) + (20 — 2, y) + (T — T, 90 — ¥)
{2 yn) = (@ 9)| = (90 = ¥) + (20 =2, 9) + (20 = 2,90 — y))|
< {2, yn = y)| + Kz — 2, 9)| + (o0 — 2,90 — 9)|

< @l lyn =yl + llzn = 2l {lyll + 20 =zl lya =yl (By

Cauchy Schwarz)

But (x,) — « and (y,) — y then ||z, — z|| = 0 and ||y, —y|| = 0

Hence, }<xn,yn> = <x,y>’ — 0, and hence, <xn,yn> — <x,y>
(2) for any n,m € Z,

<$na yn> = <(517n — Tm) + Ty (Yn — Ym) + ym>

= (Tn — Ty Yn — Ym) + (T Y ) + (T Yn — Ym ) + (20 —

Tins Ym )
<xm yn> - <xm7 ym> = <37n = Ty Yn — ym> + <$m, Yn — ym> + <£Cm, Yn — ym>
{2y Yn) = (@ Y ) | = [(Zn = T Yo = Ym) + (@ Yo = Ym) + (T Y = Y|

S ‘<:Un — Ty Yn — ym>‘+|<xmayn - ym>|+‘<xmyyn - ym>‘
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< l#n = 2wl 1y = ymllFllzmll 190 = ymll+ll2n = 2l [[ymll - (By
Cauchy Schwarz)
But (x,) and (y,) are Cauchy sequences, then ||z, — x| — 0 and ||y, — ym|| —

0 as n — oo. Also, (x,) and (y,) are bounded sequences, then as n — oo

[(@ns Yn) = (T Ym)| = 0 O

Corollary 4.20.
Let (L,(, )) is an I.P.S. Then

(1) If (x,) — « then ||x,| — |||

(2) If (z,) is a Cauchy sequences in L then {||z,|| ) is a convergent se-

quence in R.

Proof. (1) Since (z,,) — @ then (@, z,) = (x,2) (By Theorem 4.19)
Hence, [|zall? = [l2]% L., Jzall = 2]

(2) Since (z,) is a Cauchy sequences in L, then by Theorem 4.19(2),
<xn,a:n> is a Cauchy sequence in F. Since F' = R or C then F' is com-
plete. Thus, ( H:cn|]2> is a convergent sequence in F. Thus, (||lz,] ) is a

convergent sequence in F []
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4.3 Hilbert Space

Definition 4.21.
Hilbert space is an I.P.S. (L, (, )) which is a Banach space with respect

to ||| = /(z, x).

Example 4.22.

Consider the LP.S. (R™, (, )) (or (C™, (, )) such that (z,y) = D" | ;7
where © = (z1,...,2,),y = (y1, ..., yn) € R" (or C"). (see Example 4.6)

Show that (R", (, )) (or (C",(, )) is Hilbert space.
Solution: Since \/(z,z) = [ Y1 xTi]* = | Yy |.I’Z"2]% = ||lz|

From Example 3.2, R" (or C") is a Banach space w.r.t. ||z| = /(z,x),

(SIS

and thus, (R", (, )) (or (C™,(, )) is a Hilbert space.

Example 4.23.
1
The space C|—1, 1] with the inner product defined by (f, g) = / f(z) g(x) dx
~1

is not a Hilbert space.

Solution: Let

1 if

3=
IA
8
IA
—_

an - me2 = <fn - fm; fn - fm>

1 1
Suppose n > m, then — < —. We must find f,(z) — f, ()
n o m
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0 if —1<2<0

fal@)=q nz if O<z<l

1 it <z <l
\
and
(
0 if —1<2<0
fm(®) = ¢ ma if O<z<i
1 if L <z<l
\
Then
0 if —1<z<0
(n —m)x if O<z<2
fol@) = fm(2) = S
1 —mx if %Sxﬁ%
0 if LI <z<l

1

1fo = fll® = /_1(fn(56) — fin(2))* dv = /Oi(n —m)*a? dr + /;1(1 -

ma)? dx
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2

(n—m) 1 n—m

= 5+ ( )
3n 3m- n
(n —m)?
3nm
(n —m)*

2
Thus, || = full = 55—

Since n > m, thenn =m +t

t2
2
an - me = —3(m+t)2m —0 asm —

Hence, || f, — fi|| = 0. Thus, (f,,) is a Cauchy sequence.

But f, — f where

1 if 0<z <1

Thus, f ¢ C[—1,1]. Then, (f,) is not convergent in C[—1,1].

space is not Hilbert space.

Remark 4.24.

102

i.e., The

Every Hilbert space is a Banach space but the converse is not true. For

example, the space C|[a, b] with || f|| = max{|f(z)| : « € [a,b]} is a Banach

space (see Example 3.5). However, Cla,b] is not a Hilbert space since it

does not satisfy parallelogram law; that is || || can not be obtained from

inner product (see Example 4.16).
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4.4 Orthogonality and Orthonormality in Inner Prod-

uct Space

Definition 4.25. orthogonal Elements
Let (L,(,)) be an I.LP.S and x,y € L. Then z is said to be orthogonal

on y (denoted by z L y) if and only if (z,y) = 0.

Example 4.26.

Let L = R? is I.P.S such that (x,y) = x1y1 + T2y is usual inner product
Vo = (z1,72),y = (y1,92) € R% Let x = (—6,3),y = (2,—1),2 = (1,2).
Show that 1 z,y L z and y f .

Solution: (z,z2) = ((—6,3),(1,2)) = =6+ 6 =0. Hence, z L z.

(Y, 2) =

(y,x) =

Proposition 4.27.
Let (L,(,)) be an LP.S and z,y € L. Then

(i) fx L ytheny L x.
(i) 0 Lz Vx € L. (HW.)

(iii) if L o then x = 0;. (H.W.)

Proof. (1) Let x L y then (z,y) = 0. From Definition 4.1(3), we have

(y,z) = (z,y) =0. Le,y L z. []
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Proposition 4.28.
Let (L,{,)) be an I.P.S and z,x1, ..., x, € L such that z is orthogonal on

x1, ..., L,. Prove that x is orthogonal on any linear combination of 1, ..., z,,.

Proof. Let w be a linear combination of x4, ..., x,. i.e., there exists a; € F

such that w = " | az;. We must show (z,w) = 0.
(x,w) = (2, > i) = > 0 a(x,x;)  (by Corollary 4.9(ii))

=>" .0 (From the assumption)

= 0. [
Example 4.29.

(1) Find the value of a that makes the vectors X = (a,2,—1),Y =

(3, —5,2) orthogonal vectors in R? with usual inner product. (H.W.)

(2) Let (L, (,)) bean .LP.Sover R and let z, y € L such that ||z| = ||y|| =1

(i.e., = and y are normal elements). Prove that x +y L x — y.

Answer: (z+y,x=y) = (x,z) — (x,y) + (y,x) — (y,y) = HCL‘HQ — (z,y) +

(z,y) — ||y = 0. Hence, z +y L z — .

(3) Let (L, (,)) be an I.P.S and let z,y € L such that = L y. Prove that

2 2 2 2
lz4+y” = [lzl|” + lyll” = [z —y|".
Answer: ||z +y|* = (z+y, 2 +y) = (2, 2) + (x,y) + {y,2) + (y,)
2 2 2 2
= [|z[|” + 0+ 0+ |lyl|” = [l + [yl

. 2 2 2
Similarly, ||z —y|” = [l=[]" + |ly[I"
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(4) Let (L,(,)) be an L.P.S and let =,y € L such that x L y. Prove that

|z + Ayl = ||z — Ay

Answer: (H.W.)

(5) Let (L,( ,)) be an I.P.S and let xy,z9,...,2, € X such that z; L
v Vi # j. Prove that |0, @ill” = Y0,
Answer: We prove using induction. If n = 1, the statement is true.

If n = 2. Since 21 L x5 then ||y +as|” = ||z1|]” + ||22]|>  (by part (3)).

2
k 2
= 2 iz1 il

k .
i=1Li

Suppose the statement is true for n = k. i.e.,

To prove the statement is true when n =k + 1. i.e.,

k+1
=3 ||l
AN k - k 2
= H2i=1 Ti + $k+1H = HZH T
= Zf:l szH2 + ||$k;+1H2 (by induction n = k)

k+1
=300 .

sz—l—l

2
+ lzpl]

Definition 4.30. Orthogonal to Set
Let (L,( ,)) be an .P.S, x € L, and A C X. Then, x is said to be

orthogonal on A (x L A) if z L a Va € A.

Example 4.31.
Consider the space R? with usual product space and A = {(0,a) : a € R}.

Then (2,0) L A because ((2,0),(0,a)) = 2.0+ 0.a = 0.
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Definition 4.32. Orthogonal Sets

to B(ALB)ifalb, Vae AVbe B.

Let (L,{,)) be an I.LP.S, and A, B C L. Then, A is said to be orthogonal

Example 4.33.

Consider the space R? with usual inner product and A = {(0,a) : a € R}

and B = {(b,0) : b € R}. Show that A | B.
Answer: for each (0,a) € A and for each (b,0) € B, then

((a,0),(0,b)) =a.0+0.b=0. Thus, A L B.

Proposition 4.34.

Let (L,(,)) bean I.P.S, and A, B C L such that A 1. B then ANB = {0}.

Proof. Let r€e ANB=2x¢€ Aand v € B (I)
Since A L B = (a,b) =0, VaecAVbe B.
From (I), (a,b) = (x,z) = 0.

Using Definition 4.1(2), @ = 0, then AN B = {0}.

Definition 4.35.
Let (L,(,)) be an L.LP.S. and ¢ # A C L. Then, the set

At ={reL:x La, VacA}

is called the orthogonal complement on A.
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Proposition 4.36.
Let (L,(,)) be an L.P.S. and ¢ # A, B C L. Then,

(1) L* = {0}.

(2) {0} = L. (H.W.)

(3) An A+ = {0}.

(4) AC AL

(5) If A C B then B+ C A+, (H.W.)

(6) If A C B+ then B C AL

Proof. (1) Lt ={x € L:x L L} ={veL:{(x])=0,Vle L} ={0}.

(3) Let z€ ANAt = x € Aandw e AL (T)
Since r € A* then z L A (IT)

From (I) and (II), z L 2. i.e., (z,2) =0, thus z = 0.
Then, AN A+ = {0}.

(4) To prove A € A++. Let 2 € A.

For any y € A+ = y L A. In particular, y Lz (z € A)

From Proposition 4.27(1), x Ly, Vy € AL, Thus, z € A+

(6) Let A C B+, then from part (5), B++ C At

Now, from part (4), B C Bt+ C A+, Then, B C AL,

107
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Theorem 4.37.
Let (L,(,)) be an I.P.S. and ¢ # A C L. Then, A+ is a closed subspace

of L.

Proof. (1) To prove At is a subspace of L.

Let 2,y € At and o, 8 € F. T.P. ax + By € A+

T.P. (ax + Py,a) =0, Va € A.
Since z,y € At = (z,a) = (y,0) =0  (I)
(ax + By, a) = alz,a) + B(y,a) = a.0 + 5.0 =0 [from ()]
Thus, At is a subspace of L.
(2) T.P. AL is a closed set (i.e., A~ C AL and AL C A')
It is clear that A~ C AL (I)
T.P. AL C AL, Let 2 € AL then 3(x,) € AL such that (z,,) — =.

Since (z,) € A*, Yne N=ux, L A=x, La, Vac A

= (zp,a) =0, Va € A.

But (z,) = = and @ — a. Thus, from Theorem 4.19(1), (z,,a) — (x,a).
——

=0
(z,a) =0 Va € A. Then, x € A*. Thus, AL C AL (IT).

From (I).and (IT), At is a closed set.

Definition 4.38. Orthonormal Set
Let (L,(,)) be an I.P.S. and A C L. Then, A is called orthonormal set

if
(1) A is said to be orthogonal if x 1 y Vz,y € A, = #y.

(2) Each clement = € A is a normal element. i.c., (z,z)2 = ||z|| =1 Va €

A.
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Remark 4.39.

Orthonarmal set has no zero element (0 ¢ A) because ||0]] # 1 (0 is not

normal element).

Example 4.40.

Let L = R3 with usual inner product and A = {(1,2,2),(2,1,-2),(2,-2,1)} C
L. Show that A is orthogonal but not orthonormal.

Solution: T.P. A is orthogonal set (H.W.).

To show not every vector in A is normal. i.e.,

H(1,2,2)||2 =((1,2,2),(1,2,2)) = 14+44+4=9# 1= ||(1,2,2)]] # 1.

Thus, A is not orthonormal.

Theorem 4.41.

Let L be an I.P.S. and 1, ...,, be orthonormal vectors in L. Then

Z [z, z:)|* < ||=||* VzelL

1=1

Example 4.42.
1 1 1
Let L=R3 and z; = 5(1, 2,2),x9 = §(2, 1,-2), 23 = 5(2, —2,1).

Let x = (2,1,3). Then

|@Jﬁﬁ=%@+2+®P:%?
) = (544 1= 6)]2 =
o,z = [J(4 -2+ 3) = 2

3

, 100 1 25
> M= =+ -4+ = =14
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on the other hand, ||z||* = (z,2) =4+ 149 = 14.
3
As in Theorem 4.41, Z [z, )] = ||z||?
i=1
Take z = (1,1,1) and apply Theorem 4.41. (H.W.)

Theorem 4.43.
Let (L,( ,)) be an I.P.S. Let (x,) be an orthonormal sequence in L and
(An) be a sequence in F such that S |\|* < +00. Let y, =31 | iz

Then, (y,) is a Cauchy sequence.

Proof. Let y, = > " Niiy  Ym = Y ioq Nii. Assume that n < m then

m = n + k for some k € N. We must prove ||y, — yn| — 0.
= S N — Sty N = S E N — S N = SR A,
Hym - yn”2 - HZ?::H i 2 = (2?;:“ i, E?I:H )\il‘i>
= Z?;rfﬂ Ai Z?tﬁrl _<xi: ;)
= S A, i)
= X0 Al ]

=S A (el =1 vi)

1=n+1

As n = 400, Z?;Lfﬂ IA|)? =0 (327 |Ai]* convergent)

Thus, |[ym — vall> — 0 which means ||y, — yn|| — 0. Hence, (y,) is a

Cauchy sequence. []



