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CHAPTER TWO: The Functions

Definition: Let A and B be two non-empty sets, the relation that assigns to every
element x € A, with a unique value y € B is called a function i.e.

f:A— B;Vx € A3!y € Bsuchthat f(x) =y
Notes:
1 A=Domain=Ds , B=Co— domain =Co — D,

f

A R

2 The set of all images f(x) = y,Vx € Dy is called the Range of f.

ie.  Rf= {f(x) =y;x € Df}
Functions and Non-functions Examples:-

Example (1):
"
f is not a function because f(x) =aand f(x) =b
Af . . \B (i.e., x has two images).
Example (2):

g is afunction and R; = {1,2,3,4}.




Example (3):

Example (4): Is y = x a Linear function?

. . " h is not a function because a € 4 and « has not

image.

y=f()=xfiR—R

Df=R={x €R:—o0 <x < 0} '
f /

Rr=R={y€€Ri—o0 <y < o}

y = x is a Linear function

Example (5): Is y = x? a Non- Linear function?
y=f(x)=x*,fiR— [0,00)

%l

D =R ={x € Ri —o0 < x < 0}

Rr =R* ={y € R:y = 0} = [0,00)

y = x?% is a Non- Linear function

Example (6): Is y* = x a function?

y2=x—y? =vx — |yl = FVx

Vx € D, 3 + Vx (i.e., there are two images for each x).
Hence, y? = x is not a function.

However, y; = ++/x is a function. V

Also, y, = —/x is a function.

Example (7): Is 2y + 3x = 5 a function?
5—3x
2

2y +3x=5—>D02y=5-3x—>y=

Since for each value of x there exists only one value of y, it is a function.
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Example (8): Is§ = 2 a function?

X ) 1
—_— = - —_— —
y =327

Since for each value of x there exists only one value of y, it is

a function.

Example (9): Is x? + y* = 1 a function?
x2+y?=1->y=4J1—x2 ;-' |
Since Vx € D¢, 3 + V1 — x2 (i.e., there are two images for each | |

value of x) T
Hence, x2 + y? = 1is not a function. ~ |

However, y; = f;(x) = +V1 — x2 is a function.
1-x2>20-x?<1--1<x<1

Dy, = [-1,1]1& Ry, = [0,1]

Also, y, = f,(x) = —V1 — x? is a function.
1—x2>0-x%<1-—1<x <1 (same the above)

D¢, = [-1,1] & R;, = [-1,0]

Example (10): Is y = 1 a function?

y=f@=1.fR— {1 [
Df=R={x € Ri—00 < x < o0} I
Rr={yeRy=1}= {1}

y = 1s a constant function

& &
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How to Find the Domain and the Rang of a Function?

Remark (1): The domain of all polynomials or odd roots is all real numbers.

Example: Find the domain and the rang of the following functions?
1-— f(x)=x>4+2x*4+3x—-5, Dr=R;R =R
2-gx)=Vx"-1, D, =R;R; =R

Remark (2): The domain of even root is all the real numbers such that the
expression under the radical is greater than or equal to zero.

Example (1): Let f(x) = Vx? — 4, find Dy and Ry ?
To find Dy :

x2—4>0=>(x-2)(x+2)=0 ++ -

Either: x —2>20Ax+220=>x>22Ax=> -2 = [2,0)

Orr x—2<0Ax+2<0=x<2Ax<—-2= (—00,—2]

Hence, Df = (—o0,=2] U [2,0) = R\ (—2,2)
to find Ry:

y=yx2—4-oy*=x?—4o5x*=y*+4->5x=,y?+4
Since,y > 0 =y € R* = R, = R*

Example (2): Let g(x) = —v2x — 1, find D; and R ?
To find Dy:

1 1
2x—120=>2x21=>x25=>Dg=[§,oo>
To find R:

y2+1

= V2x—1=y?=2x—-1=2x=vy’+1=x =
y y y

y<0=y€eR = R; =R =(—x,0]




Definition: The function that is defined by more than one formula (e.g., the
function are written using the brace { } , signum function absolute value function) is
called Piecewise function.

Remark (3): The domain of the Piecewise function are the restrictions of the
functions.

X ifx >0
Example (1): Let f(x) = |x| =Vx2 =40  ifx =0 find Dy and R; ?
—x 1fx<0 H
Df=]Rande=]R+
-1 ifx<?2

Example (2): Let g(x) = { , find Dy and R, ?

3 if > 2
D, = Rand R; = {—1,3}
Example (3): Let h(x) =y = |x + 3|, find D;, and Ry, ?

x+3 ifx+3>0->x>-3
since, |[x + 3| =40 ifx+3=0-x=-3
—(x+3) ifx+3<0->x<-3

Dh = RandRh = R-I_

X ifx <=2
Example (4): Let f(x) ={x+1 if —2<x<1,find Df and Rf ?
x? ifx>1

x< -2V -2<x<1vVv x>1
= (—00,—2)U[-2,1]U(1,0) =R




y<-2V -1<y<2vy>1

= (—o0,-2)U[-1,2] U (1,0) =R\ [-2,—1)

= R =R\ [-2,-1)

Example (5): Let w(t) = |t — 2|, find D,, and R,,, ?
t—2 ift > 2

|t — 2| =40 ift =2
—(t—2) ift<2

D, =R and R, = R*

Remark (4): The domain of the Rational function is all the real number values
except the value of x which makes the denominator equal to zero.

x
x2-1"'

Example (1): Let (x) =

find D¢ and Rf ?
To find D¢

x2—1#0=x? 1= Vx2 1= x| #1=x % F1

Dr = R\ {~1,1}

To find Ry

y=f@)=g—g=x=yx* —y=>yx* —x-y=0
1+ 1+ 4y? _ —b ¥ Vb? — 4ac

= X = 2y (Using x = o )

Since 2y # 0 = y # 0,
and1+4y220=y>>—=y2>0=y€R
Hence, Ry = R\ {0}

Example (2): Let h(x) = 3/% ,find D,, and R}, ?

To find Dy,




Vi—2#20=x—-2#0=x #2
Hence, D, = R\ {2}

To find Ry,

TNV S
= X — =X

y x—2 y

= xy3 -2y —x—-1=0
=@ —Dx=2y>+1

27 +1
=51

=X

lety3 —1#20=y3#1=>y+1
Hence, R, = R\ {1}

Problems (2.1): Find the domains and ranges for the following functions?

1 f(x)=\/§—_z

1

2 f(x)=x2+1+3
3 h(x) =22
4 w(t) =VxZ+25
5 l(x)=|:r;|

1 1fx=0
6g(x)={2 ifx <0
7 9() ==

Algebraic of function: Let f and g be two functions, then:

1. Equality of functions: f and g are equality < D; = D, and f(x) = g(x)
2. The Sum of functions:




Thesumof fandgis: (f + g)(x) = f(x) + g(x)
with the domain: D¢, , = Df N Dy

3. The Difference of functions:
The difference between fand g is: (f — g)(x) = f(x) — g(x)
with the domain:  Ds_; = Df N Dy
4. The Product of functions:
The productof fand g is: (f - g)(x) = f(x) - g(x)
with the domain: D¢, = Df N Dy

5. The Division of functions:

The division of f and g is: (f / g)(x) = %

with the domain: D¢,; = Df N Dy \ {x € Dy: g(x) = 0}

Similarly, (g / f)(x) = %

Dg/f =Dgan\{XEDf:f(X) = 0}

Example (1): Which of the following functions are equal to the function
__x—Zx2

fx) ==

l.glx)=1-2x
Solution: D, = R; D = R\ {0}

?

Since, Df # Dy = f # g

x2-2x3

x2

2. h(x) =

Solution: D, = R\ {0} ;Df =R\ {0}




x*—2x*  x(x—2x%) x—2x*

h(x) = = = f(x)

x?2 XX X

Since, D, = Drand h(x) = f(x) = h=f

3.1(x) = V1 — 4x + 4x2

Solution: V1 — 4x + 4x2 = /(1 — 2x)(1 — 2x) = /(1 — 2x)2 = |1 — 2x]
= Dl =R
Since, Dl * Df = [ # f

(e +x)(1-2x)
4. w(x) = x(1+x2)

Solution: x(1+x?) #0=x#0 A 1+ x? # 0 (i.g. x2 # 0 which is always true)
= D, = R\ {0}

(P01 -2x)  x(x*+ DA -2x)  x—2x?
B x(1+ x?) B x(1+ x?) X

w(x) = f(x)

Since, D, = D andw(x) = f(x) > w =f

Example (2): If f(x) =vx+1 and g(x) = V4 —x2, find f(x) + g(x)
s f(x)—gx), f(x) - gx), f(x)/g(x) and g(x)/f(x) with domain for all.

Solution:

Since, f(x) =Vx +1

x+1=20=x=-1= Df =[—1,0)

Since, g(x) = V4 — x?
4—x*20=>x*<4= x| <2=-2<x<2=D, =[-22]

Now,

F+P@) =) +g(x) =Vx+1+v4—x?
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fF—)x) =fx)—g(x) =Vx +1—+/4—x2
F-PD@E=Ffx)-gx) =Vr+1-Vy4—x2=/(x+1)(4—x2)

(i)(x) f(x)  vx+1 x+1
9 90) Va—x2 4—x

(g) () = gx) V4 —x2 —x2
f

fG)  Vx+1
Also,
Dfrg=Ds g =Dsg=DfND, =[-1,00)Nn[-22] = [-1,2]

Df =Df N Dy \ {x € [-2,2]: g(x) = 0}
g

= [—1,2]\{x €Dyi/4—x2 = 0}

[=1,2]\ {22}
[=1.2)

o

%=Dang\{xEDf:f(x)=0}

=[-1,2]\{x € [-1,0):Vx +1 =0}

= [-12]\ {~1}

= (=1,2]

Problems (2.2):

1)Check whether each of the followmg two functions equal or not?

@ f(0) =25, g0 = 22 () v(x) = L, i) = L
(©) h(x )_Zx +3x l( )_Zx;-xs’le
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2)Find each of f+g,f —9g,f-9,.f/9,9/f, then find the domain of each of
them?
x—1 1

) f) =25 90)="2 Of ) =x+x g ==

x+1
b) f(x) =x2% gx) =x+1
Composition Function:

Let f(x) and g(x) be two functions such that R, < Dy, then there exist a function
(f o g)(x) define in the following formula:

(feg)(x) = f(g(x))
Dfog = {x:x €Dy,Ng(x) € Df}

Similarly, if R € Dy, then there exist a function (g o f)(x) define in the following
formula:

(g D& =g(f(x)
Dgof = {x:x €D ANf(x) € Dg}
Note: (f o g)(x) # (g °HX)
Example (1):
Let f(x) =+Vxand g(x) =x%2+1,find fogand gof ?
Solution:

First, we are going to find the domain and range for f(x) and g(x),
To find Df: f(x) = Vx » Df = R* = [0, )
TofindRr:y =vVx » y*> =x > Ry = R* = [0, )

Also,

Tofind Dy: g(x) =x*+1 - D; = R = (—00, )

To find Ry:

12




y=x*4+1-x*=y—-1-x=FJy—-1-y-120->y=1-R, =[1,0)

Tofind f o g: Since R; = [1,00) E [0,0) = Df, S0 f o g exist.

(fog)® =f(g(®) =vg() =Vx*+1

Dfog = {x:x € Dy A g(x) EDf} ={x:x e RAx?+ 1€ R*}
={x:xERAxER}=R
Since x2 + 1 > 0 - x2 > —1 which is always true and hence x € R

Tofind g o f : Since Ry = [0,0) S [0,0) = D,,50 gof exist.

(gof )00 =g(fx) = (Vx) +1= x| +1
Dy ={x:x € Ds A f(x) € Dy} = {x:x € R* AvVx € R}

={x:xeR*Ax € R} =R*
Sincex =0 - x € R*
Example (2): Let f(x) = Vx —4 and g(x) = % find fogand gof ?
Solution: First, we are going to find the domain and range for f(x) and g(x).
TofindDs: x—4=0->x =4 - Df = [4,)
TofindR;: y=Vx—4->y>’=x—4->x=y?+4->R=R"
Also,
TofindD,;: 3—x#0-x#3 - D; =R\{3}

Tofinng:
L i1=3 + 3y — 1 3y — 1
= - = — - = — - =
Y 3—x x yoxXy oAy Y X 1+y

S0,y+1#0->y+#—-1-R; =R\{—-1}
13




Tofind f og: Since R; = R\{—1} & [4,00) = D, s0 f og does not exist.

Tofind g o f: Since Rr = R™ & R\{3} = D,,s0 g of does not exist.

Problems (2.3): find fogand go f forthe following functions:-

Lf@ =l 900 =x 2 fO) =, gl ="
3. fx)=vVx—-1, g(x)=V1-x 4. fx)=x+1 gk =2x

5. flx)=—Vx g)=x*+1 6.f(x) =2x+4, gkx)= %x —2
7. f(x)=x% gk) =2x+3 8. f(x)=x3, gk)=+v1-x

The Greatest Integer Function:

The function whose value at any number x is the greatest integer less than or
equal to x is called the greatest integer function. It is denoted by “[ ] such that
[X] < x.

Examples: [2] =2 ,[1.5]=1 ,[-15]=-2 ,[3.4] =3
Example (1): Sketch a graph for the following function:
f(x) = [x],vx € [-2,3)

X y = [x] | closed point | open point
—2<x<-1 -2 (-2,-2) | (-1,-2) EEERE
-1<x<0 -1 (-1,-1) (0,—1) | ! E—
0<x<1 0 (0,0) (1,0)
1<x<2 1 (1,1) (2,1) I
2<x<3 2 (2,2) (3,2) Eaaas
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From the above table, we can see that:

Df = [-2,3) and R; = {—2,-1,0,1,2}

Note: In general, f(x) =[x]=nvVvnel,vxe[nn+1) is called
Function”.
Example (2): Sketch a graph for the following function:

f(x) =x—[x],vx € [-3,3].

X [x] | y = x — [x] | closed point | open point
—3<x<-2|-3 x+3 (=3,0) (-2,1)
—2<x<-1] -2 x + 2 (—2,0) (-1,1)

—-1<x<0 | -1 x+1 (—1,0) (0,1)
0<x<1 0 x (0,0) (1,1)
1<x<2 1 x—1 (1,0) (2,1)
2<x<3 2 x—2 (2,0) (3,1)

x =3 3 x—3 (3,0)

From the above table, we can see that:

D = [~3,3] and R; = [0,1)

15
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Example (3): Sketch a graph for the following function:

f(x) =[3+x],Vx € [-3,1).

X 3+ x y = [3 + x] | closed point | open point
—3<x<-2|0<34+x<1 0 (—3,0) (—2,0)
—2<x<-1[1<34+x<2 1 (-2,1) (-1,1)

~1<x<0 |2<3+x<3 2 (—1,2) (0,2)
0<x<1l |3<34+x<4 3 (0,3) (1,3)

From the above table, we can see that:

Df = [—3,1] and Rf = {0,1,2,3}

16




Signum Function:
We denoted to the signum function by " Sgn(x) ", and it is defined as follows:

1 ifx<0 y]
Sgn(x) =10 ifx=20 1
1 ifx>0
X
Rf ={-1,0,1}
O
-1

Example (1): Find the Domain and Range and Sketch a graph for the following
function:

f(t) =Sgn(t? +1)

Solution:

1 ift?+1>0=t>?>2-1=t>?>20=>t€eR
f(t) =Sgn(t?+1) =40 ift? + 1 =0 = t? = —1, Contradiction
—1 ift?4+ 1< 0= t? < —1, Contradiction

Hence, Sgn(t? + 1) = 1,Vt € R




Example (2): Find the Domain and Range and Sketch a graph for the following
function:

g(t) = tSgn(t)
Solution:

0 ift=0 =]t

1 ift >0 {t ift >0
—t ift<0

g(x)=thn(t)=t*{O ift=0=
—1 ift<0

Hence, g(t) =t Sgn(t) = |[t|,Vt ER

szR-I-

Odd Function:
A function f(x) is called an odd function if f(—x) = —f(x)

Examples:
o f(x)=x°
v f(—x) = (—x)3 = —x3 = —f(x) = f(x) is an odd function.
o g(x)=x*

v g(=x) = (—x)* = x* # —g(x) = g(x) is not an odd function.
Note: For odd function, D = Rr = R.

Even Function:
A function f(x) is called an Even function if f(—x) = f(x)
Examples:

18




h(x) = x?2

v h(—x) = (—x)* = x? = h(x) = f(x) is an even function.

t(x) = x°

v t(—x) = (—x)°> = —x° # t(x) = t(x) is not an even function.

Note: For even function, Ds = R, but R = R*

Shifting Function:
Lety = f(x) s.t. x € R, and let ¢ € R*, then:

1.

S T o

gx)=fx)+c
gx) =f(x)—c
gx) =f(x+c)
gx) =f(x—c)
gx) =—f(x)
gx) =f(—x)

[Shifting to the top c unit]
[Shifting to the bottom ¢ unit]
[ Shifting to the left ¢ unit]
[Shifting to the right ¢ unit]

[ reflect around x-axes]
[reflect around y-axes]

19
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