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CHAPTER FIVE: Trigonometric Functions

We will define six trigonometric functions in terms of the central angle 8
drawn in the center circle (0,0) and radius r.

In the central angle 8 with one of its sides is applied to the x-axis and the
other side is drawn from the origin point and cut the circumference of the

circle at the point p(x, y), then:

e Sine:sin@ = %

. X
Cosine: cos 0 = -

Tangent: tan @ = %

Cotangent: cot 0 = g

Tr

Secant: secO = >
T
e (Cosecant: csc = "

From the previous definition definitions, a relation can be found between

trigonometric functions as follows:

sinf
x tan @ =
cosbO
‘o 1 cosO cscb
X = = =
o tan@® sin0@ secO
g 1
x secO =
cosfO
1
x €SCO =

sin @




And since the equation of the circle center (0,0) and radius r is:

X2+ y? =12

wx=1rcosf and y=rsinf
Trigonometric Identities
= r%c0s*0 + r*sin*0 = r?
= r? (cos*0 + sin®Q) = r?
= cos’0 + sin’0 = 1 .. (D)
Note: From the above equation, we can derive the following forms:
e If we divide eq.(1) by cos?0 :
= 1 + tan®0 = sec’0
e If we divide eq.(1) by sin®0 :
= cot’0 + 1 = csc?0

Laws of Sum and Subtract Two Angles:

Let A and B be any two angles, then:
cos(A + B) = cos Acos B — sin Asin B

*

*

cos(A — B) = cos Acos B + sin Asin B

*

sin(A+ B) =sinAcosB + sinBcos A

*

sin(A — B) =sinAcosB — sinBcos A
tanA + tan B
1+ tan Atan B

* tan(A + B) =

Note: Now, we can use the laws of sum and subtract two angles to derive

the following forms:
e sin(20) = sin(0 + 0) = sinOcos O + sinOBcos O
= sin(20) = 2sinfOcos0 .. (2)
® c0s(20) = cos(0 + 0) = cosOcos O — sin Bsin 0
= c0s(20) = cos? 6 — sin?* 0 ..(3)
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Note: From eq.(1) and eq (3), we can derive the following:
e eq.(1) +eq. (3) = 2co0s? 0 =1 + cos 20
e eq.(1)-eq.(3) = 2sin’0 =1 — cos 260

Remark: Trigonometric function are divided into two types (0Odd

Functions and Even Functions) as follows:

*Odd Functions: * Even Functions:
sin(—0) = —sin @ cos(—6) = cos
tan(—60) = —tan 6 sec(—0) = secH

cot(—0) = —cot bl
csc(—0) = —csc O

Rules: sin 6, cos 6 and tan 6 for some standard angles:

6 0=2m g s 3;
sinf | O 1 [0 |-
cosf |1 O|-1|0
tanf | O © |0 | —oo




0 |Z=30|Z=45 | Z=g0e
6 4 3
1
sin 8 — — ﬁ
2 V2 2
1 1
cos 6 \/_§ — _
2 V2
ane | — |1 3
an —
V3

Rules: The sin 0, cos 8, and tan 8 take positive and negative signs depends
on the position in which quarter.
Problems (5.1): Dear student you can use the addition or subtraction laws

for two angles for the functions sin and cos to prove that:

1. cos(6 + 2m) = cos(0) 2. sin(d + 2m) = sin()
3.tan( + 2m) = tan(6) 4.cot(0 + 2m) = cot(H)
5.sec(0 + 2m) = sec(0) 6.csc(0 + 2m) = csc(6)
7.c0s(0 + 1/2) = —sin(6) 8. cos(6 — m/2) = sin(0)

9.sin(0 + m/2) = cos(6) 10. sin(0 — ©/2) = —cos(H)




Graphs of Triconometric Functions:

1. y=sin@
Domain: = R
Range: = [—1,1]

Period: = 27

2, y=cos@
Domain: = R
Range: = [—1,1]

Period : = 27

3.y =tané@

Domain: = R\ {g +nm:n=0,+1,F2, }

Range: =R

Period: =«

4.y = cotf

Domain: = R\ {nm:n =0,¥1,F2,..}

Range: =R

Period: ==
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Shifting Trigonometric Functions: | -4 | '}

Examples: Plot the following functions:
(1) y = 2sin 6
¥ Dsing: = R = Dasing:= R

“ Rsing: = [=1,1] = Rasing: = [—2,2]

ANARA

-2




2)y= cosg

“Deosg:=R=D g:=R

COSH

2
0
but, - —ZnSESZn = —4n < 6 < 4n
“ Regsg:=[-11] = Rcosg: =[=1.-1

15

(3) y = |sin 0|
Y Dsing:=R = Dising' =R
“ Rsing: = [-1,1] = Rjsing: = [0,1]

-2m -3n/2 - -2 0 2 1] 3n/2 2m




(4) y = 5cos(26)
Y Deosgr=R = D5COS(29): =R
but, - 21 <20<2n=>-n<6<nm W

¥ Reos: = [-1L1] = R5cos(29): = [—=5,5]

Problems (5.2): s
Q1/ Sketch the graph the following functions: U v
1) y = sin (g) 7)y = 1 4 cos(—x) -
2) y = cos(30) 8) y = cos (x — g) —1
3)y =1+ sin(0) 9)y=cos(§)+2
4)y=1++s(26) 10) y = |cosx| — 1
5) y = |sin(48)| 11) y = — sin(—x)
6) y = 2sin(0 + )
Q2/Prove that:
a) sin?0 + cos?0O +tan?@ =sec’d  b)tan? O — sin® O = tan? H.sin”
1+tanZ @ 1+cos @ 1-tan? 6
C) —ooZ g = tan 6 d) s csc + cotf e) —Tazg — COS 20
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Limits of Trigonometric Functions:

Theorems:
sin @
1. lim =1
6-0 0
cosf —1
2. lim—— =
0-0
~ tan@
Result: lim =1
0-0
proof:
9 sin @
. tan6 550
jm —p— = lm =
_ i (sin@ 1 )
~ o 6 cosO

_(n sine) (l' 1 )
_(01—1;[(1) 9 ) 650 cos 6

=) (cosl(O)) =1

Examples: Find the following limits?

0 i sin 3t
(1) tl—r>r(} t
sin3t  3-sin3t . sin 3t
lim = lim———— =3 :lim =31=3
t->0 t t-0 3.t t-0 3t
(2) lim x - sin~
X—00 X

10




Hence, lim x - sin= = lim = - siny = lim SNy — q
X—00 x y—-0Y y—-0 Y
1—cosx
(3) lim —=
I 1—cosx_1_ —1 cosx—-1 -1 I cosx—1 -1 —0
o0 2x 10 2 x 2 20 x 2
cosS (%)
) Jim=—
/[
' CoS (E) 0
ho2 h—2 0
/[ . (m\ h-0—m-1
cos(— ' —sin () -
. h) LR . (h) h2 s (M.
}ll_rg N2 }ll_rg 120 = }ll_r)ré( sm(h) hz)
T\ T —T
sin(3) 7 4
) 1 1—sinf
gl_r,rl 71+ cos(20)
lim 1-sinf 0
9_,_1+COS(29) 0
_ 1 —sin@ L'R _ —cos 0
~ lim lim ,
-2 1+ cos(20)  ,_ m? —2sin(20)
2
1 I cos 6
2 gl_,n%sin(ZH)
L'r —1 lim —sin 6
2 s 2cos(29)
. (TT
—11_ sinf -1 Sm(j) -1 1 1
"4 potcos(20) 4 cos(Z) 4 -1 4
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Problems (5.3): Evaluate the following limits, if it exist?

1. lim,,_q 351n—(5w)
w
_ sin(3x) _
2. lim,_,, W 7.1im,_,(tan(2z) - csc(4z))
_ 5t _ 1—cosf
3. limgg M 8. limg_,g —Ygz
_ secd — cos @ _ —2tant
4. limg_,, P 9. lim;_, o
_ 1 — cos? x _ 1—cosy
5. llmx_,o T 10. llmy_)o W
_ 1—-cosf
6. 11m9_>0 m
Q2/Proof the following:
_ sinf — 1 _ sin(mw) T
(@) lim, = “osd - 0 (b) lim,,_,_, 7 _1e- 8

Differentiation of Trigonometric Functions:

Let u be a function of x, then:

1 d B u
: a(sm(u)) = cos(u) i

] u
2. a(cos(u)) = —sin(u) Tx

d u
3. —(tan(w)) = sec*(u) -—

dx dx
4 d B ) du
: a(cot(u)) = —csc“(u) "Tx
u
5. a(sec(u)) = sec(u) - tan(u) "Tx

12




6 d B du
: a(csc(u)) = —csc(u) - cot(u) "Ix

Examples: Find the derivatives of the following functions?

sin x

(1 y=
dy _x-cosx —sinx—1 xcosx —sinx
dx x? B x?

2 =

(2) ¥ cos(3t)
dy cos(3t)-0—2-(—sin(3t)-3) 6sin(3t)
dt cos?(3t) ~ cos2(3t)
(3) y = cot(z?)
dy

== —csc?(z?) - 2z

(4) y = sec?(5x)

d
d_ic] = 2 - sec(5x) - sec(5x) - tan(5x) - 5 = 10sec?(5x) - tan(5x)

(5) y =sin(cosw)

d

ﬁ = cos(cosw).(—sinw) - 1 = cos(cosw) .—sinw

Problems (5.4): Find the derivative of the following functions?

3

sinvx

1. y= 2. y = 4cos?(—3w

y ( N ) y (=3w)

(3 3

3. y = sin? (E) + cos?(z?) 4. y =3/9x + cos(2x)
V2t

5.y 6. y=x3-sin(2x? + 3)

- cos(3t)

13




7. y=(cos?(1+6) +VT ¥ 5) 8. y= Nseecz(%)
3
9. y=12sin (g) - (Z Cos (;)) 10. y = sin(3t) - cos(5t?)

Implicit Differentiation of Trigonometric Functions:

Examples: Find y’ of the following functions?

(1) xsin(2y) =y - cos(2x)

= x - cos(2y) - 2y" +sin(2y) - 1 =y - (—sin(2x)) - 2 + cos(2x) - y'
= x - cos(2y) - 2y’ —cos(2x) - y' =y - (—sin(2x)) - 2 — sin(2y)
= (2x - cos(2y) — cos(2x)) - y' = =2y - sin(2x) — sin(2y)

_ —2y-sin(2x) — sin(2y)
~ (2x - cos(2y) — cos(2x))

!/

=Y

(2) cot(xy)+xy =0

= —csc?(x)(xy' +y-D+xy' +y=0

= —xcsc?(xy)y’ —yesc?(xy) +xy' +y =0
= (—xcsc?(xy) + x)y' = yesc?(xy) — y

,  yesci(xy) —y

—
—xcos?(xy) + x
, _ y(cos?(xy) — 1)
= =
—x(csc?(xy) — 1)
, y
=y =-=
Y X

Problems (5.5): Find y’ of the following functions?

1. ysinx + xsiny = y? 2. sec®?y + csc?y = 4x
3. y=tan(x +y) 4. y* = sin*(2x) + cos*(2x)

14




5 2,2 — 6. %2V =
cos(x“y“) =x X 1T cosy
1
7. Jxy+csc(—xy) =y 8.y(3+tany)3 =x+5

9. y =tany + sec?(xy) + cot(x? + y?) 10.x2 = siny + sin(2y)

The Inverse Trigonometric Functions:

Suppose f be a one-to-one (i.e. 1-1) and onto function.
f:X—>Y
o fisl—1x; #x, = f(x1) # f(xy)
S f) = f0) = x =%,
e fisonto=VyeYaxeX a3y = f(x)
s fiX—>Y3y=f)ef Y oX3x=f1)

(1) The Inverse of Sine Function:

Lety = sin(x), sin(x): R - [—1,1]
We are going to define a new function which is inverse sine, and we denote it by

sin™?! or arcsin.

~sin"ly =sin"!(sinx) = sin"ly = «x

~y=sinx ©x =sin"ly

T T
sin(x): _E'E] = [—1,1]

T T
v sinis 1 —1and onto = 3 sin"! 3 sin"%: [-1,1] = [_E 'E]

Dgjp-1 = [-1,1] = Rginx

15




4 . + > I
-2r =3x -7 m 3 2m
2 2.
mw T
Rgin-1 = [_E '5] = Dsin x
Note: sin~t(x) # —
- sin(x)
y = sin”' (x)
1 /0 -
1
- 1 >t
& _ y = sin{x)
Remark: sin~!is an odd function. (i.e., sin"1(—x) = —sin™1(x))

(2) The Inverse of Cosine Function:

Let y = cos(x),cos(x):R - [—1,1]
We are going to define a new function which is inverse cosine, and we denote it by
cos~ ! or arccos.

1 1

~cos™ly =cos™(cosx) = cosTly =x

Y =COSX & x =cos ly

cos: [0,r] = [—1,1]

16




v cosis 1 —1and onto = 3Jcos™ 1 3
cos 1:[-1,1] = [0, 7]
D ys-1 = [_111] = Reosx

Reps—1 = [O' T[] = Dcosx

+ $ + + > I
-2 3= —x —_ 3 2x
2 2 2
Note: cos™(x) # —
—_ cos(x)

y = cos(x)

Remark: cos 1 is neither even nor odd function.

Note: cos 1(—x) = m — cos 1 (x)

(3) The Inverse of Tangent Function:

Let y = tan(x) , tan(x):]R\{x:x =§+nn;n € ]I} — R

We are going to define a new function which is inverse tangent, and we denote it by

tan—1 or arctan.

17




~tan"ly =tan"l(tanx) > tan"ly =«

~y=tanx & x =tan 'y

tan: (—gg) — R

tanis 1 — 1 and onto,= Jtan"1 3

tan ;R — (—gg)

Dign-1 = R = Riany

Note: tan~1(x) # —

tan(x)

, ¥ =tan(x)

Remark: tan~1is an odd function. i.e, (tan"1(—x) = — tan"1(x))

18




The Derivative of Inverse Trigonometric Functions:

Let u be a function of x, then:

1 d ( . _1( )) _ 1 du
1. sinT (W) = Tz dx
d -1 du
el -1 —

2. Ix (cos (u)) 7 dx
d 1 du

3. dx (tan‘l(u)) T 1+ u?dx
d -1 du

4. TIx (cot‘l(u)) =TT w A
d 1 du
hd -1 _

> Ux (sec™ @) UV =1 dx

-1 du

d -1 _
6. = (csc (u)) =
Examples: Find the derivatives of the following functions:

(D f(x) =sin™(x?)
1

= f'(x) = o) - 2x
(2) g(t) = cos™* (V1)
—1 1 -1
= g'(t) = -Et 2
1 - Wt)?
)y =sin"! [1-6
=y = ! %(1—\/5)_71%9_71

Jl ~ (J1-v8)?

19




(A4 (-D-(1-x0-1

1 —
() f() = cot™ (1)
1
= f/(x) =——

2 2

— X (1+x)

1+(1+x

V1 + x2

(5) g(x)=seC‘1< )
x
1
1 x-%(1+x2)_§-2x—v1+x2-1

= g'(x) =

X

‘\/1 + x2

2
\/1+x22 g
(F55) -1
%

1
(6) y=x-csc"1(;)+ 1—x2
x-0—1.1

_1 .
ENCEr

Problems (5.6):

1 1 -1
+csc! (;) -1+ 5(1 —x%)Z - —2x

:)y’:x-

1 Find y’ of the following functions?

@y (5

(b)y =6 -(sin"1(8))? — 20 + 2v1 — 6 - sin"1(8)
(c)y =t-cos™1(2t) — %\/ 1 — 4t2

@)y = cos™1(2x)
YT T a2
3

20




(f)y = sec™ (Vw2 + 4)

(g) y = sin(tan™1 x)

(h) y = tan"1(3tan 22)

(i) y = sec™1(5x2)
cot™1(30

0 y="tg

2 Find y’ of the following functions?
(@) xsiny + x3 =tan"1y
(b) sin™t(xy) = cos™1(x + y)

sin x

3y —cos~1(y) — =0
(c) cos3y —cos™(y) T

Algebra of Inverse Trigonometric Functions:

Some properties for the inverse trigonometric functions:
-1 -1 1
* cot™ ' (x) = tan (;)

1
+ sec 1(x) =cos™! (;)

1
12\ — cin-1(_
* €SC” " (x) = sin (x)

21




Examples: Evaluate the following:

1 cos (cos—1 (%)) =2

. COS (cos_1 (l)) = cos cos ™! (l) = I(l> = 1
2 2 2 2
2 sin (cos‘1 g) =7
Let @ = cos 1\/75
= a = oS 1i=> osa—i=>a= = 45°
V2 V2
- sin <cos"1 ( > E _ L
@)=7
3 csc(sec™1(2)) =72
Let @ = sec™1(2)
= a = sec 1(2) = cos™?! (%) = cosa = % =a=
_ 1 _ T\ 1 _ 1 _ 2
= csc(sec™(2)) = csc (E) = (%) = 7 NG
2

4 cot (sin‘1 G)) =2

-1

. . 1
Let ¢ = sin =>sma=5

T 3
c0sg o
1
2

sin n
6

- V3

1

2

1 T
) . 12\ = ) n
-.cot(sm (2)) cot(6) cot6

T

22




5 cos (sin‘1 (%)) =7

Let @ = sin™?! (3) — sing = > = sinZq = 2
10 10 100

- cos?a =1 —sin?a = cos?a=1-— ot _ 39

' B ~ 77100 100

= cos(a) = 2

cos (sin”? (;)0 ~tan1 (1)) =2
(

(@]

1

1
Let ¢ = sin™ 3)=>sma——

Let B = tan~ 1(1 =>tanﬁ—-

2 cos(a — B) = cos(a)cos(B) + sin(a)sin(B)

. COS (sin‘1 (%) —tan~ ! (%)) = cos(a — )

= cos(a)cos(fB) + sin(a)sin(f)
2\/_ 2 1 1 4V2+1
3 ( 3'V5 35

Problems (5.7): Evaluate the following?

L seor 3) wse(on (7))

2. cos(cot=1(1)) 5. cos™ ! (—Sin (%))

) o cos cot () - ot ()

23




Hyperbolic Functions:

eX—e X
1. sinh(x) = —

X _ o™X

3. tanh(x) =

2

5. sech(x) = m

Remarks:

sinh(x)
cosh(x)

* tanh(x) =

1

exX+e™*

2. cosh(x) =

4. coth(x) =

ex

+e*
2

e*+e”*
ex — e—x

6. CSCh(.X) = m

_ cosh(x)

* coth(x) =

* sech(x) =

* csch(x) =

The Graph of Hyperbolic Functions:

cosh(x)

sinh(x)

tanh(x) sinh(x)

1. y = sinh(x)
Domain : = R

Range := R

yi

y = sinh(x)

e
-
5 X




2.y = cosh(x)
Domain: =R

Range = [1, o0)

3. y = tanh(x) 4
Domain: =R |
Range := (—1,1) y = tanh(x)

__________ —— - -

Some Facts about Hyperbolic Functions:
1. cosh?(x) — sinh?(x) = 1
2. 1 — tanh?(x) = sech?(x)

3. coth?(x) — 1 = csch?(x)

25




. cosh(—x) = cosh(x) "Even Function",

sinh(—x) = —sinh(x) "Odd Function",
tanh(—x) = —tanh(x) ""Odd Function"

. cosh(x) + sinh(x) = e*,

cosh(x) — sinh(x) = e™*

. cosh(x + y) = cosh(x)cosh(y) + sinh(x)sinh(y),

sinh(x + y) = sinh(x)cosh(y) + cosh(x)sinh(y),
tanh(x) + tanh(y)

tanh(x +y) = — tanh(x)tanh(y)

. cosh?(x) = %(cosh(Zx) + 1),

sinh?(x) = %(cosh(Zx) —1)

. cosh(2x) = cosh?(x) + sinh?(x),

sinh(2x) = 2sinh(x)cosh(x)

The Derivative of Hyperbolic Functions:

Let u be a function of x, then:

1

= (sinh(w)) = cosh(w) - ==
=~ (cosh(w)) = sinh(w) - ==
d du
—(tanh(w)) = sech?(u) -

4 —_ 2y - &
™ (coth(u)) = —csch “(u) ™
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5 %(sech(u)) = —sech(u) - tanh(u) -%

d du
6 = (csch(u)) = —csch(u) - coth(u) - =
Examples: Find the derivatives of the following functions:

e sinh(3x)
= vy’ = 3cosh(3x)

e y = cosh?(5x)
= y' = 2cosh(5x) - sinh(5x).5

e tanh(2x)
= y' = sech?(2x) - 2

e y = coth(tan(x))

= y' = —csch?(tanx) - sec? x

e y=sech3x

= vy’ = 3sech?(x) - (—sech(x)tanh(x) - 1)
e y = 4csch G)

—y =4 (_csch (g)) coth (%)-

NI
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Problems (5.8): Find y’ of the following:

cosh(x)

ly= " 8. sinh(y) = sec(x)

2 y = sinh?(3w) 8. y = coth (%)

3 y=e"-cosh(w) 9. y? + xcoshy + sinh? x = 50
4 sin~1(x) = sech(y) 10. y = cosh?(5x) — sinh?(5x)
5 y = tanh (LSH) 11. y = csch®(+v/2x)

6 tan(x) = tanh?(y) 12. sinh(y) = tanh(x)

7 x = cosh(cos(y))
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