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Introduction to Numerical Analysis

Numerical analysis is concerned with the development and analysis of metheds-for
the numerical solution of practical problems. Traditionally, these methods have been
mainly used to solve problems in the physical sciences and engineering.‘However,
they are finding increasing relevance in a much broader range ofsubjects including
economics and business studies.
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The first stage in the solution of a particular problem,is the formulation of a
mathematical model. Mathematical symbols are‘tatroduced to represent the variables
involved and physical (or economic) principles are applied to derive equations which
describe the behavior of these variables/&Wnfortunately, it is often impossible to find
the exact solution of the resulting mathematical problem using standard techniques. In
fact, there are very few problems for,which an analytical solution can be determined.
For example, there are formulas fersolving quadratic, cubic and quartic polynomial
equations, but no such formula’exists for polynomial equations of degree greater than
four or even for a simple éguation such as  x=sin (X).
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Similarly, we can certainly evaluate the integral A = ff e*dx aseP? —e% butwe
cannot find the exact value of A = fab e*” dx, since no function exists which

differentiates to e*", when an analytical solution can be found it may be of more
theoretical than practical use.
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Numerical analysis := involves the study, development, and analysis of

algorithms for obtaining numerical solutions to various mathematical problems.
Frequently, numerical analysis is called the mathematics of scientific computing.
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ERRORS AND STABILITY

The majority of numerical methods involve a large number of calculations which are
best performed on a computer or calculator. Unfortunately, such machines are
incapable of working to infinite precision and so, small errors occur in nearly every
arithmetic operation. Even an apparently simple number such as 2/3 cannot be
represented exactly on a computer. This tabmber has a non-terminating decimal
expansion 0.66666666666666 - - - and if, for example, the machine uses ten-digit
arithmetic, then it is stored as 0.666 666 666 7 (In fact, computers use binary arithmetic.
However, since the substance of theZargument is the same in either case, we restrict our
attention to decimal arithmetic for simplicity).
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0.66666666666666 - - -

W 4y JA0 & el 13 e (e 435S Al dlee gl andiiun (JEall Jass e (13

Gb e @l aay S Glaall 5 gl P YEPRE 2815l 4 0.666 666 666 7
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Errors

Computations generally yield approximations as their output. This output may be an
approximation to a true solution of an equation, or an approximation of a true value of
some quantity.
sUas-VI
G ol cdlobaall Jaiad) Jall Gy 55 il 13 ()5S 38 Ay 585 0l 0 e ale S8y il jie s
Al a ) and dddall) daall
Error:

The numerical solution for any problems is an approximate value to the exact solution.
numerical solution + error= exact solution

Gl Jall Ay (5 dad g A0S (Y 53N -1 Unsed | w p
Gl Jal) = Uadll 4 gaaall Jal)
Sources of Errors: sWaiY) jilaa

1- Formulation Error iclLiall cUail

It happened during question form.

2- Rounding off Error and Chiopping Errors : - sl glaill clasl
These errors are made when decimal fraction is rounded or chopped after the final
digit.

Example

1.36579 = 1.3657 and 1.36579 = 1.3658

1.86548 = 1.8654., and 1.86543 = 1.8655

3- Truncation Error i) cUas

These erroraresmade from replacing an infinite process by finite one.

Exaniple

7
sinxy= x — =+ = — =+ ---.. (Maclourin series )
3! 5! 7!

3 5
Now, if we want to find for small x then we will consider the terms x — % + % Whict
gives us a good approximation, hence the truncation error is the infinite series
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o
4- Inherent Error  iulall cUasli

7
~Z ++
7!
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Example
el T, V2

5- Accumulation Error i il cUasj

La3ad) 3kl Glamy LS A8l 5 phaall Ay 38 adll e 5 ks JS alaie Ve it i) eUadY) oo
Adlaie Gl ghadl nbuall Glileall (e e ganall |l &0 St G Alealédl) Y aleall

Example
sinx = 0.1.35843

= 0.1.358.

6- Floating-Point Numbers and Round off Errors
In the case Floating decimal Point we write the numbers as follows

X =Fxb® sych that F = F0.d,dgdls .dp, , 0.1<|F|<1,b=210,-- c
o sill sUaslg anilall alolall o,
Example Sl il e Al )Y S dailadl 4y el ddatill s b

a=635894 jswrittenas 0-6359x10°  py Rounding
b =0.00375 jgwrittenas 0-375x10° by Rounding
c=-256.67. jswrittenas - 0.2567x10° py Rounding

Errors are commonly measured in one of two ways: absolute error and relative error
as the fallowing definition. ‘ ‘ ‘

N cay el e i) Uadld) g allaall Uaddl (008 Hlay (e 8aa) 5 3 3ale eUadY) (bl o3y
The Absolute Error :- Let the real number x and the approximate number x*,
error = exact solution - numerical solution
the Error is x — x*. The absolute error(e,) is [x — x*|, e, =|x — x*|.
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Csaaadl Jall - gdall Jall = Uadll

Cey = |x — x| ¢ x — x| s (ey) Glhaal) Uadll
The Relative Error :- the relative error is defined as

o |x—x* _ X=X _ ex
(536) IS ' x X - |.X'|
a8l glae A gllaall Unddl o Al 4l o il e Undll Co ey —sidsiannid | Ul

"5.. "' \
Errors In Calculations

Let x*, y*are two approximate values of the tow numbers‘a; b with absolute Errors
ey, €y, and Oy Sy relative Errors

Absolute errors Relative Errors
X+ e =e, te 1
g e Sty =3y (ex +ey)
X — €y v =€ e 1
g N br-y =7 (ex —ey)
x.y €xy =kt V. e Oxy = 0x + 0,
X e e _ _
x/y e£=__(_x__y 5§—8x 5y
W &y X y
Example

1- If =52 ,y = 3.12 two numbers are round for

decimal places find e, .., ,5x+y ) €x_y ,6x_y y€xy0xy ,€x ,0x .

Solution:

e, = 0.05 and e, = 0.005.

ex+y = €x + e, =0.05+0.005 = 0.055.

y y

two and three numbers
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1 1
Sxey =755 (ex+ey) = ——; (0.055) = 0.0066.
ex_y = €x — e, = 0.05 — 0.005 = 0.045.

1
Sx-y =37 (ex — &y) = 535 7; (0.045) = 0.0216.

exy = X.e, +y.e, = (5.2)(0.005) + (3.12)(0.05) = 0.1820.
8ey =(6x +8,) = (Z+ 2) = (T2 + T2) = 00112,

y 5.2 3.12
eg - % (%x B ‘;_y) - 35..122 '(05;?25 B 03;.01025) = 0.0134.
6% 2(6" —0y) = (f;_x B %) - (05.?2S B 03;?1025) = N0

If x =42.25 ,y =42.137 two numbers.are round for two and three numbers

decimal places find ey, , 5x+y ) x4 N0y~ Zyrlxy Oxy »€x,0x .
y vy
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Solutions of Nonlinear Equations
In the next series of lectures, we shall discuss the problem of identifying the,roots of
equations in one Variable.
The basic formulation of the problem in the simplest case is this given'a function f(x)
of one variable, find all x such that f(x) =
) g e A GOYalzall Hsda aaad AGL (8l Aealal) <) jalaal) ALt A o,
A slae) oa Yl ol 3 A wall Ayl W1 day ) £(x) JSan sl daal s urial x ()5S G
f(x) = 0.
We will review two methods for determining first appreximations of possible positions
for the equation f(x) = 0, where f is a continuousdealfunction.
Uslaall Aadal) ) g3al) aal gal 4l of iy 55 Cpanl G slal il f (o) = 0w ¢ f s Al
3 yaliosa,

1- (Method Graphic) (bl au sy igiad) ] ga (s
If we draw the graph of the function f (x) =y, the points of intersection of the function
curve with the x axis represent the roots of the equation. If the equation is cut, then the
function graph can be considered the axis at the points x,, x,, x5, ... x,. Each of these
values represents a root. These-values are first approximations to the roots.
Aol Jahade a1} £(x) = gr s ae Al inie adalii Lol (8 ) adad 138 (Aalaall ) g3 Jias
Ll sl dllall labde JUEE) (S0 Ul s olaall X, Xy, Xg, e Xy, el odd (e SIS (b
sl Al iy S ol 23 T3 Jids,
Sometimes it is eonvenient to write the equation in the form f;(x) = f,(x), where
f1, f> are functiops that are easy to draw. If the two curves intersect at the point
(x*,y™"), then x* is considered the root of the equation.
Ly wally Ul LS ) e 5 gl Gy i (1) = (X)) Canfy, fo e ol
adadill 4 Gluiaiall adalds 13 Legan y (%, y*) OB x* Aalaall | j3s jias,

Example 1:
Determine the locations of the roots of the equation e* sin(x) — 1 = 0.

Aalaall ) gda a8l g0 (pe ;i e* sin(x) — 1 = 0
Solution:
AL dsually Agylad) Adalaal) AU Sy Sin(x) = e X
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D33l a8l g il QUL aUaty cpallall sy Sy

1
",

0.8
0.6
0.4

o

o IR S S S W S SV A—
0.4}
06}

0.8

-1
o

zie J ¥V Gallall (p adali 3 sa g aa D G pis i) JS 8 ey = 0.6 e GBlSx = 3.1 2
e A O 5S Ladie (5 AY) Clabaldl (e Sl Y 230, it
2- Locating the position of roots (programming method):
Dol 4y by giiad) £5) g Gy

To locate the position of roots of the function (equation) f(x) = 0 by using
programming method, we use f(x) be continuous, function on the interval [a,b]. We
divide the interval [a, b] into n subintervals
(Aalaall) Al ”u\ g\y sl f(x) = 0 addies dake 3l 45 Hh aladiuls £(x) o 3 aina Al
3yl [, b] 55l aniti | [a,b] ) N LA el ol g
a=xy<x; < <Xxp_1<x,=bwherex; =a+ihi=0,1,. h=b_—a
If f(x)xf(x;41) <O0forany 0 <i'< n, then there exists ¢, a < c < b for WhICh

fle)=0.

Example 2:
Find the approximate location of the function

f(x) = x*—7x3+ 3x% + 26x — 10 = 0 on the interval [-8,8] withn = 4and n =
Solutlon
Ifn=4 K=20=20_y
) 4 .
-8 |-4 |0 |4 |8
Fa T+ |+ |- ;
There is a root between (-4 0) and (4,8).
Ifn=g, h=—2 =0 = 3
-8-6-4-20 2 |4 |6 |8
f(x) + |+ |+ |t + + |+

There is a root between (-2,0), (O 2), 2.4) and (4.6).

8
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Example 3:
Find the approximate location of the function

f(x)=x3+4x2—-10=0 on the interval [1,2] withn = 5.

Solution:
2—(1)

n=5h="2=2W_1_2_g3
n 5 5 0
1 112|14/16|18|2
f(x) - - + |+ |+ |+
There is a root between (1.2,1.4).
Example 4:
Find the approximate location of the function
f(X)=x2-1=0 on the interval [—1,1] with n = 104
Solution:
n=10h=22=CD_2 _ ¢
n 10 10
X 1 08 |-06 |-04 |-0.2 |0 02 |04 |06 |08 |1
f@ [+ |- - - AT T
There is a root between (-1,-0.8) and (0.8,1).
N —
Numerical methods: Lusel) 5 L)
Numerical Methods: are methods for'solving problems numerically on a computer or
calculator or by hand. o bae Jiludl Ja 5ok oo Al Gkl

K PR UV N (S N R RSV BN )
(i) Bisection Method: w8l cduali 4é b
Suppose a continuous function f defined on the interval [a,b] is given with f(a) and
f(b) of differentsignal (i.e. f(a)xf(b) < 0). Then by Intermediate value theorem ((If
f € CJa, b] and k=is,any number between f(a) and f(b), then there exists c E
(a, b) for which'f,(¢) = k)) there exists a point ¢ € (a, b) such that f(c) =
0. If we cheese the midpoint ¢ = b;—a, then three possibilities arise:
8 _yaiusa A18 V2 gl F dalaal) 3 il L;; FERPON [a,b] L"simsf(a) sf(b) :ux:s,éau_;zp. !
S sl £ (a) }f(b)dheﬁ‘c € [a,b] S (f(0) = k) o5& S f(0) = 0. 1
Caatiall s U i) ¢ = (b + a)/Za_\YLA.\;\‘u)u)@_k.ms

<0 thereisaroot between a, ¢ = d=a;'c

If f(a)xf(c) >0 there is a root between b, ¢ = d-b;rc
=0 c is exact root ((Stop)).
9
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The two conditions stop are owb,—& @l [x;, —x;| <€ V |f(x41)| <€ for
any i.

Example 5:

Find an approximate root of f(x) = x? —% in the interval (0,1) by using Bisection

method if error €= 0.01.
Solution:

£(0) = 02—%=—0.5 ,f(1)=12—§=0.5.

x |0 1 0.5 0.75 |0.625 |0.6875 |0.7188,10.7032
y 05 |05 _ ] - 00166 | -
~ ) 025|175 |-0.1094 | o 12 0.0056
X, = “Zi’ =22=05, f(0.5) = (0.5)2 -5 = —0.25.
|x, —b| =105—-1| =0.5>€ V|f(xy)| =|-0.25[*=0.25 >€
xy+b 05+1 1
X, =——=———=075, f(0.75) = 0.75)2 -5 =175
Ix, — x;| = 0.5 — 0.75] = 0.625 >€ V{f (0.625)| = |[—0.1094| = 0.1094 >€
X, +x; 0.75+ 0.625 , 1
Xy =——— = z = 0.6875 ,(0.6875) = (0.6875) — — = —0.0273
|3 — x;| =10.0.6875 — 0.75] = 0:7188 >e Vv |f(0.7188)| = |-0166| = 0.0166
>e
xs +x, 0.6875+.0.7188 1
X, = = : 2 = . = 0.7023 , £(0.7023) = (0.7023) —
= —0.0056
|, — x3] = ]0.7188"< 0.7023] = 0.0165 >€ V |f(7023)| = |—0.0056] = 0.0056
<€
Then x, =0.7023 is the root.
Example 6:

Find an @pproximate root of f(x) = xe* — 2 = 0 in the interval [0.5,0.9] by using
Bisection method if error €= 0.007.

Solution:

£(0.5) =0.5e0% —2=-1.1756 , £(0.9) = 0.9 (9 — 2 = 0.2136

10
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X 0.5 0.9 0.7 0.8 0.85 0.875 | 0.8625 | 0.8562
Y ) 021361 15904 | 02196 | -0.0113 | 0.0990 | 0.0433 | 0.0157
= f(x) | 1.1756 ' e e ' ' '
X, = a:” = 0'5:0'9 =07, f(0.7)=0.7¢©7? —2 = —0.5904
|x; —b] =10.7—0.9] = 0.2 >€ V|f(xy)| = |—0.5904| = 0.5904 >€
x,+b 07409
X, =——=—"7—=08, f(08) = 0.8::e08) —2 = _-0.2196
lx, —x;,] =10.8—0.7] = 0.1 €V |f(x,)| = |-0.2196] = 0.2196:>&
x,+b 08+09 ©058%)
Xy = — = = 0.85 ,£(0.85) = 0.85 e85 — 2 =5-0/0113
|x3 — x,] =]0.85 - 0.8] = 0.05 >€V |f(x3)| = |—0.0113] =90.0113 >€
x3+b 0.85+0.9
X, = — = = 0.875 , f(0.85) = 0.8752%88%) — 2 = 0.0990

2 2
%, — %3] = |0.875 — 0.85| = 0.025 >€ V |f(x,)] £0.0990| = 0.0990 >€

X3 + X 0.85 + 0.875
Xs = — > = > = 0.8625 , f(08625) = 0.8625 ¢(0-8625) _ 2
= 0.0433
|xs — x4] =]0.8625 — 0.875| = 0.0125%€ V |f(x,)| = |0.0433| = 0.0433 >€
xs +x; 0.8625 + 0.85
= = 0,8562 ,

2 2
£(0.8562) = (0.8562)75 e©8%52) — 2 = 0.0157

|xe — x5| =10.8562 — 0.8625] = 0.0063 <€

Then x, = 0.8562 is theroot.

Homework

1- Find an approximate”root of f(x) = x —27* = 0 in the interval (0,1) by using
Bisection method with error €= 0.04.

2- Find an-approximate root of f(x) = x3 + 4x? — 10 = 0 in the interval [1,2] by
using Bisectiorrmethod with error €= 0.04.

X6=

(i) \The False-Position method : sl g galf i b

Suppose a continuous function f defined on the interval [x;, x,] is given withf (x,) and
f(x,) of opposite sign (i.e.f (x,). f(x,) < 0). To derive a formula for false-position
method, approximate the graph of f by a straight line on [x;,x,] connecting
(x1, f(x1)) and (x5, f(x,)) which intersect x-axis at (x3,0) where x5 is more

11
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approximate to the exact root than x; and x,.To obtain a formula for x; we use the
slop equality:

B oaisae Al o (il 5yl i A8 pnas[xg, X, ] tsl"c' f(x1) 5 f(xz) adline ol L
V() fg) < 00— (Sladl )l 585 o8« QASH pa sall 48y Hlal dapa BELAY (f aiiiise Lol
[x1, x5] diasis (xl'f(x;)) 5(x2, (7)) e Gall sl ge gl (x5, 0) 05 Sus
X3 oo G ATG 8 J8) x5 x, Adsa o Jpandl xrgnelia) AUiall andins
Y2222 o () (s — ) = (= ) (e — )

X—Xy Xp—Xq

we put ¥ =0

(x —2x2) (V2 — y1) = =y2(x2 — x1)

= ((x —x2) (V2 —y1) = =y (x, — x1)) + (2 —y1)

) =y, 2T p0e )
2 *(y; —y1) ° ‘2 (y2 —¥1)
To find another approximation: oA ad alayy
<0 there is a roat hetween X; , X3=>=

If f(x1) X f(x2) >0 thereis are@t between x;, X3
=0 c is exact root ((Stop)).
y3(x3 — x3)
(V3 —¥2)

:x4=x3_

Vir1(Xit17XD)

" And Stop condition is X2 ~%i-1 /€ for any i.
Yi+1—¥i)

= Xit2 = Xit1 —

and Stop condition'is Yx; ., — x;.1| <€ for any i.

StraightTi pratie)
™ ° ° (X1,Q) (e O
y=f(x)
(%1,f(x1))
Example 7: .

Find an approximate root of f(x) = x.Inx — 1 = 0 in interval [1,2] by using False-
Position method with error €= 0.06.

12
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Solution:
Letxl == 1,x2 =2
(D=1In1-1=-1 and f(2)=2.In2—-1=0.3863= (f(x1).f(x;) <0)

X 1 2 1.7213 1.7615
y = f(x) -1 0.3863 —0.0652 —0.0027
. Vie1(Xip1 — X;)
Xig2 = Xiy1 — Girt — 1)
i+1 i
X, — X 0.3863)(2 —1
p_y, W) L 0386)C-D
(v2 = ¥1) (03863 — (1))

£(1.7213) = 1.7213.In(1.7213) — 1 = —0.0652

|x3 — x,| =11.7213 — 2| = 0.2787 >€= 0.06.

B y3(x3 — x3) %, = 17213 — (—0.0652) (17213 — 2)
(y3 —y2) (—0.0652'+10.3863)

f(1.7615) = 1.7615.In(1.7615) — 1 = —0.0027

|x, — x3| = |1.7615 — 1.7213| = 0.0402 <€

Then x, = 1.7615 is the root.

Example 8:

Find an approximate root of f(x) = x + 2 — 1 = 0 in interval [05.1] by using
False-Position method with error =47 x 1073,

Solution:

Letx; =0.5,x, =1

£(0.5) = 0.5+ e205 <1 =%0.1321

X4_ == X3 - 17615

(D=1+e2?M® —-1=0,1353

= (f(x1).f(x2) <0)

X 0.5 1 0.7470 | 0.7910 0.7961
y = f(x) | =0.1321 | 0.1353 | —0.0285 | —0.0034 | —0.0004
oo = 2O Vit (Xi41 — %)
b ke Vi1 — Vi) : :

Xy — X 0.1353)(1 — 0.
x3=x2—M = xg=1-— ( )( ) = 0.7470
(V2 —y1) (0.1353 — (—0.1321))

£(0.7470) = 0.7470 + e~2(07470) _ 1 = —0.0285
X2 — X
Xy — x5 = [0.7470 — 1] = 0.253 >€= 0.007x, = x, — 2253 =%
(V3 —¥2)
(—0.0285)(0.7470 — 1)
= 0.7470 — = 0.7910

(—0.0285 — 0.1353)
13
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£(0.7910) = 0.7910 + ¢~207910) _ 1 = —0,0034

I, — %3] = [0.7910 — 0.7470| = 0.044 >€
(-0.0034)(0.7910-1)

Ya(x4—x3)

Xg = X4 — —‘(*y;yg;’ = xz = 0.7910 — 0003401358 0.7961

£(0.7961) = 0.7961 + ¢~2(0796D) _ 1 = —0.0004

|xs —x4] =10.7961 — 0.7910| = 0.005 <€

Then x; = 0.7961 is the root.
Homework
1- Find an approximate root of f(x) = x? — 2x — 1 = 0 in interval [=150] by using
False-Position method with error €= 1073,
2- Find an approximate root of f(x) = e* — 3x = 0 in interval41,2]*by using False-
Position method with error €= 1072.

(iii) Secant Method:  xbliy 44, b

Suppose a continuous function f defined on the interval{a, b] is given, the graph of

the function f is approximated by a secant line, weet

8 _patane Ao Ol (it f Aalall 353l e 4 [ g, H]ANAN A an 3 c )8 2y 5 calana £ ddasd 5

UJL Sy 4c§a\§.l_-n';

f)—f(a) _ fb)-y — fb)—f(a) _ f(b)-0

b—a b—x b—a b—x1

af (b)=bf (a)
f(b)_f(cll))f(xl)—xlf(b) Secant ].ine\ A

Similarly, x, = T FaO—F(B) v

_ Xif (Xip)—Xipa S (Xi).
Ingeneral, xi.z> = = G0 //.
1=0, 1, ... Xis2, S0 w0
and Stop condition is |x;,, — x;41| <€ for '
any |.

:>x1 B

Example 9:
Find an approximate root of f(x) = x3 — 2x? — 5 in interval [2,3] by using Secant

method with error €= 0.002.

Solution:
Let X, =2, %, =3 , f(2)=(2)?3-2(2)?%-5=-5
3)=(3)°-23)*-5=4, = (f(x1)-f(x3) <0)
X 2 3 2.5556 | 2.6691 | 2.6923 |2.6906
y = f(x) —5 4 —~1.3713 | —0.23315| 0.0185 |-0-0005
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_ Xif (Xiy1)—Xiv1f (X7)

X2 T T D f )

_ x1f (x2) — x2f (x1) _ 2(4) - (3)(=5) 23
X3 = > X3 = = — = 2.5556

f(x2) = f(x1) (W-(5) 9
£(2.5556) = (2.5556)% — 2(2.5556)> — 5 = —1.3713
= —0.0285
|x3 — x| = |2.5556 — 3| = 0.4444 >€= 0.007 .
— 3)(—1.3713) — (2.5556)(4
Xy = xof (x3) — x3f (x2) S, = (3)( ) —( )(4)) _aY%dh1
f(x3) — f(x2) (—1.3713 — 4)

f(2.6691) = (2.6691)3 — 2(2.6691)? — 5 = —0.23315
|, — x3] = |2.6691 — 2.5556| = 0.1135 >€.

X3 (xg) — xaf (x3) o ((2.5556)(—0.23315) % (2.6691)(—1.3713))
T T ) — F) x5 = (—0.23315 — (—1.3713))

= 2.6923.

f(2.6923) = (2.6923)3 — 2(2.6923)? — 5 = 0.0185
lxs — x4 = 2.6923 — 2.6691| = 0.0232 >&

Xy f (xs) — x5£ (x4) o ((2.6691)(0.0185) — (2.6923)(—0.23315))
¥ = T e) — Fow) *6 = (0.0185 — (—0.23315))

= 2.6906.

£(2.6906) = (2.6906)% — 2(2.6906)% — 5 = —0.0005
|xg — x5| = |2.6906 — 2.6923})'= |—0.0017| = 0.0017 <€

Then x4 = 2.6906 is,the root.

Example 10:
Find an approximate root of f(x) = x + e 2* — 1 = 0 in interval [0.5,1] by using
Secant method with error €= 0.007.

Solution:
Let ) %; =05 x,=1 £(0.5) =05+ e7200% 1 =-0.1321
(1P=14+e2M -1=01353 = (f(x;)f(x,) <0)
X 0.5 1 0.7470 | 0.7910 | 0.7970

y=f(x) | —0.1321 | 0.1353 | —0.0285 | —0.0034 | —0.0001
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o = Xif (Xig1) — X f (1)
e f(Xiv1) = F(x0)
_x1f(x2) = x2f (1) _0.5(0.1353) — (1)(-0.1321)
BT T e ) T ((0.1353) — (—0.1321))
£(0.7470) = 0.7470 + e~2(07470) _ 1 = —0.0285
_ xof (x3) — x3f (x2)

x5 — x,| = [0.7470 — 1| = 0.253 >€= 0.007 x, =
5 P () — f(x)

_ ((1)(—0.0285) — (0.7470)(0.1353)) _ 07910

= X4 (—0.0285 — 0.1353)
£(0.7910) = 0.7910 + 207910 — 1 = —0.0034

|x4 — x3] =10.7910 — 0.7470| = 0.044 >€

_ x3f (x4)—x4f (x3) _ ((0.7470)(—0.0034)—(0.7910)(—0.0285))
T F(xa)—f(x3) 57 (—0.0034—(—0.0285))
£(0.7970) = 0.7970 + 207970 — 1 = —0.0001

|xs — x4 =10.7910 — 0.7990| = 0.006 <€

Then x5 = 0.7961 is the root.

Homework By using Secant Method,

1- Find an approximate root of f(x) #&x?“ 2x — 1 = 0 between [—1,0] by using
Secant method with error €= 1073,

2- Find an approximate root of f(x) =.x* — x — 10 in interval [1,2] by using Secant
method with error €= 0.0001.

= 0.7470

= 0.7970

Xs

(1V) Newton-Raphson method: ¢s«dl - S 4i b
Suppose function f is-=continuous and differentiable on the interval [a, b], Let x, be an

approximation to the exact root x, such that f'(x;) # 0 and h'is error between X1, Xo
such that x; = x,% h . Using the Taylor series to function f about point x, we get:
A of g gl f 5 e 38 S AL 58 jaiasafa, b] (Sl g da sl 3l Gy 58 3 58
xlu‘i‘:‘é-’f'(xl) 05 h UﬂJM‘UJS:'xl I3Xo U“w—‘:‘“ X1 = Xy +h‘d—“‘l—“‘3‘€\&—“‘u
ol g LY il J gaysle Joani

2 3
FON= f (o) + (x = o) f' (o) + 2 £ (o) + S22 7/ (og) + -+ o.(1)

put * =*1in formula (1) we get:-

(X1 — Xp) (x1 — %¢)°

f(x1) = fxo) + (xp —x0)f"(xp) + Tf"(xo) + Tfm(xo)

16
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f(x) = f(xo+h) = f(x0) + (Wf'(xo) + ’;_?f"(xo) + Z—Tf”'(xo) + e
(2
h ig %mall then h?, h3, ... are very small can be deleted.
h Ol s h? 3, ... 483 (Sas R phaa,
= f(x1) = f(xo + h) = f(x0) + (WS (x0)
%1 js exact root then f(x1) =0 = 0= f(xg) +hf'(x0)
o n=-LE) ey 20
f'(xo)’
We offset the value of N in formula X, = xo + h, we get:-
dad (a2 0 581 ) Aapall By = X + hle Jeanid e -
Lo Fw) %0, 7=~ h £ () # 0

Thus, the general formula of the Newton-Raphson method is

fa) .
1) ' (x)#0,i=1,23,..
The two conditions stop are |x; ., — x;| <€ VY (x;4+1)| <€ forany i.
Note:
Sometime Newton-Raphson method does,not converge to the required root:
1. If there is no real root of the function f(x).
2. If the initial value so farfrom the exact root A.
3. Iff'(x;) =0.
A
Costhaall Jaal) aa () gusdl i 5238 Sl oS Y Gla ) any
1. Al ass aiclia (Sal ) f
2. gl Hiall e ey A 5V el culS IR,
3. J8 f(x;) = 0.
Example 11:
Using Newten-Raphson method, find the solution to the equationf (x) = x3 + 5x —
3 = 0 inlinterval [0,1] with error €= 0.0002.
Solution:
f(ORh=(0)*+50)-3=-3, f(H)=1)3*+51)—-3=3

f)=x*+5x=3=0, f'(x)=3x2+5=0, %70°

x1=x0_

Xi+1 = X

17
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x 0.5 0.5652 | 0.5641
y=f(x) | —0.375 | 0.0066 0.00002
£(x0) 575 | 5.9584 5.9546
X1 = X; — Jf,(z;i?) ) #£0,i=123,..
£(0.5) = (0.5)3 + 5(0.5) — 3 = —0.375, £/(0.5) = 3(0.5)2 + 5 = 5.75 .
I () 0> U f(05)
—os-ﬂ = x,=0.5652
= xl = V. 575 xl— .

£(0.5652) = (0.5652)3 4+ 5(0.5652) — 3 = 0.0066 ,
£'(0.5652) = 3(0.5652)% + 5 = 5.9584

%, — x| = [0.5652 — 0.5 = 0.0652> €V |f(x,)| = [0.0066 | >€ .
S (00066)
Xy =X (x)) #0 2> x, =0.5652 —=—==—— = x, = 0.5641
2 1 f ( 1) f 1 2 — (59584‘) 2

£(0.5641) = (0.5641)3 + 5(0.5641) — 3 = 000002 ,

£/(0.5641) = 3(0.5641)% + 5 = 5.9546

1%, — x,| = 0.5641 — 0.5652| = |-0.00I1N=0.0011> €V |f(x,)| =
Then x, = 0.5641 is the Root requifed < sthall sl

Example 12:

Using Newton-Raphson method, find an approximate value of the solution to the

equationf (x) = x? — 5 whefx = 2, €= 0.0007.

10.00002 | <€

Solution:
(x) =x*—-5 = 4£/(x) = 2x.
X 2 2.25 2.236111 2.236068
y = f(x) -1 0.0625 0.000192 0.0000001
f'(x) 4 4.5 4472222 4472136
Xiyq =Kt ;(Z‘i)) Flx)#0,i=123,..
f(xo) f(=1)
X; =X (xg) #0 > x , =275
TS R T ET

£(2.25) = (2.25)2 =5 =0.0625 , f'(2.25) = 2(2.25) = 4.5.
|, —xo] =12.25-2] =025>€V |f(xy)| =10.0625| >€.

18
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flx) (0.0625)
e Fl(e) #0 = x, =225 a5
£(2.236111) = (2.236111)2 = 5 = 0.000192 ,
£/(2.236111) = 2(2.236111) = 4.472222.
1%, — x;| = |2.236111 —2.25| = 0.013889> €V |f(x,)| = [0.000192 | <€

X, = X, = x, = 2.236111

f(x2) "(x,) £ 0 2.236111 (2.236111)
= = = /. — =
Xa = X 0 X3 (4.472222) 2

2 f'(xz)
= 2.236068
£(2.236068) = (2.236068)? — 5 = 0.0000001 ,
f'(2.236068) = 2(2.236068) = 4.472136.

%5 — x| = [2.236068 —2.236111| = 0.000043< €V |f(x,)}h= 0.0000001 | <€

Then x; = 2.236068 is the Root required < stadl sl
Homework Using Newton-Raphson method,
1-Iff(x) =x3—x+1=0and x, = 1, find x; @dx,.

2- Find an approximate value of the solution to the egquationf (x) = x? — 8 with error

e=3x10"

Homework Find an approximate root of\f(x) = x3 —x — 1 = 0 in [1,2] with 10°

first by Newton-Raphson method andithen be the secant method.

19
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Chapter Th ree*%

e

Matrixes

In mathematics, a matrix is a rectangular set of numbers, symbols, or expressions
organized into columns and rows. Each element of this set is called an elemént or entry
of the matrix.

<ild ghaaal)
b bl Jll de sana & A8 ghuaal) Ak wa (ge 33 Y] Ga gl ) sa )1 el S ISy dalaiia
MM!‘;);JA}i ;)JA-\’-J&C}ALA \‘JAUA palic JSGCJ:I&J)MJSJAC‘
by b1z b3
11 Q21 Qi3 _ B
(a21 Az a23)2x3 N (aif)2x3 or <b21 b2z b23> = (bij)3x3 or
b3y b3z ~bas/ 5,
bi1  byz< b3
11 Q21 Q13 _ _
[a21 a2 a23]2x3 B [aij]2x3 or [bZl ba b23] - [bij]3x3'
b31 b32 b33 3%3
i
L 1 4 7 1 4 7
(% 43} 2) or (2 5 8) or % 43} 2 or [2 5 8]
23 3 6 9 3%3 2x3 3 6 9 3x%3

:&M‘ i@)d
ld Alldd s addim 5 i Kan dall e Ll Lie Jsiisaeeln xm 1A 5 m=n of Jui Ll
dalyall (e ddsaadl | n
Types of Matrixesy. ‘il sadll ¢ il
1- Row matrix:\t is a matrix that consists of only one row.
1- i 2% 5 Caa (e O sSE ) A8 ghiadll a1 Audaal) 48 ghiaal)
(a11 an1)1Xn = (aij)1><n or [a11 anl]lx_n = [aij]lx-n_ Ji .
(1 2433 or [1 2 3]1><.3 .
2<9Columnar matrix: It is a matrix that consists of only one column.

27 dasdh a5 2 sae (pe O 5SE Al A siiaall A 1403 gard) 4 ghiaall
1 1 a11 aiq
2 or|2 = [aif]mx1 or| : = (aij)mxl
313x1 3/ 3x1 Amilmxa Am1/ mx1
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3- Square matrix: It is a matrix whose number of rows is equal to the number of
columns.
3- el ne (g gl Lgd sia e 48 shina A s Aag yall 48 ghiaal)

<b11 .. bln) ( ) by .. bln]
. . . = bl] OI‘ . .
by .. b e

i mn’ mxn
Jia

1 4 7 1 4 7
(2 5 8) or [2 5 8]
3 6 9/343 3 6 9l3x3

4- Zero matrix: It is a matrix in which all elements are zeros.
4- il b palic ges Gl A siad) a0 4 hall dglaall @S5y (0,5, = 0,)

0 0 O 0 0,0
@ o). o [0 o or {00 o) orfo_ 6
2X2 2X2 0 0 0 3x3 0 .0 03)(3

5-Diagonal matrix: It is a square matrix in which all elements are equal to zero except
for the diagonal
Diagonal Matrix.

[bif]mxn

bni .. b

mnimxn

2 0 1 00 9 0 O
(O 3) or ] Or {0°2 0 or |0 0 O
2X2 2X2 07 0N 3 3x3 0 0 6 3x3

6- Unit matrix: It is a square matrix in which all elements are equal to zero except for
the main diagonal, which is equal to
W s syl = L) ldentity Matrix — Jie

1 0 1 1 0 O 1 0 0
(5 ). eyl or (o 1 0) or [0 1 0
2X2 2X2 0 0 1 3x3 0 0 13)(3

7-Standard matrix: It is a square matrix in which all elements are equal to zero except
for thesmain diagonal, which is equal to a certain number.
Jie Gpna

13 0 O 7 0 0
((5) g) or [_09 _09] Or (O 13 0) or [0 7 O]
2x2 2x2 0 0 13/3.3 0 0 733
21
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8- The lower triangular matrix: elements above the diagonal are zeros. Square (lower
triangular) matrix
-8 bl Aital) 48 ghimall: il il (358 e jualic Jaud) ZANAN) day yall 48 humall(

50 10 0 O 17 0 0

dh(z 1) or[ ] or (3 13 0) or[7 50]
2X2 2X2 8 8 1 3x3 2 5 1 3x3
- 9-The upper_triangular_matrix: the elements under the diagonal are zeros.
Square (upper triangular) matrix
- 9-Libal) Ailal) 48 ghuaall: | jliial Hhadll Cnile jualic Jie (Lba) A5 day el i
1 3 6 1 2 10
(g 3) or[(l) 8] Or (080) 0r[093] \
2x2 2x2 0 0 1/3x3 0 0 “A43xs
Operations on the Matrix 48 siwaall Ao cilided)
Equality of matrices
A set of conditions must be met for the matrices to be equal. Two or more matrices are
said to be equal if all the matrices have the same,dimensions and all corresponding
elements of the matrices are equal.
+ <l ghaal) § gl
S A gluda ST gl oyt gima o) W Cuaa ¢t L)) (g sluti da Ja g 3l e de gana (B85 Can
Ao sluie ld el Alsail) jualiall &aan s a1 e il gl @A;l
4 7 5 242 8-1

A_[9 5 2, B= [5+4 342 240,478
Matrix addition
IS an operation that takes two’matrices as its input and produces a third matrix whose
elements are the sum of the elements from these two matrices and are of the same
degree.
<ld siaall 2ea (: Matrix addition)
O (e yaalinll & sand 8 W jalic LlE4 58 an aads gl Dane (i) (18 i cae WL dlee 4
JEal) Jass e An Dl i (10 (555 (4358 gl

A= [_93 _27]2><3 and B = [—215 _75 2 2x3
AT = [_93 g _27]2x3+[ 215 7 4‘ 2X3 —6 192 éLX?‘
AND
2 5 8 -3 4 -7 -9 1
B+A=[—15 7 42x3+[9 5 2]zx3:[_6 12 6]2X3
A+B=B+A.
22
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dmant paal) dilee Aulas peal) Llee ddiadla-

Matrix subtraction

It is an operation that takes two matrices as its input, and gives a third matrix whose
elements are the subtraction of the elements from these two matrices and which are of
the same degree.

<ld gdadl) 7~ 4h (: Matrix addition)

O (e yaliall 7 la o Wy alic A5 A8 i ae a5 cled Dane (il (4 i cae 3l o
JE Jaese e A Hjall (udd (e () 85 5 (438 gdiaal);

_1-3 —7 12 -5 8
A—[9 3 i]zxéandB_z[ 2 7 42X3. 1 15
e P S BT e PP =
AND

2 58 -3 4 =71 _15 1\5
B A_[—15 7 4l5.3 [9 5 2]2x3_—6 2 215
A—B # B —A.

Multiplying a matrix by a real number:
Let « € R be a real number., and we havesthe matrix (a;;)m,xn, The product of

multiplying this matrix by the number isdet us/symbolize. The real «. (a;;)mxn is the
matrix of its elements. These are the elements of the matrix The same after multiplying
each of them by the real number.
s a2, 48 sl o g
Sl arall o 8aall g € R4 NN 5 (a;)pxpy 2l A siaadl s iy Jala )
63:‘53“ JJ:JL\ LG—"“ dS KL paQ.

: 3 4 —7

; =24
Bed = [ ]ng Ja=208 ad= [18 10

—14]
9 2x3

148 ghuae; A8 ghuaan iy

Qré&)_uﬂl\)‘rljii\&éjé_:.‘:f&\zmi Ao u}&u\ﬁumwu%@&y Syl bl o)
01323l 5 of (51 (ol e (8 adl) Al el e G slasa (ol Aee
\J\J Hr\.\.ud\ 'H\ “l_AA&_IJ_AAS\‘\_\LQQC_\l_iu‘)AU‘BSJJ uﬁj\.umu.@_u.u‘)q‘_g u\h_aaﬁ
¥ M\(au)mxnﬁ (bu)nxp 48 g8 indll u\ L ‘:Jl_d\ jé:d\u_\sl_uls

O sl (s e ddlee L8, Gl sl G sbadiall cpliladl Y A4S, (€5 ) mxp U000 Ml
- Ot shiaall Gy o pa dolee 3l
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Matrix Multiplication

matrix multiplication is met: We must first ensure that the number of columns of the
first matrix participating in the multiplication process is equal to the number of rows
of the second matrix, to ensure that the two matrices can be multiplied.

Drawing the resulting matrix: Draw a new, empty third matrix, which is the resulting
matrix, so that the number of its rows is equal to the number of rows of the first matrix,
and the number of its columns is equal to the number of columns of the second’nyatrix.
Performing the first dot multiplication: Dot multiply the first row in the first'matrix
by the first column of the second matrix, to give us the first element in the resulting
matrix (a,,), then dot multiply the first row in the first matrix by the seeond column of
the second matrix, to give us the second element in the resultingmatrix'(a,,). ), and so
on until we finish all the columns of the second matrix.

Performing the second dot multiplication: Dot multiply the second row in the first
matrix by the first column of the second matrix, to give us.element (a,,) in the resulting
matrix, then dot multiply the second row in the first mateix by the second column of
the second matrix, to give us element (a,,) in the resulting matrix, And so on until we
finish all the columns of the second matrix.

Repeat the multiplication process to find all the elements of the resulting matrix:
We continue multiplying the remaining tows(of the first matrix by the columns of the
second matrix - if they exist - in the same way as before; Until we find all the elements
of the resulting new matrix.

8 shiaal) G pua

5 sa o_all Alee 84S 5LaAD I BY1AS g mall saacf dae (o (e 2SI Y 5l any il ghacal) G puia
O ghmall (o pam AilSa) (o 2K CRilil) 38 shmall (o ghm 2al)

Lgd siam dae ()5S Gy AUl B gadll a5 el saan 23U 48 gian o 1AL 48 siaal) a
AUl 28 siaall saac | 2l Lﬁjhutgjmi e g ¢ oY) A8 ghinaall Coghin 22l T gl

48 gaall J Y1 3 sl s G o I GY) A8 sicadll & J ) Call o paia s gY) (R o puall ¢ )
) Al 46 sdiadlGd yumic Jsf Ldaeyd Ailillg ;G ya (I 5V 48 iiadl) 8 O3V Caall (o & o
) Aailil) 46 b sadll 875 iaie 30 Lidaed (Al b i umall S 3 panlly Ui, e i 1388 5 ¢
Al 46 siadl] saecf aren

48 siiaall § 5P 3 geally Gl U juim (J5V) 48 il 8 G Ciall o jim 1S ) G el 61 )
) il il ity | Gy 18 b st amal) 8 N Coal) (a2 il 4 s amal) i (
) daiall lisdae ] (Al 48 g oaall U 3 ganlly Uiy, aes e i 13Ka 5 Aailil) 488 adll a (
AU 48 saaall saec

Y A8 i aall Cagha L oy JaS 1AL A8 ghuaal) jualic auan S Gl Ales ) S
Aailill 3apaall 4 siiadl) jualic apen aa i ¢AaL) 43 Hhall ity -Caa g of- 400D 46 ghiadl) saecly
) s Sl
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JoVI Jaall - aslidl &l> 0 - Ssae Julss o> 52955 2wyl .>.]
lowldl pond - pingdl ol /88,0l pglel) @il &S — slags asol>
3 2 1
A=lo -1 5] and B=[§ _11 ;] .
1 2 3 3x3 2X3
\ .\}i 3 AB ) g 4l 13 <s BAS
J R !
e Jpmanll (8 Y AB 3855 (3 siaadll slal oY
OSee (Sall (SIBA
3 2 1
Ba=[5 7' ] [o 1 5]
2X3 1 2 3 3%3
BA
_ [2(3) + (—=1)0 + 1(1) 22)+ (-D)H)(-1D) + 1(2) 2(1) +(—-1)5 + 1(3)
3@ +10)+2(1) 3@ +1(-D+22) _IMA15)+203) I,
7 7 0
BA = [11 9 14]2x3
o A3

o AT G (e A8 gla (B shian G i Al
o O o) Aald eVl LAY ) Gt cild gliahli i w2 AB £BA:.
o Aagpaniald ghiaall Gyl dles:

<laaaliDeterminants
For every square matrix there_éxist a function between the matrix and the value of
scalar number , this function’is called the Determinant of matrix ,and denoted by (
det(A) or A).
AU PSYPREEPLECIN|IRCPOR K - PPN IIERCE | RS | POV PR PLEGN PUITR L RIREG R L TRV T PHIVIE N
) ~det(A) sl A.(

Gladaal) Hal A
. (1):- If all elements of one row ( or column ) of A are zero ,then |A| = 0.
Example.: A=[_3 07 =>|A|=|_3 0 7|=0

9 0 21343 9 0 2

(2);~Ifthere exist two rows ( or columns) are equal then |A| = 0.

5 sl T e

Example : A=[9 9 2

(3):- If two rows and ( or columns) of A are interchanges then the determinant of the
resulting matrix Bis(-A),i.eB=-A.
Example :
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JoVI Jasll - asldl dd> 0 - Syac Jud=s Juo> (8x995 gu,l .1
Olowll pod - psapll (l /88 ,0)l polell )l adS — slas asel>
3 1 0
A=|-1 -1 0 = Al=B)(-1DR)+0+0-0-0—-(D)(—D(2) =
4 3 21343
—4,
4 3 2
B=]-1 -1 0] = |B| = —|A| = 4.
3 1 O0Olsxs
(4) :- If two rows (columns ) of matrix A are proportional ,then |A| = 0.
Example :
2 1 4
A=|-1 -1 0 = |A| = 0.
4 2 8lsxs

(5) :- If a matrix B results from a matrix A by multiplying all elements of A by k then
B = kA= |B| = k|A|,ie(|kA]l = |k A]).

Example :
3 -1 0
A=|1 1 0] = Al =B)(1)R2)+0+0+~0—-0—-(1)(—1)(2) =8.
4 3 2343
3 -1 0 3 -1 0
5.A=110]=550].
4 3 2I3x3 14 3¢, 2I3x3

= 15.4] = 3)(5)(2) + 0+ 0 — 00— (5)(—=1)(2) =30 + 10 = 40 = 5(8) =
5|4

(6) :- If a matrix C results from'a matrix A by multiplying all elements in one row (or
column) of A by k, then Ci=kA ,i.e (A=1/kC).

Example :

110 e _
A—[; _03]2X2:>|A|—(1)( 3)+0=-3.
C= [7 _S]M = |C| = (7)(=3) + 0 = —21.

C=7.A:>A=§c.

(7):-If a multiple of any row (or column ) of a determinant is added to any other row
(or column ) ,then value of the determinant is not changed.

Example :
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JVI Jasdl - asldl él> 0 - Sxac Jud=i Juo> 81995 gu,l ..
Olowll pod - psapll (l /88 ,0)l polell )l adS — slas asel>
[2 —1 O]
A=]1 1 0 = |Al=2)(1)2)+0+0-0-0—-(1)(—1)(2) = 6.
3 6 2343
2 —1 0]
B=|[5 -1 0 = Bl =2)(-1)2)+0+0—-0—-0—-(5)(-=1)(2) = 6.
13 6 2] 3%3
(8):- The determinant of the product of two matrices is the produet of their
determinants ( |AB| = |A||B] ) In general [A;.A, ../ T A, =
|A{] . |A5] e e |4,
(9):- If A triangular matrix then the determinant of A is equal the product of the
elements of main diagonal i.e( [A] = aq1.022. 033 v ev e nQp
Example :
3 00
A=1]1 1 0] = |Al=3)(1)2)+0+050-0—-0=6
4 3 2343
1 8 2
B=10 3 9 = |Al=CB)(D@2)%+0+0-0—-0—-0=6.
0 0 2l3x3
1 0 0
C=[O 2 O] = |Al=3@)®)(2)+0+0-0—-0—-0=6.
0 0 3l3x3
(10):- |A] = |AY.
Example :
4 1 2
A=]|1 3 0] = Al =)D (2)+0+0-(2)(3)(1) - 0—- (D))
1 0 2343
= 16.
4 1 1
AY=>{1 3 0] = A" = 3)H2)+0+0-(2)3)(D) -0 - (D(MD()
2 0 233
= 16.
. -1y _ 1
(11) - A7 = ik
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Methods for finding the inverse of a Matrix 48 gaaall (u sS2a da) 3ok

First method: Saros method (radiography)

The experiments will achieve that any square matrix with respect to the given matrix
becomes the matrix extracted from the matrix A = (a;;)mxn, Which we obtain after
deleting row i and column j from the matrix (a;;)mxn-
(A il g s 48 b 2 A 9¥) A8 phal)

OsSE Claaaall A 48 58 cadl) dana (o yad Liild day pe ddgiadll (4
48 gindl) )
A = (a;)mxn Coall Coda amy Lale Juand Al i 2 ganll 5 jAd gdiadll (e

O Aa AT el 48 s Ll gl

(aij)mxn-

Ayy. iz, @iz Q11 Q12
A1 .-Gz Q33 -"6z; Q22

IB| = E > "1 é'% 2)(7)(4) + (DO (=1) + (=3)(5)(3)
1 3u4- “taz —EDED - @0)B) - (MGIE)
2 1 -3

il :—&_)'51+—00_—4250:_30
-1 3 4

Socong ‘method: Select a Row or Column for Matrix

Thisimethod is suitable for matrices of rows 2x2, 3x3, and 4x4, and its calculation
can be explained using the example below:

48 giuaall (e 3 gas gl Cina LR (ALY 4Gy k)

JEall (33 sl e Lealua 38y jla maiia 65 (Sn 9 44 5 3% 3 5 2x2 A ) (e ld s iaall 44, Hhal) s2a 23305
&AL

2 i
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4898 adl dana B 2asal) 45y Hlal Jalit ) 3x3 43 )0 (e Minors 3y gl Casiall aa) LAl sa
U a5 Al ) amy g dom gl 5 L2390 bl sl el Lol i 23 J5¥) Caaall AL, Liad Ll

A O s LaS (lally) Ao sall

e
2 1 3|
B=1ls 7 of°
1 3 4

Sl LAY Gt g J oY) caall sl

2z anall Aad apaat 25) 2aadlly &y i g Ao ge 8 LS Gl a3 (A J5Y) Caall (e JBY) Traiall Ll
A 5 Al ol 8 LS Cudti ey 5 (A8 siadll JAla J Y1y aiall Al oy sMl gl g oall Cada
S aiall Al iy A 5 seall g Coall Cada day Sl il Ay s JBY) el U aial)
aua\ww\&)dﬂ\u@\@

Bl=@[, 3-m]> Y+
228 - (D(20) + (<)@
IB| = 56 — 20 — 66 = —30

(0) saial) 333 g8 AUy Juabl ST A 3 gard) o). SE8l| Clual i 380 o Alsadla
Aaadla e (sl o b il SKSLao l S) 5 Coa e (o sint A siaadll calS 13
_L.\A:i\‘)MQQJMMM‘JJMuEu\JJAQJ‘u\AmWhJ‘J\}

Inverse Matrix 48 ghuaal) (u gSaal)

If A is a square matrix and*B-is'a matrix that fulfills the relationships AB = [ = BA
where I is the neutral matrix, then matrix A is said to be invertible, and matrix B is
called the inverse of .4, and the inverse is symbolized by the symbol A~1,
il 13 4 il g4l A ae B Clillal) §8a3 48 g8 ncAB = [ = BA Cua [iulad) 46 giiadll
48 giaall JW Maie 94/ ulSaalY AL Lalby(Convertible )Ad siaddl Je 3oy s B (<2 4 e
el e Skl A7

438 yal| 48 ghaall gl ¢ 9l 48, b The Adjoint of Matrix
Aaadlesf” GurgSaa Lgd sl day pa i) 43 shaaal),

Example 1
Find inverse and determinate of inverse of the following system by
—4x; + x5 +x3 =2

2x1 —x, =—1

X, —x3=0.
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Solution:
[A: 1] — [I: A71]
-4 1 1:1 0 0] ,_. [L 0-1:0 0 1
2 -1 0 o 1 0|— -1 0 :0 1 O
1 0 -1 0 0 1 4 1 1:1 0 O
r=ry—zr, |+ 0 -1 0 0 1
— (0 -1 2 0 1 -2
4 1 1 I 0 O
r=rgtar, |+ 0 -1 0 0 1
——0 -1 2:0 1 -2
0O 1 -3:1 0 4
r=r, [£ 0 150 0 1
0O 1 -3:1 0 4
o -1 2 :0 1 -2
1 0 -1:0 0 1
=r3+
LA [0 I 3:1 0 4]
0 0 -1 :1 1 2
rm—ry, |+ 0 -1 50 0 1
0O 1 3:1 0 4
0O 0 1 : -1 -1_42
rmrtry L0 0 -1 A7) -l
— |0 1 -3 :.1 0 4
0 0 1 A7 -1 -2
1 040 -1 -1 -1
=1r,+3
nTRT [ No: 2 3 -2]
0 o 1 : -1 -1 -2
SIS D | 1 1
-1 -1
A =¢42.-3 -2 JAl=(DM)(-1)=-1 , A =—F=—=-1
|A] -1
1 -1 -2
Example 2 :
1 1 2
Find inverse and determinate of inverse of the following system by |2 1 0
1 2 2
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JVI Jasdl - asldl él> 0 - Sxac Jud=i o> (3.9g9 2wl N
Olowl=l powd - piapdl (ol /a8 ,.2)l polel) au il adS — slasy asol>
Solution:
[A: 1] — [I: A71]
1 1 211 0 O 27 1 2|11 0 O
2—12 1
2 1 00 1 0)|l—— 3 42 1 O
1 2 210 0 1 1 2 210 0 1
S, 1 1 211 0 O
—|0 -1 —-4|-2 1 0
0 1 olI—-1 0 1
S 1 1 2|11 0O O
2= 2
—><0 1 412 -1 0)
0O 1 0-1 0 1
ry=r =T 1 0 -2]1-1 1 O
—|(0 1 4|2 -1 0
01 O0Il-1 0 1
ro=ra—Ty 1 0 -2]1-1 1 O
——|0 1 4|2 -1 0
0O 0 —41-3 1 .1
0O 1 4 3 j1 )
0O 0 1 2 = 1
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JoVI Jasll - asldl dd> 0 - Syac Jud=s Juo> (8x995 gu,l .1
Olowl=l powd - piupdl ol /a8,.0)l pglel) au,ull adS — sl asol>
[ 1 1 —1]
2 2 2 1 1
At=l-1 0 1| JA=EDHOMEED =4, AT =m=
3 -1 -1 Al 4
12 7 7!
Homework
Find inverse and determinate of inverse of the following
A) 4‘X1_2x2+x3=7 B) 3x1_6x2+7x3=3
4x, —8x, + x3 = =21 9%, — 5x3 =3
_lel + X2 + SX3 ES 15 le'gxz + 6X3 - _4‘

Solving linear System of Equations
We can write the general system that content m equations ‘andyn variables as follow :
E¥alae e o ging ) alall JUaill 4US Sam <l e s n JllGadl e

a11X1 + alzxz + """ + alnxn = bl
a21X1 + azzxz + """ + aann —_ bz Q (1)
A1 X1 + Ao Xy + woe oo + apnXy = by,
By using matrices =~ <lé shaall aladinl
aipr QA A1n by X1
a Aoy ot oo a b X
A=:21 22 2n e 2 x = 2
Am1 Amz " Amn bm Xn

Now, we can rewrite (1)\asfollows :- Ax = b =i e (1) ALK sale) LiSay ¥
Sall
Note:-
1- If the number of equations m is less than the number of variables n , then the
system has a solution but not a unique.
Y alaall 22 G 43 m <l puaid) aae (e Jil I g (ad 405 Ja 4l AUl 18,
2-, (If the number of equations m is more than the number of variables n, then the
system has no solution at all.
Wl 220 S 1AM @l il axe (e S, @Y e da 4l Gl sl s
3- If the number of equations m equal to number of variables n, then there exist
unique solution if the matrix A has an inverse.
Y aleall dae G 1AM Gl el 3e (5 by N 48 shoaall ClS 13 4 8 Ja @lligh A Saa g
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4- If the number of equations mequal to number of variables n, then the
homogeneous system Ax = 0 have unique solution is trivial solution
(Xi =0 , Vl)
Gl uaiall dde (g b EYaleall 20e IS 13N uilaiall Aaill é Ax = 0 dad) a5 1y b ads o &
Al(x; =0 , Vi)..
There are two methods for solving linear system of equations:
(1)
(2) Gauss elimination with partial pivoting (S Y ae didall gk
If Ax = bis a system of n linear equations .now we perform row operations until we
convert A (After m steps) into an upper triangular matrix .
JSAx = b Adaall c¥alaall (e alsi (e 3 e 1 dsad a8 aa clglesl et aly o685 (V) A
Gl shad ax)m Lo 4ilie 48 sdiae ) (
a 1% + Aq12X> g = Ap Xy = b1
F AypXy F e b @ X, = b2

An-1)(n-1)%Xm-1) T An-1)n¥n =BHZ1)
+ a5, = by,

.'.anniO:xn=a—nn
b(n—l) % An-1)nXn

S An-1ym-1) F 0= X(n_1) =
A(n-1)(n-1)

In general if we find the value'ef x,, X(—1y, ", X2, %;  Aad baas 13 ple IS4

br—X " 41 kX
o I X k=n,n—1,...,2,1
akk

Then xk ==

Example 3:
Solve thetfollowing systems of equations by the Gauss method of elimination,

then find the determinant

4x; — 9x, A 2x3 =5

2x, —4x%, +'6x3 =3
Xy<'% +3x3 =4

Solution:
4 -9 2 X1 5
1 -1 3l3x3 X313%1 41354
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4 —9 2|5\ r=rp-ir, (4 -9 2|5
[A:b] = (2 ~4 6 3)—2><0 05 5 o.5>
1 -1 34 1 -1 34
R (4 -9 2|5 ) ry=re—L25, (4 -9 2|5 )
—>|0 05 5105 0 05 5|05
0 1.25 2.5I12.75 0 0 -10I1.5
Xy = _1_15;) =015, x, = (bz—aaz223x3) _ (0'5_(53.(5_0'15)) ~ 25
_ (b1—2?=2 aijXj)  (by—aizxz—aq3x3) _ (5—(-9)(2.5)-2(0.15)) _ o 0,95
X, = o = ” = ” = 6.95, =) 2.5
—0.15
|A| = 4(0.5)(—10) = —-20
Example 4:
Use Gauss elimination to solve
3x; + 2xy — 2x3 = 16
4x, +3x, +3x3 =2
2x1+x, —x3=1
Solution:
3 2 =2 X1 16
A=|4 3 3] ,xz[xz] ,b=[2]
=2 1 —1l3x3 X334 113%4
3 2 2|16\ ,m<e-%, /3 2 —2 16
[A:b] = ( 4 3 312 )—>3 < 0 0.3333 5.6667 —19.3333)
-2 1 -1I1 —2 1 —1 1
ry=rytlny (3 2 -2 16 )
—>| 0 .0.3333 5.6667 [—19.3333
04.2.3333 —2.33331 11.6667
(3 A T )
»( 0 0.3333  5.6667 [—19.3333
0 0 —41.99871147.0114
s 1470114 _ 35 ,x, = (b2—23x3) _ (=19.3333—(5.6667)(=3.5)) _ 1.5
—4%.9987 Az 0.3333
X, = (bl—Zz:z aijxj) _ (bl—au;clzl—algxg) _ (16—2(—3.35)(2)(1.5)) 66667 x = [_10-5 ]
! 0.5

|A| = 3(0.3333)(—41.9987) = —41.9945.
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Homework
Solve the following systems of equations by the Gauss method of elimination, then
find the determinant.

A) le + 3x2 + X3 = 1 B) x1 - xZ = 0
le + Xy — X3 = 2 le + X3 = 4
x1 - xZ - X3 = 1 '2X1 + x2 - ZX3 = 1

Partial Pivoting

ol s Y

Al Jalaa s 55 Y1 Ailae oo Aiiall C¥alaad) (e Ol piaial) aa] Cadad@aILW ool atadl)
é.}\_.w]\ JEA) uﬁ J'\Sﬁ)‘}“ —ale e Aaladll @ Q\):\ild\all = 4 :\h\.a.d\} J'\SSJ‘}!\ —alc s
Al 5 ghadll g A1 5 gaddl 8 5SS V) Alalee o (dsVla,, = 0.5 Udleally S5,V 5 aie
LS g S Y sl 8 A0l

u_uﬂ\ J'\SSJ‘)]\ (samd J'\SSJ‘)]\ Aolza J\,}SS\ :\:\Lxs; u\ﬁ uﬂyﬂ}

_:dada

O Y e aal s IS ) ol S Y st -] gy caead iall e iy ol g sbi=1,2,..00
Olasial ¥ alaall i 55 s 3oy e Aol S Y il UiSaidg; = 0 Vi= 1,2, n.

G AY) Yl (e J s ) SiaT 4eadt i Ladie 43 s e JS Y paie Y )) 22
—ay

(—aall) )u\gj(akk j)ﬁd@q)@&jkwsawsﬂqymj laa € 13 laidd) o Mia
ssha € dcacliay s 5uS 5 Apalllad e ()l gAY O¥aleall ) Gl o Lyl lan S
5 shaall 8 Gllal (Cadall o oS L83k G ghad (pa)k s—aalie (o (e JISEY) 5 mie JUidi g, adl
ikt 12, n( oS e SR ) Gy

Example 5:

Solve the following systems of equations by the Gauss elimination with Partial
pivoting:

r: 0.003x, % 59.14x, = 59.17

r,:  5291x, — 6.130x, = 46.78 has the exact solution x; = 10 and x, = 1.
Solation:

(by ‘Gauss elimination) , we get

Az[o.oos 59.14] x:[xl] b=[59.17
5.291 -6.130 2%2 ’ X2 2%1 ’ 46.78 2%1
5.291
[A.b]=(0.003 59.14 59.17) "FTZ‘—o.oog“,(o.oo3 59.14 | 59.17 )
' 5291 —6.130146.78 0  —1043001-104400
35
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104400 oot
*2 = 04300 2 T MU0

0.003x; + 59.14x, = 59.17 = 0.003x; + 59.14(1.001) = 59.17
(59.17 — 59.19914)

0.003

= x, = = x, = 9.7133

We note that the large error in the numerical solution for x; resulted from the,small
error of 0.001 in solving for x,.

gl dall sl Uadll o JasS g oy 3 dall 40.001 il Uadll e g g,/

So we change the order of the equations in the linear system

‘_“_Lnl\ e\.l:sﬂ\bﬁ&_tya\.xd\«_m‘)a‘)me)mdlﬂ

ri: 0.003x; +59.14x, = 59.17

ry: 5.291x; — 6.130x, = 46.78

By using the pivoting procedure , where Cua OIS ol ) aladiuly

max {a}|. |a$P|} = max{0.003, 5.291} = 5.291-

5.291x, — 6.130x, = 46.781

0.003x, + 59.14x, = 59.17
0.003

[A_b]=(5.291 —6.130 46.78) T2=r2‘—5.291r1\(5.291 —6.130 46.78)
' 0.003 59.14 159.17 0 59.14 159.142

=X, = 1 and x; = 10.

Example 6:
Find the following system solution by using Gauss elimination with Partial pivoting:

31 +3x, +9=0
2x1 — Xy + x3 ==l
3x; +3x, +5x5 = 4.
Solution:

2.0—1 1
3 3 3x3 x3 3x1 3x1

2 =1 =1\ nensr (2 -1 1
[A:b]:<3 3 9 0>—><0 45 7.5
3 3 5|4 3 3 5

A =

-1
15)
4
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-1
15)
5.5

—| 0 45 7.5

r3=7‘3—;r1 (2 -1 1
0 45 3.5

r=rser, (2 —1 1]-1
—| 0 4.5 75|15
0 0 -414

X3 =—>x3=—1.

4

9
450, + 7503 = 15> 452, = 15— 75(-1) S x = 7= =2

2x1 =Xy +x3==122x;, =—=14+x,—x3=-14+2 - (A >x =§= 1.
4] = (=D (D)(2)(3) = —6.
Homework

Solve the following systems of equations by the Gauss method of elimination, then
find the determinant.

A) xz + X3 = 1 B) 3x1 + 2x2 + 5x3 = 1
X1+ x3=1 X, — X, +x3=4
X1+ X2:1 6x1 + 4X2 + 1OX3 = 7.

(3) Gauss — Jordan Elimination/Method _<iall o)) ) ga- s glS 48,
I )y same S A8 e e e alaat Gl dpladl) ¥ aleall Lakail a 4388 alati ool 18 8
ey Adaran dbea Gllee A Go A8 a3 ) all 580 o5 dd siad alaill e a5l dulaal)
(A _yailys ) jaall 8 stumally sUsill Jiad il 48 ghemall w4 staal) (e laial s Jall muay Jis Lleall
Caall dleny (mitopiiantin 1) aUas e JUESU dadiiosall dplual) dallad) Lauss,

The Gauss-Jordan’elimination method to solve a system of linear equations is described
in the following steps.

& Aabadl) CWlaall (e aUas Jad (1) s oS Cada) A8y Hla Cla g o

adudreiiyladl),

1. AUl das gall 48 ghmall (i),

2. Uil Cuall 73 gai s 98 5 olial prida sall (SN das gall 48 siiaall o) Caiall Cililae aad)
(RREF).

L shadaiall e il o jall i Ga Jlaal) e JelSIL 4 Sl (Can 5 of) Castuall aaad o3 (1),
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58 D) (sl 83 ga sall (5 aall e saiall G5 lial (e JAlSIL 0S5 Y Ca IS B (@)
sl 5l (gLl jeaie 1 cand]
dﬁy\uY&JY\wéJ&mié&d)&dahﬂ\lénm\mdjmajmdS(C)_

a8 Al gaall L;J\.tsj\1@)6‘)@&9@.}“&‘@&3\.&”1@)}\(3)

3. Y yaaial) sl UL Jial e yaalic pas Cia e Clias 132 6 shall b dlead) CilEL o3
.Lgd\,)ﬂ\

5 yhaal) JaST el GMay Jsla 4l sl s ailia e aUail) ()5S Allal) o 852 alail) Jgla'sel 5
Akl 48 dadl (1

Example 7 :

Solve the following system by using the Gauss-Jordan eliminatien‘method.
2x1 +3x, —x3=5

4x, +4x, —3x3 =3

-2x1 + 3x, —x3 = 1.

Solution:
2 3
A=|4 4 , b=
-2 3 —1 3%x3 x3 3X1 3X1
2 3 -—1]|5 ry=T2—27, —1
[A:b] = 4 4 -3|3]——— 0 —2 ~1 7
-2 3 -1I1 -2 3 -1I1
r3=73+11 2 3 —1] 5
— |0 -2 -1|-7
0 6 =216
T'1—T'1+—T'2 2 O —25 —55
— 0 27 -1 1| -7
0 %6 —-21 6
roetarars 0 —2.5[-55
——0 -2 -1|-7
0 -5 1-15
r=ro—r, (2 0 —25|-55
0 -2 0 | —4
0 O -5 1-15

38

S




JoVI Jasl - asll @l> o - Ssac Jul= o> (6895 aul o]
lowll pod - pinpdl ol /88 ,0)l polell du,il @S — slags asols

1y =T —%r3 (2 0 0

2
0 -2 0 —4)
0 0 -=5I-15
2 —4 —-15
x1=§=1,x2=—2=2andx3=_—5=

Al =12)@3) = 6.

Example 8 :

Solve the following system by using the Gauss-Jordan elimination méthod.
4x; —9x, + 2x3 =5

2xq —4x, + 6x3 =3

X1 — Xy +3x3 = 4.

Solution:
4 -9 2
EEEE R
1 -1 3l3x3 X3 3><1 3x1
4 =9 2|5\ r=rr —9~i2
[A:b]=<2 —4 63>—><0 0.5 5 45)
. 1 -1 314 1%-1 311
r3=r3_zr1 <4 -9 2 5 )
—>| 0 0.5 5 |—4.5
0 1.25 2.510.25
ry=T1 4187, (4 0 92 —76)
>[0 05 5 [—4.5
0 125- 2.510.25
r3=r3_%r2 /0 92|-76
' (0 05 5 —4.5)
0O 0 -10111.5
r2=r2+%r3 (4 0 92 —76)
>{0 0.5 0 |1.25
0O 0 -—10Il11.5
39
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rﬁﬁ%g 4 0 0 ]298
>0 05 0 [1.25
0 0 -—10I115
29.8 1.25 11.5
X, =—— =745 x, = ——=25and x3 = —— = —1.15.

4 ’ 0.5 —10

|A| = 7.45(2.5)(—1.15) = —21.4188.

Homework
Solve the following systems of equations by the Gauss method,ofelimination, then
find the determinant.

A' xl_X3=0 B' 3x1+x2_x3=1
le_ X3=_1 4x1—2x2+3x3=5
“AX |t Xy + x3=2 Sx1 —x, — 2x3 = 4.

Example 9 :

Solve the following system by using the Gawss-Jordan elimination method with
Partial pivoting.

2x; +3x, +5x; =8

Xy + %X, +x3 =5

4x1+5x3=2
Solution:
1 1 1 |
A=12 3 5 ,b—
4 0 53><3 x3 3x1 21351
L1 M5\ o, (11 15
[A:b] = 2¢ 3 58 ———(0 1 3|-2
40 2 4 0 512
rz3=13—=471, (1 )
Ay Y 0
0 —4 1
r1=T1—-1y (1 )
_ 0
0 —18
40
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1 0 -2

r3:7'3+4.r2 (
—| 0 1

0 0 13

1
3= Er?) (
_—

1 0
0 1
0 O

3

-2
3
1

9
e )
—26
9
_2>
-2

w
I
N

05)
—2

0 5
04)
11-2
3

= —2.

0

(U

T,=12—-313 (1
_ 0

0
Xy =5x, =4and x

r1=T1+213 <1 0
—| 0 1
0
0
1
0

Al = (=D (G)#)(=2) = 40.

Example 10 :
Solve the following system by using-the Gauss-Jordan elimination method with
Partial pivoting.

x2+x3:1
x1+x3:1
X1+x2=1
Solution:
1 0 1 X1 1
0 1 1l3x3 *313%1 1l3x4
Do 11\ ... /10 1|1
2="2—T1
[A:b]=<1 1 o1>—><0 1 —10)
0O 1 111 0 1 111

r3=T13—"7, 1 0
—0 1

0 0

1
-1
2

1
0)
1
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r=r, (1 0 101
2
——|0 1 -1f0

0 0 1 0.5)
Tro="2+13 10 111
—>0 1 0]05
0 0 1105
rerior, (1 0 0[0.5
—>(0 1 0]0.5
0 0 1105

X, = x,= x3=05. |A] = (=1)(=1)(0.5)(0.5)(0.5) =.0.125.

Homework
Solve the following systems of equations by the Gauss=Jardan elimination method with
Partial pivoting, then find the determinant.

A' —2X1+ Xy — 2x3:1 B' '4x1 + x3 == 0
2X1+ x3=4‘ le_x2=_2
Xl—x2=0 x1+x2_X3:1.

—:ddaada

o M5 — e gS ALy sl O jadb P Y aladia) iy

o Adghiaall e ¢Saaaad Ladish A7) IS )Y aladin) LiSay

o o Jsmanlasl el alast wl g () sa — u slS A8y ylay Ad gi aall g Saa alay) Wi,
[I: A71]

Example 11 :

Find solution ,determinate, inverse and determinate of inverse of the following
system by‘using Gauss — Jordan method with Partial pivoting.

e O sy oS 48y jlaalaat Wby Ul Gl 8 s Saall dasa g e sSaall 5 2aaall g Jall an
@);\\J\SSJY\

X, ¥ x3=1
X, +x3 =1
X1 +x, =1
Solution:

?

[A:b: 1] — [I: b: A71]

42

S




S

JVI Jasdl - asldl él> 0 - Sxac Jud=i o> (3.9g9 2wl N
Olowl=l powd - piapdl (ol /a8 ,.2)l polel) au il adS — slasy asol>
o 1 1 : | 0 1 0
ll 0 1 : 20 ]—>l 1 0 0]
1 1 0 : 1 20 0 0 1
S 1 0 1 1 0 1
— |0 1 5 1 : 1
0 -1 :0: 0 -1 1
S— 1 0 1 1:0 1 0]
— |0 1 1 1:1 0 O
0 - -1: -1 -1 1.
n=-2 10 1 8 1:0 1 0
—>10 1 1 : 1 : 1 0 0
0O 0 1:05:05 05 -05
e [0 0 205% -05 05 05
1—7"1 3
O 1 1 :1 | 0 0
0O 0 1 :05: 05 05 -05
e, [0 0 +05% -05 05 03
2—12 3
—>[0 1 0 :05: 05 -05 0.5]
0O 0 1 :05: 05 W5 -05
-0.5 0.5 05
=105 -05 0.5 ,X1=X2=X3=0.5 .
05 05 -0.5 . .
— ((— — = -1 = —_— =
Al = (=DM (MD)(=2) 5.2 »I[4A77] Al 2
Example 12 :

Find solution ,determinate, inverse and determinate of inverse of the following
system by using”Gauss — Jordan method with Partial pivoting.
—4x; + x5 +x3 572
2x1 — Xy, =—1
X1 — x3=,0".
Solution

[A%: ]] — [I: b: A~1]
-4 1 15251 0O O
2 -1 0 -1:0 1 ]
1 0 -15050 0

1
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pomppezr [10 1E0E0 0 17
—0 -1 2 :-1:0 1 -2
-4 1 2:1 0 O
rocrirars |1 1:0:0 0 1]
—|0 -1 2 -1:0 1 -2
0 -3 2:1 0 41

-1 -1 -1
A_lz —2 -3 '2 ;x1=x2:x3=_1 )
1 -1,

a1
Al = DEDWMEED) =-1 0, (A7 = = L.

Homewark

Find) selution ,determinate, inverse and determinate of inverse of the following
system by using Gauss — Jordan method with Partial pivoting.

A- -4X1+ x3=0 B- '2x1 + Xy — ZX3 =1
2x1—x2=—2 2X1+X3=4
x1+x2—x3=1 xl—x2=0.
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Chapter Four . %
T e e s .

Interpolation and Extrapolation

JaSiul g 7z Ayl

R s mall e Al o8 o5 pimade sana LV OIS I (0, f (32), f (X2), -+, f (), 300
Adaiil) vie ANl Aad ppedipe *Adail] S 13 p* (uSall 5 elagiul] Aleall and Jalaill SULT A £
c«\)S.b.n‘).;\ (g

Jaall 138 8 dadiiioall 4zl 5l (5 5kl (e el cllia

1- Lagrange polynomial

uSJf 5yl & c)mj‘\_ms;db[a b]Lw\éﬂjﬂw}xO’xsz,- xmu)d\ m+
14\3@@, foA e 2503 S ) Al $3lels o 085 cbnaa Lalii sae B das) g ddads 4
Lol 8 ANl e 4880 gia 17 ) sindd e 30 Jalail (0 5K g 5ay0n 3 gan NS Mle ) siall UL 5 sUneal
LB e

The general formula of polynomial Pm(x) ( Lagrange polynomial)
(B G—IUSY 3 gaad) .:..\a..\.a) dgaal) 5 88t dalal) dasall

P () = Zf( J)H((;_xll))
o

f (x) = Pp(x)
_ (x =) (X = x3) - (x — xp)
= f(xo) (xo — xl)(xo — xz) (xo — xm)
(x 2X5) (x — x3) -+ (x — X3)
+ f(x1) (g = x0) (21 — %) =+ (31 — X;)
FAE f(xn (x = x0) (x = x1) = (X = Xpp—1)

(xm - xl)(xm - xz) (xm - xm—l)
And to find f(x) without knowing form of the function we use the following law

Pm(x*) £ Of(x])l_[m (x xl)

(xj—xi)
i£j
(" —x) (" —x3) =+ (X7 — xp)

(xo — , 1)(x0)—( X2) ()x0 (’f‘m) )
x*—x0)(x* — x, Xt — X,
H10a) (e = x0) (1 = x3) -+ (o1 — X) T
) (7 —X0) (X=X ) (X"~ Xm—1)

Cem=—x1) (Xm—x2) " (Xm—%Xm-1)

45
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3 g3l Baastie e 48) gia Alall (Y Jsandl Lol (e ddads (g die 4880 Ay Jany il SV 3 50a Badelia -]
Jsaall halss

JLSiY) g )51 el IS 3 gl SY 3508 330k pddEad -2

Example 1:

Find the form of function f'(x) and then find f(1.5), f(3.7), f(0.65) of the following

table and using Lagrange polynomial
X |1 1.2 2

y |0 0.1823 0.6931

Solution:
_ 3 : (X _Xi)
Pz(X)—JZ:;f (Xj)!]:)I—(Xj )
(x —x)(x — x3) (X — X)X x2)

P = F00) G Gy 0)

(x —x0) (x — x1)

(1 —%)(xy — x3)

+ f(xz) (x(z — ﬁo))((xz _2;C1) ( 1)( 1 2)
x—1)(x — XTI
Po(x) = 0 +0.1823 o — s o — s H0.6931 5o — =

P,(x) = —0.273x% + 1.5121x — 12391 =

f (1.5) = P,(1.5) = —0.273(1,5) %= 1.5121(1.5) — 1.2391 = 0.4148.

f (3.7) = P,(3.7) = —0.273(B8.79% + 1.5121(3.7) — 1.2391 = —0.6183.

f (0.65) =~ P,(0.65) = —0:273(0.65)? + 1.5121(0.65) — 1.2391 = —0.3715.
Homework

Find £(1.7), £(5), f(2.5)?

To find the function

Feospe N 230 — )
x = x1) (X — X3 X T X)X T X2
X — Xog )X — Xq
+ f(XZ) (xZ _ xO)(xZ — xl)

_ (x—1.7)(x-3) (x—1.1)(x-3)
- f(l'l) (1.1-1.7)(1.1-3) t f(1'7) (1.7-1.1)(1.7-3) t+ f(3)

_ (x—1.2)(x-2) (x—1)(x-2)
= (0) G500y, + (01823) o= =2+ (0.6931)

_ (0.1823) _ _ (0.6931)
=@+ (1.2-1)(1.2-2) (x-Dx—-2)+ (2-1)(2-1.2)
46

(x—1.1)(x-1.7)

(3-1.1)(3-1.7)
(x-1)(x-1.2)

(2-1)(2-1.2)
(x—1D(x—-1.2)
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_ (0.1823) (0.6931)

(x2—3x+2)+ (x? —2.2x+1.2)

0.16 0.8

f(x)=-0.273 x? + 1.5121 x — 1.2391.

Finite differences:- —sdagiial) (39 Y

Let f be a real function whose values are known in m + 1 points of equal dimensions
Xo, X1, X9, , Xy and that have known images f(xy), f (x1), f(x3), =, f Gx)0r

Yo, Y1, Y2, -+, Vi definite the first difference at the point x,, .

uﬂf‘h})’u lead S8 aBas Al m 4+ 1 JL"-.’;‘)” 45 gl dalss Q,J X0, X1, X0, €1 pXm o= el
385 28y, V1, Yz oo Y Wi 030 B J5Y) Gl a3 5l .

Af(x0) = f(x1) = f(x0) = Ayo = y1 — Yo

Ayo = y1 = Y0, AY1 = Y2 = Y1, 8Y2 = Y3 = Y2, AYm-1(E¥m — Ym-1

defined the second difference as follows:-

Nyo = A(Ayp) = Ay; —Ayo = V2 —¥1) — i =Y0) = Y2 = Y1 — Y1 + Yo

= A%yy =y, — 2y; + ¥ol?y;, = AAyy) = Ay = Ayy = (y3 — ¥2) — (V2 — Y1)
=y3 =Y, — Vo +y1 2 A%y =33 SRy, + 0y

MY = Yisy = 2Vip1 + i i =120, = 2.

In general A*y; = 3'_, (Ik> (Y2
Table of differences

X y A A? A3 A* A®
Xo Yo
- Ay )

X1 Y1 A%y

Ay, K‘ A33’0

2 \A A4-

X2 Y2 A%y, Yo ;

Ay, A33’1 4\‘ AN
X3 Y3 Az)’z A%y,

Ays A33’2
X4 Vs AZ)’3

Ay,
X5 Vs

47
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Divided Finite differences to three types:-  -:g) 5 &6 ) dgiiall (59 81 acdls
1- Forward differences dpaniil) cild g Al

2- Backward differences — 4smal il i g a1

3- Central differences 4338 pall il g Al

4- Divided differences: sl dygiiall cild g il

1- Forward differences daaiil) il g Al
To find an image point located at the beginning of the table we use the Forward
difference. o)) s>t Aeasil) cild ¢ 4l PREGRN Jsaaldl ol = 33 g2 gall 3 ) guall AldG Ao Siall

Ayo=y1—Yo=>y1 =Yoo +Ays = y1 = (1 + D)y,
2
y,=Y,+Ay, =V, :(1+A)y1:>y2 :(1+A) Yo

ym :(1+A)m yO .
We get y,, = Y=o (Zl) Aky,
Y = f (o + mh)

m(m—1 m(m—1)(m—2
= Yo + mlyy=+ %AZYO ( 3)!( )433’0
m(m—=1)(m—2)(m—3)
+ 2 Atyy + -
Xm—Xo '
m==—
Example 3:
Find £(0.3); £(0.8), f(1.2) of the following table use the forward difference.
x |0 |1 2 3 4
y (1 |2 9 28 65
Solution:

Table of the forward difference.differences
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X y | A | A2 | A | A
0 |1 -
RN
1 2 N
7 L
2 9 12 o~
19 6
3 28 18
37
4 65
m=m% gy =230_g3
h 1

m(m-1)
2!

f(x) = f(xg + mh) =y, + mAy, + A%y, + —m(m—?,(m_z) Ay, +
MDD

£(0.3) =1+ (03)(1) + E2E2 (1) +
£(0.3) =1+ 03 —0.63 + 0.357 = 1427,

(0.3)(0:3-1)(0.3-2)
. (

6) .

Table of the forward difference

y y JCADT a2 | A* | a*

0 1
1

1 2 6
T~ 6

2 9 1R ~_ 0
19 6

3 28 18
37

4 65

m = @ =m = 0'81_1 = —0.2,
£(0.8) = 2 + (—02)(7) 4 CODE02D) (o9 4 (CODE02-1)(202-2) oy

6
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f(08)=2-14+1.44—- 0.528 =1.512.

_ Xm—Xop 1.2-1

m = T = m=
fA2)=2+02)(7)+ ——12) + <0-2><0-2—61)<o.z—z) (

f(12)=2+4+14-0.96+ 0.288 = 2.728.

= 0.2,
(0.2)(0.2—-1)

6) .

To find the function
Xm — Xo x—0
= - = =
m A m 1 X
f(x) = yo + mAy, + m(zl!_l) Ny, + D A3y 4

3!
m(m—1)(m—-2)(m-3) ,4
" Ay +....

f) =1+ @) + ZE2 (1) + DD (6) A r+ 322 — 3x + 23 —
3x2+2x=x3+1. f(x)=x3+1

Example 4:
Find f~1(1.64), f ~1(0.18) of the following tabl€*use the forward differences .
X1 |2 3 4 5 6
y|0 |07 1.1 1.4 1.6 1.7
Solution:
Table of the forward difference.differences
x y A A? A3 A*
1 0 ~L
0.7 ~
2 0.7 -0.3 |
0.4 02 |
3 1.1 -0.1 0.2
0.3 0 Jag
4 1.4 -0.1
0.2 0
5 1.6 -0.1
0.1
6 1.7
50
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X—Xg x—1
m = >m=—=x—1,
h 1

m(m-1)

m(m-1)(m-2) ,3
" — &%y t+

3!

f(x) = f(xo + mh) =y, + mAy, + Ay, +

m(m-1)(m-2)(m-3) A4y0 +

4!
(x—1)(x—2)

f(x) =0+ (x—1)(0.7) + .
(x—1)(x=2)(x—3)(x—4) (—0 ZJAH)

(x—1)(x—2)(x—3)

(=0.3) + (0.2) +

24
f(x) =0+ 0.7x + 0.7 — 0.15x% + 0.45x — 0.3 + 0.0333x3 — 0.2x2 +0:3667x —

0.1999.

f(x) =0.0333x3 — 0.35x% + 1.5167x + 0.2001.

f(x) =0.0333x3 — 0.35x2 + 1.5167x + 0.2001 = f(x)=1%64 = [f71(1.64)
=?

= 1.64 = 0.0333x3 — 0.35x% + 1.5167x + 0.2001.

= 0.0333x3 —0.35x% + 1.5167x — 1.4399 = 0

= sl o £o1(1.64) = 5.296.

£(x) = 0.0333x3 — 0.35x2 + 1.5167x + 02001 = f(x) = 0.18 = f~1(0.18)
=7

= 0.18 = 0.0333x3 — 0.35x2 + 1.516% + 0.2001.

= 0.0333x3 — 0.35x2 + 1.5167x4 0.0201 =0

= sl - £71(0.18) = 1.2,

Homework
Find £(0.7), £(2.3), f(4.2),f~1(10), f~1(30) of the following table use the forward
difference and find To find the function .

X0 |5 10 15 |20 |25

2-Backward yl7]11 |14 |18 |24 |32 | differences
doaa (i) e 9,8t
Tofind"an image point located at the end of a table we use the Backward differences
as follows
il e Fpna il il 5 il ardtes o panl) Algs b a5 sem Al e ) Siall
VY1 =Y1 =Y, VY2 = Y2 =Y, VY3 = Y3 = V2, V¥m = Ym — Ym—1
szm = V(Vym) =VVm = Vymo1 = (ym - ym—l) - (ym—l - Ym—z)
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= szm =Ym — iym—l + Ym-2-
o Ve, = ?:o (I ) -1y

v2y, = ](,2) 1772y = (5) 0% + (2) 0y + (5) (D20 = 3, -
2y1 + Yo -

From the definition we notice:-

Ay, =Vy_4, AZ}’O = VZ)’—1;A3}’0 = Vg}’—1

VYi=Yi—Yi-1 2 Yi-1 =Yi — Vyi = (1 =V)y;

YVier =1 =-Vy; = 3, =1 -1y,

And Ay, 1 =Y = Y12 Yi =Yiea Ay = 1+ D)y 20 F A+ D)y
(1-V) " =(1+4)

So

In general A¥y; = ¥5_, (Ik> (—1) Yipr—;
Table of differences

X y Vv VZ V3 v4— VS
Xo Yo
Vo /
X1 V1 Vey, 5
Vy, VZyq \
X2 V2 VZJ’1 V*yo
Vs V3y1 > VS)’o
X3 Y3 Vz}’z Prs V4J’1
Vys //VVSYZ
X4 Va P 4 V2y3
//vvyzt
X5 Vs
mim+1 mm+1)(m+ 2
Ym=< f(Xo + mh) =y, + mVy, + %szo ( 3),( )v3yo
+ m(m+1)(r;1!+2)(m+3) V4y0 .
Example 5:

Find £(3.8), f(3.2), f(2.8) of the following table use the forward difference.
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x |0 |1 2 3 4
y |1 |2 9 28 65

Solution:

Table of the forward difference.differences

x y \Y V2 A v*
0 1
1
1 2 6
7 6
2 9 12 | Ov
19 6, -
3 28 //J_8 7
37
4 65
m = @ —=m= 3'81_4 =—0.2,
f(x) = f(xo + mh) =y, + mVy, + m(n:rl) V2yo + —m(m+l),(m+2) Vo +
m(m+1)(m+2)(m+3) V4y0 4+

4!
f(3.8) =65+ (—0.2)(37) + (18) +
f(3.8) =65—7.4—1.44 — ,0.288 = 55.872.
Table of the forward difference

(-0.2)(—0:2+1)

(-0.2)(—0.24+1)(—0.2+2)
! ©) .

< y [ v v ][ v | v
o .1
1
1|2 6
7 i
2 |9 12 0
19 6
3 |28 ] 18
37
4 |65
53
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o= ImTXo 3.2-3 _ 0.2,

h
f(3.2) =28+ (0.2)(19) + 2L (12) +

£(3.2) = 28 + 3.8 + 1.44 + 0.528 = 33.768.

(0.2)(0.2+1)(0.2+2)
- (

6) .

(—0.2)(—0.2+1)

(=0.2)(-0.2+1)(-0.2+2) (

£(2.8) = 28 + (=0.2)(19) + (12) + :

£(2.8) =28 —3.8—0.96 — 0.288 = 22.952.

6) =

To find the function

Xpy — X x—4
m = mh 0 —m= 1 =x—4
F(x) = yo + mVy, + m(’;‘,“) V2y, + WV%}O \.
m(m+1)(7;1'+2)(m+3) V4y0 +
x—4)(x—3 x—4)(x—3)(x—2
f(x)=65+(x—4)(37)+( )2( )(18)+( ) 6 ) )(6)

=65+ 37x — 148 + 9x? — 63x 4 108+ x3 — 7x? + 12x — 2x? + 14x —
24 =x3 41 .
fx)=x3+1.
Homework
Find £(20.3), £(24.8), f(23.2),%71(22), f ~1(30) of the following table use the
forward difference and find.Tofind the function .

X0 |5 10 15 |20 |25
y| 711 14 18 |24 |32

3- Centraldifferences 48 pal) il g Y

To find a point‘image located in the center of a table or near the center, we use
Central.differences as follows:

RS By S sall (35 il padiiad 38 pall (e 8l s Jgaall o s A ali Al b em o ) giall

s> Example

8y =y,,1—y;1 6y =y7—ys
2 2 2 2
@28l Example
Syi% = Yi+1 — Yi-1 5;\/; =Y2— N
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8%y; = 6(8y;) = 5( i% - yi_%> = 5}’”% - 5)’1-_% = Wiv1 — Y1) — i — Yi—1)-

8%y = Vi1 — 2¥i + ¥, Vi = 0,%£1, 2, ...
53yi+§ = 6%Y;41 — 6%y,

S y; = 8(6% 1y) = 651 (6y) = 8 H(Wig1 — V) — i — Yic))=- -

x y ) 52 53 5* 52
Xo Yo
8 Yo
X1 V1 8%y,
8y, 8%y,
X2 Y2 8%y, 5¥o
5y, 53y, 5o
X3 Y3 5%y, 8y,
6y 5%y,
X4 Va 5%ys
8V
X5 Vs

f(x) = f(xo +mh)

m(im—1 mim—-—1)(m—2
= Yyo + méy:1'+ ¥52 ( ) )53y3+---

21 Y1t 31 ;

There are two farmulas for finding central point images:- Jse e J pasll (lrua llia
4 38 yall ld 5 el

1-Besssl’s formulas 4 S el e e
Its generalformula :- Al aSapa
1 m(im—1 m(m-—1)(m—0.5
ym=uyz+(m——>5yz+¥u52yz+ ( i )533@
2 2 2 2' 2 3' 2
m(m? —1)(m — 2
N ( )( )H54Y1+"'
4! 2
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2-Stirling’s formulas A 38 al) il i ma

Its general formula ;-  4lall Aara
m? m(m?—-1) m*(m*-1) _,
Ym = Yo + mudyo + -0y + —————H07yo + 2 6%yo + -
Note:-
ir1+Vi Example +
wy; = 3’+; Yy >y, = J’223’1 ’
. E l
‘uyi+_ — yl+;+yl xamplte Uy: = % ’ lLl is the average
Sy 1+8y 1 ézyi+l+62yi_l
udy; =—=1—=5  ud’y; = a—
Example 6:
Find f(2.4) of the following table use the forward difference.
x [0 |1 2 3 4 5
y |5 |6 13 32 65 130
Solution:

Table of the forward difference. Besssl’s formulas
Its general formula ;- Al aiaus

1 m(m~1 m(m—1)(m— 0.5
ym=uyz+(m——>5yz+¥u5zyz+ ( X )533@
2 2 2 2! 2 3! 2
m(m? — 1) (m'= 2
4 ( 4')( )u64y1+---
. 2

438 el duy fpaaa

x| y | & | 62 ] &° | &°
0 |5
1
1 |6 6
7 6
2 |13 1 to 0
3 32 - T8 " Teo
37 6
4 |65 24
61
5 130
56
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Xm—Xo 2.4-2

m=—— =m= = 0.4.
Ym = .Uy% + (m — %) Sy% + %H(ﬂyi m(m — 1;$m ~0.5) 83y%
e 13 er 32 (04— 0.5)(19) + 0.4(0.24 —1) (12 ;L 18)

N 0.4(0.4 — 1)(0.4 - 0.5) ©

6
Vou =225+ (—=1.9) + (—0.12)(15) + 0.024~= 22.5 - 1.9 — 1.8 + 0.024.

Stirling’s formulas Ay 38 al) il i fma
Its general formula ;-  Zalall e
m? m(m? — 1) m?(m? — 1)

Ym = Yo + mudy, + ?52)’0 + ué3y, +

3!

X y ) 52 53 5%
0 5
1
1 6 6
7 6
M9 | e
3 32 18 0
37 6
4 65 24
61
5 130
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2 2_1 2 2_1
Ym = Yo +mudyo +%52)’0 +%M5‘3)’0 +5 (";, Lty + -
7419\ (04)2  0.4((04)2—1)/6+6
y2_4=13+(0.4)( > >+(2) (12) + (« 6) )( > )

Vo4 = 13+ (0.4)(13) + (0.16)(6) + (0.4)(—0.84) = 13 + 5.2 + 0.96 — 0.336.
v, . = 18.824.

To find the function

Xm — Xo x—2
e =
n m="

m =

1) &3S sl G fna

1 mim—1 m(m— D(m = 0.5
Vm = Uy + (m——> 6y1+¥u52y1+ ( a )533@
2 22 2 2! 2 3! 2
mm*—1)(m—2
LI =D =2)

4! 2
Va2 = o 4 (x — 2 - 0.5)(19) + E2EIH(

12+18 (x—2)(x—3)(x—2-0.5)
)t

Vieo =225 + (x—25)(19) + (x—2)x —3)(7.5) + (x —2)(x — 3)(x — 2.5).

Vyp = 22.5 +19x — 475+ 7.5x% =237.5x + 45 + x3 — 7.5x% + 18.5x — 15.
f(x)=x3+5.

2) &3S al il i s
w m(m?—-1) m?(m? — 1)
7+19\ (x—2)2 x—2)((x—2)2—1) 6 +6
yx_z=13+(x—2)< 5 )+( 2)(12)+( )((6 ) )< 2)
Vs =134 (x —2)(13) +6(x? —4x+4)+ (x —2)(x* —4x + 4 — 1)
v, {o)=%3 + 13x — 26 + 6x% — 24x + 24 + x3 — 6x% + 11x — 6.

f(x) =x3+5.

Example 7:
Find f(1.1) and f(1.5)of the following table use the forward difference.
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JVI Jasdl - asldl él> 0 - Sxac Jud=i o> (3.9g9 2wl N
Olowl=l powd - piapdl (ol /a8 ,.2)l polel) au il adS — slasy asol>
x |2 -1 10 1 2 3 4 5
y |[15]0 |1 jo 15 80 255 624
Solution:

Table of the forward difference. Besssl’s formulas 438 el Jow e
Its general formula :- Aalall dizpa

m(m 1) 52}7 m(m-1)(m-0.5) 53}7
31

Ym ,uy1+(m——)6y1+

m(m—1)(m—-2)(m—3) 18

2 2

4! yE'
X y 5 52 53 5%

-2 15
-15

-1 0 14
-1 <12

0 -1 2 24
1 12

1 0 \)5 A4 \3 //24

~ ~

2 15 - 50 24
65 60

3 80 110 24
175 84

4 255 194
369

5 624

m:xmh_—xo som=21"1—0.1,
1 m(m—1 m(m—1)(m— 0.5
ym=un+<m——>6yz+¥u52yz+ ( i ) 52 8%y1
2 22 2 2! 2 3! 2
m(m* —1)(m — 2
(D)
. 2

59




S

JoVI Jasll - aslidl al> 0 - Syac Jud=o Juo> (8x995 gu,l .1
Olowl=l punid - piapdl ool /a8,0)l pglel) du sl &S — slag asel>
0415 0.1(0.1 —1) /14 + 50
0.1(0.1-1)(0.1—-0.5
+ ( ;( ) (36)
4 (0.1)((0.1)2 - 1)(0.1—-2) (24 + 24)
24 2 '
m= @ =>m= 1'51_1 = 0.5.
0+ 15 0.5(05—-1) /14450
yis =—— + (0.5 - 05)(15) + ( _ ) ( . )
0.5(0.5-1)(0.5—-0.5
+ ( g( ) (36)
N (0.5)((0.5)2 = 1)(0.5—-2) (24 + 24)
24 25 ¥
v, 5 = 4.0625.
Stirling’s formulas 4 8 pal) il i ke
Its general formula ;- Aalall diava
m? mim? -1) m?(m*-1) _,
Ym = Yo +muoyo +—-0%yo + > K07y + 2 6%yo + -
X y ) 52 53 5*
-2 15
-15
-1 0 14
-1 -12
0 -1 24
AT 2
1 0 4. PEVIS g s
2 15 50 24
65 60
3 80 110 24
175 84
4 255 194
369

60
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3) 624

m? m(m?—-1) m?(m? — 1)y

Ym = Yo +mudyy + -0y +—————u8%yo + 2 0%yo + -

1415 0.1)? 0.1((0.1)%2 — P12 + 36
y1a =0+ )+( ) (14 4 220D )( )

22((0 1)? i) ) ’
0.1 . —
+( ) Y (24)

v11=0+0.84+0.07—-0.396 —0.0099 = 13 +5.2 + 0.96 — 0.336
Y1.1 - 04641

1415 0.5)2 0.5((0.5)2 —1) /12 + 36
y1_5=0+(0.5)( )+( ) (14) + (05 )( )

22 , 2 6 2
(0.5)%((0.5)* - 1D
+ Y (24)
Y15 = 4.0625
To find the function
Xm — Xo x—1
m = = m = =x-1
h

1) Sl na

1 m(m—1 m(m—1)(m— 0.5
ym=uy1+<m——>6yz+¥u52yz+ ( i )533@

2 2 2 2! 2 3! 2

mm? —1)(m -2
(O =D)L
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0+15 -1 -2 14450
Va1 = o+ (x — 1 - 0.5)(15) + ZED (250

(x—1)(x—2)(x—1-0.5) (x—1)((x—1)%-1)(x-3) [24+24
6 (36) + 24 ( 2 )

Yee1 =75 +(x—15)A5)+ (x—1D(x—-2)16)+ (x—1)(x—2)(x — 1.5)(6)
+ (x3 —3x%+ 2x)(x — 3).

Vo1 = 7.5 +15x — 225+ 16x? —48x + 32 + 6x3 — 18x2 + 12x — 9x? + 27x
— 18+ x* — 6x3 + 11x? — 6x.

fx)=x*—1.
2) 4338 pall il yiiaw e
m? m(m*—-1) . mm*-1) _,
Ym = Yo + mudyo +—r0yo + o H07Yo 2 6%yo + -
1+ 15 x —1)2 x—1((x—1)2—-1) /12 + 36
yx_1:O+(x—1)( >+( )(14)+ « ) )( )
22 , 2 6 2
(x—D*((x—D* - 1)
4
+ 242 (24) 2
x* —2x%+ 1 x—1(x—-2x+1-1
yx—1:O+(x_1)(8)+f(14)+ ( c )(24)
+x2—2x+1(x2—2x+1—1) ”
24 (24)
(x — 1) (x? — 2x)
Vee1 =0+ 8x —8+7x%—14x+ 7 + c (24)

%> —2x + 1(x? — 2x) "
7 (24)

Vo1 = 8X% 8+ 7x% — 14x + 7 + 4x3 — 12x% + 8x + x* — 4x3 + 5x%2 — 2x
yx—1:x4_1-

Homework Find £(20.3), f(24.8), f(23.2), f~1(19), f~1(13) of the following
table use the forward difference and find To find the function .
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x| 0[5 10 [15 [20 [25
yl7]11 [14 |18 [24 [32

Homework
Find
f(1.1),£(0.4), f(=0.1), f(3.8), f(1.5), f (4.1), f(5.3), f (—=1.2), f (1.7), f*(T0), f !

of the following table use the forward difference and find To find the function .

-110 1 2 3 4
y 10 |-1 0 15 80 255

X
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) =
e, e . S0 S ———

Chapter Five _%

R e s :sa(r-gée-

Numerical Derivation and Numerical Integration

Numerical derivation: ) (saisy)

o ClBEIAY) £ ol 1 LAY (e A ) &) il D6 Gl
-1 g2l @ESY) (Numerical Derivative): wsd xie dlall dad (8 juadl) Jaadialanl aoding
laa e JS5 JAaY) i,
-2 ol Baiiy) (Partial Derivative): (e aaiad Al Al 8 il gase e J soaadl aaatiog
e (e S,
-3 S sEnsy) (Self Derivative): (8 Lemdi e adiai dly G il Baee e J gaall aading
3 Sha dglae,

1.1 Numerical derivation when points are notegual in dimensions
1.1 S B & gluia Jalhil) ¢y 0S5 Y Ladic gasad) (glESEN])

X1 Xq,X g0, X

If we have m +1points m“that are unequal dimensions and let f
have a real and continuous functionsand are derivable in interval [a, b], the
convergence the function f to Lagrange polynomial which The general formula,

Sy A gldia e bl iy X0 XL K27 X m Ll m 4 1lual S V3£ aAllB 58 paina 5 i A3

3yl A LgBlad) Sy g SN[ @, b A e ol yBY) L8 f Aauall (g3l i) )SY 3 50 da2te e
YONPS|

Pr() = Zf(x)]_[ )
! (x] —Xp
li]

We can find-derivative of Lagrange polynomial using known derivation rules and
make up the points needed to find their derivative.
e ) sl Lalal) 1 6K 9 A8 5 paall (BLELEY) 2o 8 aladiuly il SY 3 s Baaste ddida alay) Wikay
Example 1 :
find f(1.67), f"(3.28), f ¥ (6.5) of the following table by using Lagrange
polynomial

X [-1 0 2
y |0 1 9
64
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Solution:
S - x)
P,(x) = Zf(xj)ﬂm
j=0 t=0
i£j
(x —x1)(x — x3) (x — x0)(x — x3)

P,(x) = f (x0) +f(x1)

(o — x1) (Xo — x2) (1 — x0) (X1 — x3)

(x = x0)(x — x1)

+f((x 2)(%( o e -0
x+1)(x — x+1)(x —
x2—x—-2 9(x*+x)

-T2 "7 s

P(x)=x*+2x+1=f(x) =x2+2x+ 1= f'(x)=2%+ 2
= f'(x) = 2x + 2 = f'(x) = 2(1.67) + 2 = 534

=S f=2=fx=2=fOx) =0=f20.

"(3.28) =2, f®M(6.5) =0

1.2 Numerical derivation when points‘are equal in dimensions
Aa¥) (A A glaia Jalil) ¢ 9SS Ladie (g aaadl (3LELENTT.2

XO’Xl’XZ’“.

If we have m + 1 points % that are equal dimensions between them
and let it be h such that x,,, = xg+ mh If required find the derivative we calculate it
Ll QS 13 m + 1 S5 Laglg Sbad W 4o sl Ll () s 3 38l Jsha iy = 2 + mh O g
ek LaS L AELL))

dm

m=(x —x9)/h = x = xy, + mh, dx=hdm:>§—;=h=> =

1
dx h'

dy dy dm dy 1 dy

—_— f_— : — .
dx dm \dx dx h dm
Thefofmuta 5—; can be obtained from deriving the previous Interpolation formulas
aall e Jpasll (Sa j_yli_q_,u\ Il y\&éu"\ il e
m
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a- Forward differences  dwesiil) <8 g il

m(m-1)
2!

m(m-1)(m-2)
Ayg + == A3y, +

f(x) = f(xo + mh) = yo + mAy, +
m(m—-1)(m-2)(m-3) A4

" y0+..._

m? m N m3 —3m? 4+ 2m 5

y=yo+mAyo+(7—7)Ayo+ c Ay,
+m“—6m3+11m2—6mA4 N
o4 Yo .

Y _ L2y o m? NEN m? 3m2+11 L s
G = Ao+ (M =)0y + (- —m+ )0y + (¢ r T PAY
dy _ 1 dy
dx h dm’ , 5 )
a _1 Y m-_ G m-_3m” 11 _
gx—h-(AJ’o‘F(m Z)AYO+(2 m+3)Ay0+(6 2 +12m
Z)A4J’o + ), (1)
ifm=0,
d 1 d 1 1 1, 1
é:z.ﬁzz.(Ayo‘i'EAzyo +§A3y0 _ZA4yO +"'). ....... (10).
Example 3 :

Find f'(18.4), f'(18.8) f'(19.2) of the following table by using Forward
differences .

X 18 19 20 21 22

y 10.8894 |12.7032 | 14.7781 |17.1489 | 19.8550

Solution:

Useé the'Forward differences .
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X y A A? A3 A*
18 10.8894
1.8138
19 12.7032 0.2611
2.0749 -2.336
20 14.7781 -2.0749 9.4878
0 7.1518
21 14.7781 5.0769
5.0769
22 19.8550
_ Xm — Xo _18.4—18_
m= . >m= 1 =04
dy 1 Ave 4 1AZ N m? +1A3 i m3 3m+11
— Dby, ).
dy 1 1 (0.4)2
2 =2.(18138)+ (0.4 - —) 0.2611) + — (0.4) + (—2.336)
dx(18.4-) 1 2
(0.4)3 3(0. 4)2
( c 7 (0 4) — —)(9 4878)).
d
% = (1.8138) + (—0.1)(0.2611) +(0.08 — 0.4 + 0.3333)(—2.336)
(18.4)
+ (0.0007— 0.12 + 0.3667 — 0.25)(9.4878)).
%(184) — (1.8938) = (0.02611) — (0.0304) + (0.0702) = 1.82749 .
X~ _188-19 _
m= N = m= 1 =—0.2
dy 1 . 1AZ N m? +1A3 N m3 3m2+11
E_E'( Yo (m_E) Yo (7—"1 §) Yo (?— - Tm

Laa
_Z)A Yo+ ).
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dy 1 1
- =—.(2.0749) +( (-0.2) — = (—2.0749)
dx(18.8) 1
(—0.2)?
+ > — (- 02)+ (7.1518).
dy
— = (2.0749) + (—0.2 — 0.5)(—2.0749)
dx(18.8)
+ (0.02 + 0.2 + 0.3333)(7.1518).
&y = (2.0749) + (1.4524) + (3.9570) = 7.4843 .
dx(18.8)
Xm — X 19.2 -19
dy 1 Av 4 A2y 4 m? +1A3 N ms 3m+11
Ix_ h .(Ayo + (m ) Yo ( m ) Yo (_ 4 12m
DA+,
av 1 (2.0749) + ((0 2) 1)( 2.0749)
dx(19.2) 1 . 2 .
(0.2)2 1
+ 2 — (0. 2)+ (7.1518).
d
% = (2.0749) + (—0.3)(+=2.0749) + ( 0.02 — 0.2 + 0.3333)(7.1518).
(19.2)
&y = (2.0749) + (0.6225) + (1.0964) = 3.7938.
dx(19.2)
Homework

Find the function f"(0:820), f'(0.840), f'(0.860)of the following table use the
Forward differences .

X [0.800 |[0.850 |0.880 |0.890 |0.895 |0.898 |0.899
y 10.717410.7513 | 0.7707 | 0.7771 | 0.7802 | 0.7821 | 0.7827

b- Backward differences sl i) culd g il
f(x) = f(xo + mh) =y, + mVy, + mim+)

m(m+1)(m+2)(m+3) o4
" V yo + ces

m(m+;)'(m+2) V3

V23y, + Yo +
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m? m N m3 + 3m? 4+ 2m R
y=yo+mVyo+(7+3)Vyo+ c Vo
+m4+6m3+11m2+6mv4 N
24 Yo
dy—v + +1V2 + mz+ +1V3 + m3+3m2+11
G = VYo (T 2)y0(2 m3)y0(6 2 Tm
+ DV +
dy _ 1 dy
dx h dm’
dy

dy _ 1 12 m? 13 m® 3w’ 11
—h.(Vy0+(m+2)Vy0+(2 +m+3)Vy0+(6+ " +12m+

(ilx

VYo + ) (2)

ifm=0,

d 1 d 1 1 1 1
£=Z.ﬁ=z.(Vyo+EV2yo +§V3y0 +ZV4yo+---). ....... (20)

Example 4 :Find the function f'(1.41), f'(.38), f'(1.32)of the following table
use the Backward differences .

X 1.1 1.2 1.3 1.4
y 0.4860 ,-|08616 | 1.597/5 |3.7616

Solution:
Use the Backward_differences”.

X y % V2 V3
T4y | 0.4860
0.3756
12 108616 0.3603
0.7359 1.0679
13 | 15975 1.4282
2.1641
14 |3.7616
X, — X 141—14 001
m=—y TM™=7091 "~ o1
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dy _1 Vyo + +1v2 + m2+ +1v3 m3+3m2+11
+?W%+m)
dy
— 2.1641 +(01+ ) 1.4282
0.1)? 1
+<( 2) + (0.1) + )(10679))
dy 1
— = —.((2.1641) + (0.6)(1.4282) + ( 0.005 + 0.1 + 0.3333)(1.0679)).
dx(1.41) 0.1°
d 1
d =—.(2.1641 + 0.8569 + 0.4681) = 34.891.
dX1.41 01
(1.41)
Xm — Xo 1.38—1.4 —0.02 1
= — = = = —0.
m h m 0.1 0.1
dy _1 Vyo + +1v2 + mz+ +1V3 + m3+3m2+11
2~ 7 Wt (m+ Vo + (- +m Wy + (—+ ——+5m

1
+ Vo + )

dy
dxoss ~ 01 ((2 1641) + (( 02) $ ) (1.4282)
2
—-0.2
+<( > ) +.(—0.2) + )(10679))

d
cd .((2.1641) + (0.3)(1.4282) + (0.02 — 0.2 + 0.3333)(1.0679)).
dx(1.38) 0 1
d 1
cd =—. (211641 + 0.4285 + 0.1637) = 27.563.
dx(1.38 0.1°

(1.38)

x5\, 13213 _002_

= - = = U.
M on m 01 01
dy Y1 , m? 5 m3  3m? 11
R (Vy0+(m+—)V Yo +(—+m+—)V Yo + (—+ 2 T ™

F DV + )
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dy 1
— =—.((2.1641 0.2+—=(1.4282
(0.2)? 1

+ > + (0.2) +§ (1.0679) ).
dy 1
— = —.((2.1641) + (0.7)(1.4282) + ( 0.02 + 0.2 + 0.3333)(1.0679)).
dx(1.32) 0.1
d
cd —.(2.1641 + 0.9997 + 0.5905) = 37.543.
dX(l_gz) 0.1
Homework

Find the function f'(0.085), f'(0.040), f'(0.090)of the following table use the
Backward differences .

x {0.001 [0.002 |0.005 |0.010 |0.020 06050 |0.100
y [0.6250 | 0.6225 | 0.6220 | 0.6215 | 0-621570.6214 | 0.6206
c- Central differences 43S yall cild 4 541
i-Besssl s formulas A4S sall Juu cild g all
1 m(m'cA m(m—1)(m—0.5
=+ (m = 5) 4 Ty, + R,
m(m? — 1)an = 2
+ ( 4')( ),u64y1+
1 m?—m m3 —3m? — 0.5m
y=uy1+<m—§)5yz+ S u8ZyL+ — 83y
+m4—2m3—m2—2m -
dy—6+ 162+m2 m+153+m3 m” m+1 5*
ams 73 (m 2)“ Vit (=g R0yt G — TRy
+..
dy _1 dy
dx h dm
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1 1 13 1
==, == E.(c?y% —Eu52y%+ﬁ 5y%+ﬁu54y% + 0.

Example 5 :
Find the function f'(4.5), f'(3.5), f'(4.9), f'(3.1)of the following table-use’the
Besssl’s formulas differences .

X |2 4 6 8
y |56 126 268 530
Solution:
use the Besssl 5 formulas .
X y 5 52 53
2 56
70
4 126 72
142 48
6 268 120
262
8 530
m = m=%o =>m=4'52_4=02;5=0.25.
dy_16+< 1)52_|_m2 m+163+m3 m? m
ax O 1m 2ROVt g m gt ROt G T g
oy 5
+12)u5 y%+ )
dy 1 72 4+ 120 (0-25)* (0. 25)
— = 142 0.25-0.5 (—) 48
Trs =3 04D+ ( ) (5 +( . 4 ) (48)
dy '\l
— =.(142 — (0.25)(96) + (0.03125 — 0.125 + 0.0833)(48))
dx(4_5) 2
dy 1
— ~.(142 — (0.25)(96) + (—0.01045)(48))
dX(4_5) 2
1
2

.(142 — 24 — 0.5016) = -.(117.4984) = 58.7492.
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_ Xm — X _35-4 05
m= - = m = S =, = 0.25
D21 ((a2) + (~025) - 05) (72 i 120)
dX(3.5) B 2. ( ' ) . 2

(—0.25)2 ( 0. 25)
+ ( > > (48)

dy 1
— =—.(142 - (0.75)(96) + (0.03125 + 0.125 + 0.0833)(48))
dxs) 2
dy 1
— = —.(142 — (0.75)(96) + (0.2396)(48))
dX(3_5) 2
2l =1 (142 — 72+ 11.5008) = . (81.5008) = 40.72504.
dx(3.5) 2 2

_ Xm — X _49-4 09
m = h =m = =5 = 0.45
Yo _1 (42 + (045) - 05) (72 A 120)

(0.45)2 (0. 45)
+ ( OB e

dy 1
— =—.(142 — (0.05)(96) + (0.10125 — 0.225 + 0.0833)(48))
dx(4_.9) 2
dy 1
— = —.(142.-40.05)(96) + (—0.04045)(48))
dx(4_9) 2
Lo =1 (142%4.8 — 1.9416) = =.(135.2584) = 67.6292.
dx(4_9) 2 2

Xl X _31-4 —-09
m = h = m = =, = 0.45
D 21 (142)+ (045) - 05) (72 i 120)
dx(g_l) 2 ( ) 2

(-045)* _(-045)
+< . : >(48)>

73




S

JoVI Jasl - asll @l> o - Ssac Jul= o> (6895 aul o]
lowll pod - pinpdl ol /88 ,0)l polell du,il @S — slags asols

%. (142 — (0.95)(96) + (0.10125 + 0.225 + 0.0833)(48))
dy 1
ok (142 — (0.95)(96) + (0.40955)(48))

Lo =1 (142-91.2+19.6584) = +.(70.4584) = 35.2292.
dx(3.1) 2 2

Homework

Find the function f'(0.025), f'(0.045), f'(0.03) f'(0.04)of the follgwing table use
the Besssl’s formulas differences .

X001 [0.02 ]0.05 |0.10
y 1 0.6215 | 0.6215 | 0.6214 | 0,6206

ii- Stirling 5 formulas 4338 yall &l fiw cild g il

m? m(m? — 1) m?(m? — 1)
y=y0+mu5y0 +752y0 +T#53}’0+ 21 54}’0"’"'
m? m? —m m* —m?
Y = Yo +musyy + —= 82y, + —u8%yo + ———8*yo + -
dy 2 m® A 3 m’ m 4
%—u5y0+m5 y0+(7—g)ll5 yo+(?—ﬁ)5 Yo+ -
v _1 4y
dx h ‘dm’ , 5
d 1 1
2= = (uByo +T82Y, + (o — DSy + (- — )84y + ). (B)
ifm =0,
1 L sy — L us3 v 4 e 40
dx_h'ldm_h'(ﬂ Yo — ZH6>Yg ) P (40).
Example 6 :

Findithe function f'(1.022), f'(1.018)of the following table use the Stirling’s
formulas differences .

X 1 1.01 1.02 1.03 1.04
y 3.10 3.12 3.14 3.18 3.24
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Solution:

use the Stirling’s formulas differences.

X y 5 52 53 5*
1 [3.10
0.02
1.01]3.12 0
0.02 0.02
1.02 | 3.14 0.02 0.02
0.04 0
1.03[3.18 0.02
0.06
1.04 | 3.24
m = xm}:xo — = 1.0222—1.02 _ 0.(;02 — 0001
dy—16+52+m2 63+3m64+
dx—h-(li Yo + m&“y, (2 6)# Yo (6 12) Yo ).
dy 1 0.02 + 0.04 (0.001)2 1\ /0.02+0
— = . 1001)(0.02 -~ (==
dx.022y 0.01 (( 2 >+(000 XOOH( 2 6( 2
(0.001)37¢0.001)
+< — ¥ (—0.02)

dy
dx(llozz) O 0N
+ (1.6667 * 10710 — 0.000083)(—0.02))

-(€0.03) + (0.001)(0.02) + (0.0000005 — 0.1667)(0.01)

dy
— 0.03 4+ 0.00002 0.1666995)(0.01
dx(l_ozz) O 01 ( + T ( )( ))
ay =—.(0.03 + 0.00002 — 0.001666995) = — (0 028353005) =
dx(1.022) 0.01
2.8353005.
o= M o 1.018-1.02 _ -0.002 _ —0.001.
h 2 2
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Y _ L iy, + mo? +m2 )16 +m3 )6y, +
dx—h-(u Yo + m&“y, (2 6)# Yo (6 12) Yo ).
dy 1 0.02 + 0.04
Tcrons ~ 00 1(( > )+(—0.001)(0.02)

(—0.001)% 1) ,0.02+0y ((=0.001)> (-0.001)
+< 2 _E>< 2 )+( 6 12 >(_0'02))

dy _
dx(1.018) 0.01
+ (—1.6667 x 10710 + 0.000083)(—0.02))

.((0.03) + (—0.001)(0.02) + (—0.0000005 + 0.1667)(0.01)

dy

il = ——.(0.03 - 0.00002 + (0.1666995)(0.01

dx(1.018) 0.01 ( + )t ))

2l = —.(0.03 — 0.00002 + 0.001666995) = ~-—(0:031646995) =
dx(1.018) 001 001

3.1646995 .

Homework

Find the function £'(0.63), f'(0.54), f'(0.69);¥/(0.58)0f the following table use the
Stirling’s formulas differences .

X 0.2 0.4 0.6 0.8 1
y 0.9799 [0.9178/ -/ 0.8080 |0.6386 |0.3843

Numerical Integration asad) Jalsil)

e JalSil Ay 55 i e |yl A8KT A 50 a (saaad) JalSil),

g2l JalSill sagae o llia:

1- JalSill 4aall Aol Ale 5 giall axe

2- Ciigs e AV Aliagg e oS5 8 Al (S AiSan aEa) JolSil dagd alag) dolee ()5S Ladie
Jish.,

3- aill J g2l gl JalSall Als iy jas oSy,

To find theyvalue of Numerical integration, the function can be written in the
form,of a power series as follows:

LS (568 Aldiite IS e Al AU Sy (saae]) JalSill Ao sl
f(x)=cy+ci(x—xg) + co(x —x9)? + c3(x — x0)3+... +c,, (x — x0)"+...

If the closed interval [a.b] is a continuous on the function and be within the

convergence of the series, we get 4alaall 3 jiall Cul< 13 [a,b] ol aca s Al e dlaia
Lo Joan dluduidl
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b b b b
If(x):f f(x)dx = cof dx+c1j (x—xo)dx+c2f (x — x9)? dx
a b a a a
+C3J (x — x0)3 dx+...
a

b

+cnf (x — xo)"dx+... = Zcin(x—xo)idx

a =0
Example 1 :
Find the approximate value of integration fol

cos(x)
= dx for fourderm,

2 4 6
Solation :cos(x) =1 —=+=—= + ...
20 " a el

; _jlcos(x)d _fll . x2+x4 x6+ .
= ) T T T 2 a6l x

Jx 20 4l 6l
5 9 1o\ |
5 1 X2 X2 X 2
- X2 = 5 + 11\ 13
2.3) o4N3) 6. (3) )
=2 1+ 1 . + ... = 1.809045584 = 1.8090
~ % 57108. 4680 - -

Example 2 :
Find the approximate value of the determinate integration of the interval [0.5,2.5],

(foz_'ss f(x)dx) orrthe function defined in the following table.

X ]0.05 0.10 0.20 0.26
y |0.05 0.0999 0.1987 |0.2571

Solation/:

| x |y |A=V=24§] A? | A3
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0.05 0.05
0.9980
0.10 0.09999 -0.0667
0.9880 -0.1200
0.20 0.1987 -0.0919
0.9733
0.26 0.2571
fxm) = Ym
= Yo + (x = x0)Ayy + (x — x0) (x — x1) A%y + (x — x0) (x — %) (¥~ x2) A%y,
+ o

£(x) = 0.05 + (x — 0.05)(0.9980) + (x — 0.05)(x — 0,19.0.0667) + (x
— 0.05)(x — 0.1)(x — 0.20)(—0.1200)

f(x) = —0.119x% — 0.025x2 + 1.004x

2.5 2.5
Irey = 5 f(x)dx = ., (—=0.119x3 —0.025x2 + 1.004x)dx
0. .
_ 4,2.5 3 2.5 2 2.5
_ 0.119x _ 0.025x 1.004x — _00299
4 0.5 3 0.5 2 0.5
Homework

1- Find the approximate value of integration ffji—de for four .
2- Find the approximate‘value of the determinate integration of the interval [2,3],
(f;f(x)dx) on the function defined in the following table.

x |0 |1 |2 [3 |4
y |1 |2 |9 |28 |65

Newton-Cotes Formulas (i s5-(5i g fama

Newton-Coates formulas are the most important methods of numerical integration.
33 JalSil) (3 )k ) (e 5S- (5 08 fpna ind

a- Trapezoidal Rule. i adal) 40l 52l
Let n Number of partial interval (sub-interval) and h = b;—a.

oﬂnj(gﬁ\a\ﬂ\)@pm\ﬂ\mh:”n;a.
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When n=1 then The trapezoidal rule of integration f(f f(x)dx is

OsS Laien=1a o aiall and JalSil) sacld ol

Whenn=1, [7f(@)dx = (f(@)+f(®), h="7"
b—-a

When n=2 , [7 f(x)dx = 2(f(a) + 2f (a+h) + f(B)), h==°

2
When n=3 , [ f(x)dx = g(f(a) +2f(a+h)+2f(a+2h)+f(b), h's
b-a

3
Then the general formula of the trapezoidal rule
Caaiall 4ud 3ae 8 Aalal) daeall

[} f)dx =2[f(@) + 2f @+ h) + 2f (a + 2h) + 2f (a + 3R %+ +
2f(@+(m—Dh)+f(B)], h=="2
[} fOodx = 2[f (@) + 2553 f(a + ih) + £ (b)] + EAChY:

Er(h) is The error formula for the trapezoidal rule$\ E7(h) = _1—’jf”(/1) ,a<A<b

8 yaial \Msmw&ﬂ\w"'w P

Example 3 :
Find the approximate value of integration ff % dx by using the trapezoidal rule when
n=4
Solation :
[i2dx =nx|? =n2 - In X2 = 0.6931 ,h=—"=2==0.25.
X n 4
X 1 1.25 1.5 1.75 2

y=f@) |1 |08  |06667 |05714 |05

[} fdx = 2[f@) + 235, f(a +ih) + F(B)] + Er(h).
b
f f(x)dx = g[f(a) +2f(a+h)+2f(a+2h) +2f(a+ 3h) + f(b)]

21 0.25
j ;dx =— [1+2(0.8+0.6667 + 0.5714) + 0.5] = 0.6970
1

e, =10.6931 — 0.6970| = 0.0039.

Example 4 :
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Find the approximate value of integration folo 3x2dx by using the trapezoidal
rule when n=10

Solation :
10, 2 _ 3110 _ _b-a _10-0 _
fo 3x%dx = x3|3° = 1000 ,h= —=-—=1
X 0 1 2 3 4 5 6 7 8 9 10

f(x) |0 1 12 |27 |48 |75 [108 |147 1192 | 2437 300

[} fOodx = 2[f (@) + 255, f(a + ih) + f(B)] + Er(h).
b
j f(x)dx = g[f(a) +2(f(a+h)+ f(a+2h)+ f(a+3h)+"f(a+9h))

+ f(b)]
10 1
j 3x2dx 55[0 +2(3+12+27+48+ 75 K108 4 147 + 192 + 243) + 300]
0

= 1005
e, = |1000 — 1005] = 5.
Homework
Find the approximate value of integration | °_L_dx by using the trapezoidal

1 Vx+2
rule when n=10

b-Mid-point Rule  Jaw s Aadil) 3318,
Let n Number of partial interval (sub- interval) and h = bn;a.
oSN 5 (o ) el il s jad) il sse 7 f (o) dox s
When n=1 therkThe Mid- point rule of integrationf;f(x)dx is
S Laien=1 & JalSill o gl ddadil) 3ac 8 )l

ifn=1 =2 f(0dx = h(f(a+2), h="2

b 1 3 b—
525 [ f(0dx = h(f(a+5h) + fla+2h), h=""

2
b—a

Ifn=3= [ f)dx = h(f(a+sh) +fla+3h) +fla+2h)), h==2

Then the general formula of the Mid- point rule:- (Ao sl akaaill 3ac 18] dalall d3pall
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flrosacas(oe o) s (o i) r (oo )
(2n—-1)
+f<a +Th>) + Es(h),

[} feodx = h¥, fla+Z52h) + Ey(h).

E);(h) is The error formula for the Mid- point rule Ey (h) = %f”(ﬂ) ,all B <b
@}\Mﬂ\ﬁmw&ﬂ\@a@

Example 5 :

Find the approximate value of integration flz i dx by using the\Mid- point rule when
n=4

Solation :

ffidx =lnx|?=m2—In1=Im2=06931 h= "n;“ =21 =025

4

X 1.125 1.375 1.625 1.875
y = f(x) | 0.8889 0.7278 0.6154 | 0.5333

jbf(x)dx—hZf( — 1 >+EM(h).

a

3 5 7
j f(x)dx = h[f(a+§h) +f(a+§h) +f(a+zh) +f(a+§h)

1
j —dx = (0.25)[0.8889 + 0.7273 + 0.6154 + 0.5333] = 0.6912
1
=10.6931 -0.6912] = 0.0019.

Example 6y

Find the approximate value of integration folo 3x2dx by using the Mid- point rule
when n=6

Solation :

[, 3x2dx =% = 1000 h=""=22=1,

10

12 |3/2 |52 |7/2 |92 [11/2 |13/2 |[15/2 |17/2 | 19/2

X
f(x) 10.75]6.75]18.75]36.75|60.75 ] 90.75 | 126.75 | 168.75 | 216.75 | 270.75
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b 10 .
L Fl0)dx = hZf(a + (212 Dy 1B,

jbf(x)dx ~ h[f(a PR @)+ Fa+2h) 4+ fa +£h)]
a B 2 2 2 2

10
j 3x2dx = (1)[0.75 + 6.75 + 18.75 + 36.75 + 60.75 + 90.75 + 126:75
0

+168.75
+216.75 + 270.75] = 997.5
e, = |1000 — 997.5| = 2.5.

Homework Find the approximate value of integration ff\/%dx by using the Mid

-point rule when n=10

C- SiIMPson’s Rule (s gusam 318
This rule deals with even interval (i.e n =2,4,6,8;.).) When n=2 then The

Simpsons’rule of integrationf:f(x)dx ,
1) Ao 530 O il aa saclall 038 Jalain = 204%6,8,...) 05 Ledien = 2 Aalal) JalSill sacld ()
O smsans Alilay

, b—a b h
if n=2 then h = —— = j FEE 2 3 (f(@) + 4@+ h) + f(B))

, b—a g
Lfn=4,thenh:T=>J- f(x)dx
a

>~ g(f(a) +4f(a+h)+2f(a+2h)+ f(b))

b~ a

, 6

j f(x)dx Eg(f(a) +4f(a+ h) + 2f(a+2h) + 4f(a+ 3h) + 2f(a + 4h)

+4f(a+ 5h) + f(D)).
Then'the general formula of the Simpson’s rule
() goutans sac el dalall :\.Q.».a]\ (‘;3

[f n=6, then h =
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b
f f(x)dx Eg[f(a) +4f(a+h)+2f(a+2h)+ -+ 2f(a+ (2n—2)h)

+4f(a+ (2n— 1Dh) + f(b)]
b
f fx)dx = g[f(a) +4(f(a+h) + fla+3h) + -+ f(a+ (2n—1h))
) +2(f(a+2h) + f(a+ 4h)+ -+ f(a+ (2n — 2)h)) + f(b)]
i +Es(h)
J, fdx = Z[f(@) + 4%, f(a+ (2i — D) EI5 f(a + 2ih) + LB+ Es(h)

Er(h) is The error formula for the Simpsons’rule be Eg(h) = h—sf(“)(e) ,a<6<

90
b
yussans 52c\dl Uadl) dapa o
Example 7 :
Find the approximate value of integration flz i dx by using the Simpsons’rule when
n=4

Solution:-
[[rdx=Inx2=In2—In1=mn2=0693 h=""=2"=025
X 1 [1.25¢ N5 175 |2
v=f(0) |1 |08~ 06667 |05714 |05
b h [ n . n—1 .
L fOdx = 2| f(a) + 4Zf(a '+ (20— 1)h) + 2 Z fa+ 2ih) + f(b)]
+Es(h) -
b h [ 2
j fOdx = 2| Fd) 4Zf(a +(2i— D) + 2f(a + 2h) + F(B) | + Es(h)

b
f(x)dx Eg[f(a) +4(f(a+h)+2f(a+3h)) +2f(a+ 2h) + f(b)]

—

a

21 0.25

j Sdn,= — = [1+4(08 +0.5714) + 2(0.6667) + 0.5] = 0.6933
1

e,]0.6933 — 0.6933| = 0.0003.

Example 8 :
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Find the approximate value of integration folo 3x2 dx by using the Simpsons’rule
when n=10

Solution:-
[°3x2dx =23 = 1000 h=""=1"=1
n 10
X 0 11 J2 |3 |4 5 6 |7 |8 |9 |id
fG) |0 |1 |12 |27 0548 |75 |108 |147 | 192 | 243 (7300
b h n n—-1
f Flo)dx = §(f(a) n 4Zf(a +(2i— 1)h) + 2 Z fa+ 2ih) % f(b))
a i=1 i=1
+ Es(h)

[7 f(odx = % [f(@) + 4(f(a + k) + f(a+ 3h) + f(a + 5h)% f(a+ 7h) +
f(a+9h)+2(f(a+ 2h) + f(a + 4h) + f(a + 6Rh) + fad 8R) + F(b) ] .

10
1
j 3x%dx = 5[0 +4(3+ 27+ 75+ 147 + 243)+42(12 + 48 + 108 + 192)
0

+ 300] = 1000
Homework
6
;dx
Find the approximate value of integration *™VX +2 by using the Simpsons’rule

when n=10
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