Chapter one 2024-2025 Topological Spaces

Chapter One : Topological Spaces

Definition : Topology & Topological Space
Let X be a nonempty set and t be a family of subsets of X (i.e., t < IP(X) ). We say t
Is a topology on X if satisfy the following conditions :
1) X der
(2) fU,Vert,then UNVer
The finite intersection of elements from t is again an element of .
(3) IfU,et;aeA, then YpepUgoet VaeA
The arbitrary (finite or infinite) union of elements of t is again an element of .
We called a pair (X, t) topological space.

Remarks :

[1] The topological space (X, 1) is sometimes called the space X.

[2] The elements of X are called points of the space.

[3] When write t we said topology and when write (X, t) we said topological
SPace.

Example : Let X ={a, b, ¢}, 11 = {X, ¢, {a}}, = = {X, ¢, {a, c}},

13 ={X, ¢, {a, b}, {a c}} = {X, ¢, {a}. {b}.{a c}} and 5= {X, {a}, {b}, {a b}}.
IS T4, To, T3, T4, Ts tOPOlOQy ON X.

Solution : Notes that t; and 7, is topology on X since its satisfy the three conditions
of topology.

13 IS not topology on X since {a, b} N {a, c} = {a} ¢ w3 (i.e., the condition two is
not satisfy).

14 1S not topology on X since {a} |J {b} ={a, b} ¢ t, (i.e., the condition three is not
satisfy).

15 1S not topology on X since ¢ ¢ 13 (i.e., the condition one is not satisfy).

Example : Let X = {1, 2, 3, 4}. Let

[1] 7, ={0,X,{1},{2},{3},{1,2,3}}. Then, is 7, is a topology on X? (H.W)
[2] 7, ={0,X,{3,4},{2},{3},{1,2,3}}. Then, is T, is a topology on X? (H.W)
[3] 5 = {{1},{2},{1,2}}. Then, is 75 is a topology on X? (H.W)

[4] 7, ={0,X, {1},{2},{1, 2}}. Then, is 7, is a topology on X? (H.W)

[5] s =1{0,X,{1,2},{2,3},{1,2,3}}. Then, is 75 is a topology on X? (H.W)
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Example : Let X = {1,2,3}. Lett = {X, @} = I is atopology on X and is said to be
the Indiscrete topology.

Also, we have, [1]. X =R, t=1={Q,R}, [2]. X =Q,t=1={0,Q},

[38]. X =N, 7 =1 = {®,N}.

Example : Let X = {1,2,3}. Lett = {X,0,{1},{2},{3},{1,2},{1,3},{2,3}} =
P(X) = D is atopology on X and is said to be the discrete topology.

Also, we have, [1]. X =R, =D =1IP(R), [2]. X=Q,7t =D =1P(Q),
[3]. X =N, 7 =D = IP(N).

Remark : If X # ¢, then

[1] = ={X, ¢} is atopology on X and its the smallest topology that we can defined
on any set X and called Indiscrete topology and denoted by I. (i.e., | = {X, ¢}).

[2] t=1P(X) is a topology on X and its the largest topology that we can defined on
any set X and called Discrete topology and denoted by D. (i.e., D = IP(X) ).

[3] If tanytopology on XthenlctcD.

[4] =D ifandonlyif {x}et Vxe X

Example : Let X = N, 7 = {X,9,{1},E}. Is T a topology on X?
Solution : No, since {1} € 1, E ={2,4,6,8,...} e tbut{1} UE ={1,2,4,6,..} &

Example : Let X = R, T = {R, 0, Q, Irr}. Is T a topology on X?
Solution : Yes, since

(1) ROET,

2) OdNR=0Q0€eT,dNQ=0€1,0nlrr=0€T1,QNnlrr=Q €.
3) PUR=RET,....... (H.W)

Example: Let X = R, 7, = {R,8, (0,1], =} and let 7, = {R, 8, (0,1], (—=2,1)}. Is
7, and 7, topologies on R?

Solution : 7,is not a topology on R since (0,1] € 14, {_?1} € 17, but (0,1] U {_71} ¢ 1.
Also, T, is not a topology on R since (0,1] € 75, (—2,1) € 7, but (0,1] n (—2,1) =
(0,1) ¢ t,and (0,1]U (—2,1) = (—2,1] € 7,.

Home works :
[1] LetX = {a,b,c,d}, then
- Ist; = {X,0,{a, c},{d}} atopology on X?
- Ist, ={0,{c, d},{d},{c}} atopology on X?
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- Ist3 ={X,9,{a, b},{c,d}} a topology on X?
- Ist, = {X,®,{h}} atopology on X?
[2] LetX =N={1,23,....}, then
- Define the indiscrete topology on N.
- Ist; = {N,®,E, 0} atopology on N?
- Ist, ={N,9,{1,3}, 0} a topology on N?
- Ist3 = {N, 9, {2}, {4}, E} a topology on N?
[3] LetX = R, then
- Ist; = {R, 0,{—1},{2}} a topology on R?
- Ist, = {R,0,{—1}, (0,2)} a topology on R?
- Ist3 = {R, 0, (—3,1],[1,), (—3,)} a topology on R?
- Ist, = {R, 0, (—x, 2),[—1,5), (—», 5],[-1,2)} a topology on R?

Remark : there are 29 different topology on a set X contain only three elements.

If X ={1, 2, 3}, then all the following is a topology on X.

= {X, ¢} Indiscrete Top.,  ©={X, ¢, {1}}, w={X ¢, {2}}, ©w={X ¢ {3}},
5= {X, ¢, {1} {1, 2}},  w%={X, ¢, {1}, {1, 3}}, w={X ¢, {1} {1 2}, {1, 3}},
5= {X, 0, {2} {1, 2}},  w={X ¢, {2}, {2, 3}}, o= {X ¢, {2}, {1, 2}, {2, 3}},
= X 0, {31 {1, 33} we={X ¢, {8} {2,3}},  ws={X ¢ {3} {1 3} {2,
31 =K 0, {1 23} ws= X 9,{2,3}}, me={X, ¢, {1, 3}}, wr={X ¢,
{15 {2}, {1, 2} we= {X, ¢, {1}, {3} {1, 3}}, o= {X, ¢, {2}, {3}, {2, 3}},
0= X, &, {1} {2}, {1, 2}, {2, 3}, = {X ¢, {1}, {3}, {1, 3}, {2, 3}}, 1=
X9, {2} {3}, {2, 3} {1, 3}}  we= {X, ¢, {1}, {2, 3}}, = {X ¢ {2}, {1,
33 =X ¢, {31 {1, 3}, we={X, 0, {1}, {2}, {1, 2}, {1, 3}}, = {X ¢,
{1} {33, {1, 3}, {12} ws={X, ¢, {2}, {3}, {2, 3}, {1, 2}}, 0= {X, ¢, {1},
{2}, {3}, {1, 2}, {1, 3}, {2, 3}}=IP(X) Discrete Top..

Remark : If the number of elements of a set X four elements, then there are more
than deference four hundred topology on X.

Definition : Open set & Closed set
Let (X, t) be a topological space. The subsets of X belonging to t are called open
sets in the space X. i.e.,

If AcX A Aet = Aopenset
The subset A of X is called a closed set in the space X if its complement X\A is open
set. We will denoted the family of closed sets by ¥ i.e.,

If AcX A Ae¥F = Aclosed set.
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Example : Let X = {1,2,3}, 7 = {0, X, {1}, {1, 2}, {1,3}} be a topology on X. Then
[1] Is{2,3}isanopensetin X? No,since {2,3} ¢ t
[2] 1s{2,3}isaclosed setin X? Yes, since {2,3}¢ = {1} € 7.
[3] Find the family of all open sets.
Answer : {9, {1}, {1, 2}, {1, 3}} is the family of all open sets in X.
[4] Find the family of all closed sets.
Answer : ¥ = {X,0,{2,3},{3},{2}}.
[5] Is {3} open set? Closed set?
Answer : (H.W)
[6] Is @, X are open sets? Closed sets?
Answer : @, X are open sets since @, X € t.
And, @, X are closed setssince ¢ =X etor (@ e ¥)and X =@ € 1.

Example : Let X = R, T = {@, R, Q}. Then,
[1] Find the family of all closed sets.
Answer : F= {R, @, Irr}.
[2] Isan openinterval (0,1) open in R?
Answer : No, since (0,1) € .
[3] Isanopeninterval (0,1) closed in R?
Answer : No, since (0,1)¢ = (—o,0] U [0,0) & T.

Example : (HW). Let X = R, 7 = {@, R, N, N¢}. Then,
[1] Is N open set? Closed set?

[2] Is N¢ open set? Closed set?

[3] Is(0,2) open set? Closed set?

[4] Is (—x,0) not open set?

[5] Find the family of all closed sets in R.

Remark : The sets in (X, 1) may be
[1] open and not closed. [2] closed and not open.
[3] closed and open (clopen). [4] not open and not closed.

Theorem : Let (X, 1) be a topological space and # be the family of closed sets on X,
then :

1) X, beF

(2) If A,Be¥,then AUBeF VA Be¥
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3) If ApeF;aecA, then NuerA €T V AL e ¥

Proof :

1) ~det = ¢°€eF = Xe¥F

v Xetr = Xe¥F = oeF

(2) Let ABe¥F = A B‘er (def. of closed sets)
= A°(NB‘er (second condition of def. of top.)
= (AUUB)° er (De Morgan's laws)
= AUBe¥# (def. of closed sets)

(3) Let A,eF VoaeA

= A, et VaeA

= Ueer A%w €T (third condition of def. of top.)
= (NoerA) €T (De Morgan's laws)
= Necr A € F (def. of closed sets)

Proposition : Let X be a nonempty set and # be the family of subsets of X which

has properties

1) X oe¥F

(2) If FreF and F,e ¥, then FiUF e &

Q) If {Fulucac &, then (NoerFo€ F

Then the family t={X - F : F e # } isatopology on X, and ¥ is the family of all
closed sets in the topological space (X, 7).

Remark : The topology t is called the topology generated by the family of closed
sets .

Now we introduce some important examples of topological spaces and show
that the open sets and closed sets in this examples :

Example : Usual Topology on R

Lett,={R, ¢, U;V xeU Fopeninterval (a,b); xe(a b)c U}

or 1, = {U < R ; U = union of family of open interval}

show that (R, t,) is a topological space.

Solution :

(1) R=(—o,®)e1, (i.e.,Risopen interval and every open interval is open set)

d =(@,a) e
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(2)

(3)

LetU, Ve,

if UorV=¢ = UNV=0¢er,

if Uor V=R = UNV=Ver (ifU=R)
= UNV=Uer (ifV=R)

Otherwise,

Let xeUNV = xeU A xeV

.~ xeU = Jopeninterval (a, b) ; xe(a, b)cU
- XxeV = FJopeninterval (c,d);xe(c,d)cV
= xe(@b)N(,dcUNV
= X € (max{a, c}, min{b,d}) cUNV
= 3 open interval (max{a, c}, min{b, d}) ;
x € (max{a, c}, min{b,d}) cU NV
=UNV e1,
LetU,et, ;aeA
iIf Uy,=R forsome o = JperUs=R ety VaeA
if Uy,=¢ foralloa =UwarUs=0¢ €1, VaeA
if U,=¢ forsome oo = JuerUo = UseaUq
Now,
Let X € JperUy = X € U, fOr some a.
- xe U, = 3Jopeninterval (a,b);xe(a b)cU,
= X e (a,b) cUueaUs
= UaeAch €Ty

(R, t,) is a topological space.

Remarks :

[1] Thesets (0,1) U(2,4),(—2,1) ... etc are open sets in 1.

[2] The natural numbers N is not open set since its cannot represented as a union of
open intervals, but its closed set since N° = (— o0, 1) U (1, 2) U... is open set in 1.

[3] Every set contains discrete points is closed set in t,.

[4] Every closed interval is closed set in 1.

[5] The rational numbers set Q and the irrational numbers set Irr are not open sets

and not closed sets in t,.

Example : Let X =R and t = {R, ¢, Q, Irr}.
T isatopology on R and t is atopology different from t, in the previous example.
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In this example the open intervals is not open sets since it's not contain in t, while Q,
Irr are open and closed in the same time.

How being a topology on any set :
Let X be any nonempty set and A be a proper nonempty subset of X, then

[1] ©={X, ¢, A} isatopology on X for any X and for any A.
[2] ©={X, ¢, A, A} is a topology on X and this topology has the property that
every open set is close set in same time (i.e., t = F).

Example : Cofinite Topology
Let X be infinite set and t¢s = {U < X, U® = finite set} | {¢}
Show that (X, 1) IS a topological space.
Solution :
(1) € Teof (def. of T )

+ X°=¢ and ¢ is finite set, then X € teo
(2) LetU,V € 1

if UorV=¢ =UNV=0e¢ T

IfU=X =2UNV=V ety

if V=X =UNV=Uer1y

if UandV = ¢, X

= U°® and V* finite set
So, (UM V) = U V= finite set | J finite set = finite set
= UNV et

(3) LetU, €t ;0€A

if Uy=X forsome o = JpeaUs =X €Tt YaeA

if Upy=¢ forallo = UwaUa=0 €1 YoeA

if Upz¢orXforalloo = (Uoea Uo)® = Noer USe = N finite sets = finite set

= Jaer Ua € Teof
o (X, 1e0f) IS a topological space.

Remarks :

[1] Notes that X is any set, so there are infinite number of the topological spaces
that satisfy this definition according to the set which put replace from X which
has a condition infinite set, so we can replies X by N or Z or R or Q or Irr or

[0, 1] or (-0, 2] Or C .... etc.
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[2]

[3]

Now : Take a special case when X = N and study the open and closed sets in the
space (N, Teof).
Notes that, N \ {1} is open set since its complement is {1} which is finite and
the set of even numbers E* and odd numbers O" are not open sets since the
complement of E* is O" and the complement of O" is E* and all E" and O are
not finite,
In general : every open set in the space (X, ) IS infinite set, but if the set is
infinite this not mean its open i.e.

Uety = U infinite set

&

In general : every finite set is closed set and every closed set (except X) is finite
set. i.e.,

AcF < A finiteset (A= X)

Example : Let X be any set contain more than one element and let xo any element in
X and T ={Uc X; X< U} U {d}. Show that (X, 1) is a topological space.

Solution :
(1) der (def. of 1)

Xer (since X contains all its elements, therefore its contain Xo)
(2) LetU,Ver

(3)

if UorV=¢ =U[V=¢er
if U=X =UNV=Ver

if V=X =UNV=Uer

if UandV = ¢, X

= XoeUA Xo€V (def. of 1)
=>XoeUNV (def. of intersection)
=>UVer

LetU, et ;oA
if Up,=¢d VaeA = UwerUa=0
if U,=¢ forsomea e A= Xoe U, forsome acA
= Xo € Uoen Ua
= Uaer U €1
(X, 1) is a topological space.

Remarks :
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[1] Notes that any set not contained X, is a closed set and any set contained X, is
open set.
Special case : Suppose that X =R and X, = 0, then
the sets {0}, (— «, 2), Q, [0, 1] ... etc are open. And
the sets {— 4}, Irr, N, (6, =), [3, 5] ... etc are closed since it iS not contained 0.

[2] In general : we can replace 0 by 2 or V5 or any other real number.
And we can replace R by any other set.

Example : Let X be a nonempty set contain more than one element and let x, any
elementin X and t = {U < X; X0 ¢ U} UJ {X}. Show that (X, t) is a topological

space.
Solution :
(1) Xer (def. of 1)

dber (since X, ¢ ¢ by def. of 1)

(2) LetU,Ver
if U=X A V=X =UNV=Xer
if xogUor Xxo2V=X%X¢UNV
= UNVer (def. of 1)
(3) LetU,et ;aeA
if U,=X forsomeaeA = JperUs=X €1
if 3U, #XVYoaeA = Xo¢g U, (def. of 1)
= Xg & Uuea Uy €7 (def. of 1)
(X, 1) is a topological space.

Remarks :
[1] Special case of this example we can take X = N and x, = 2, then the open sets are

N and every subset from N not contain the element 2, while every set contain the

element 2 is closed set.
[2] There are infinite number of spaces from this types when replace X by any set
and Xq by any element.

Example : Let X=Nandt={A, cN:A,={1,2,...,n}; neN}U{N, ¢}
show that t is a topology on N.

Solution : Notes that the elements of t as follow
A ={1}, A ={1,2}, Ax={1,2,3},...
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AlcAcA;c..... cAC...

1) X o6 et (def. of 1)
_ Ai ET lf lS]
2) LetAi,Ajer,thenAiﬂAj—{Aj e if l.>j}
_(As € T if 6§ = a and a finite
(3) LetA, et acA,then UaeAAa—{N €t if ainfinite}

(N, 1) is a topological space.

The following sets are open in this example :
Ao=1{1,2,3,...,100}, Axp=1{1,2,3,....,30}
The following sets are closed in this example :
{3,4,5,...} =N\{1,2}, N\{1,2,3,....,10}, N\{1,2, 3, 4,5}

Example : Let X=Nandt={B, cN:B,= {n,nt1,n+2, ...} ; ne N} {¢}
show that t is a topology on N.
Solution : Notes that the elements of t as follow
B:=1{1,2,3,...}, B,=1{2,3,4,5,....}, B3=1{3,4,5, ...}
B:=N, B, =N\{1}, Bs=N\{1,2}, ... etc
BioB,oB;o.....

1) No¢ e (def. of 1)
B, €t if i>]
) LetBi,Bjer,thenBiﬂBj:{éjET l.fl.<j}
_(Bs € T if 6 <a and a finite
(3) LetBser aecA then UurBo= {N et if 1eA o infinite}

(N, 1) is a topological space.

Remark : The open sets in this example are a closed sets in the previous example
and vise verse.

Definition : Equal Topological Spaces
Let (X, 1), (Y, 1') be two topological spaces, we say that (X, t) equal to (Y, 1') if the
sets and topologies are equal, i.e.,

X, 7)=(Y,7) © X=Y Ar1=1

Definition : Finer Than & Coarser Than
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Let t1, T, be two topologies on X, we say the topology t, is Finer_than 1, if the
family 1 is subset of the family t, and we say 1, Coarser than t, and denoted by t;
< Ty, i.e.,

T, Finer than t; or t; Coarser than 1, iff 1, < 1.
Remarks : Let 1y, 1, be topologies on X, then
[1] 7t1() T2 is atopology on X since
(1) X oer and X, pet, = X denumw
(2) LetU, Vet ), = U,Ver and U Ver,
= U Vet and UNV e, (since 14, 1, are topologies on X)
>UNVeuNm
(3) LetUyeti[)1 ;€A
= U,et and Uyet, VaeA
= Uoer Ug € 11 aNd Jger Uq € T2 (since 14, T, are topologies on X)
= UsecrUs e 12
- 11[) 7, isatopology on X.
[2] U T, IS not topology on X in general, for example :
Let X = {1, 2, 3}, .1 = {X, ¢, {1}} and 1, = {X, ¢, {2}}. Notes that 1;, 1, are
topologies on X, but t; |J o = {X, ¢, {1}, {2}} is not topology on X.

Remarks :
[1] Intersection of infinite number of open sets need not open set.

Example : Let (X, 1) = (R, t;) and U, = (—%,1;) such that n € N. We know the

open intervals is open sets in the space (R, 1), SO {Un} ey IS a family of open
sets, but the intersection of this family is not open set since
MNhen (— %%) = {0} not open.
[2] Union of any family of closed sets need not closed set.
Example : Let (X, 1) = (N, 1) and A, = {2n}an i€,

A ={2}, A, = {4}, A; = {6}, ...... .
Notes that every set A, is closed for all n in this space, but the union of this
family is the positive even number {2, 4, 6, ....... } and this set 1s not closed in

this space (see example (N, tcf), page 5).

Definition : Neighborhood
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Let (X, 1) be a topological space, x € X and A < X. We called A is a neighborhood
for a point x if there exist an open set U contains x and contain in A and denoted by
nbhd. i.e.,

A isanbhdfor x < FJUet;xeUcCA
If A is open set and contains x we called A is open neighborhood for a point x.

Example : In the space (R, t,), every an open interval is an open nbhd for any point
in this interval, while the closed interval or half open interval is nbhd for every point
in this intervals except the end point in the closed interval.

Example : In the space (N, 1), find three open nbhds for the point 2 and two open
nbhds for the point 3.

Solution :

A=1{2,3,4,5 ...}, B={2,10,11, 12, ....} and C = {2, 20, 21, ....} are open
nbhds for the element 2.

U={3,4,5,....} and V= {3,6,7.8, ....} are open nbhds for the element 3.

Theorem : Let (X, 1) be a topological space and A c X, then A is open iff A contains
an open nbhd for every point in A.

Definition : Basis or Base
Let (X, 1) be a topological space and 3 be a subfamily from t. We called 3 is a basis
or base for 1, if every element in < is a union numbers of elements of B. i.e.,
Bisabasisorbasefor 1 < (1) Bcr
(2) vUet;U=iBi;Biep Vi

Remark : From the definition of the base we notes that the number of bases are not
determined, so the number of bases is open, may be finite number and may be infinite
number.

Example : Let X ={a, b, c} and t= {X, ¢, {a}, {b}, {a, b}}, define a base for t?
Solution : Let B = {X, ¢, {a}, {b}}
Clearly B < t and X, ¢, {a}, {b} € tand also X, ¢, {a}, {b} € B and
{a,b} et = {a b}={a} U {b}
p B

. B isabase for t.
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Remark : t is a base for t (i.e., we can chose § = t) and this is a special case and
conclude from this case there is not exists topology has no base and this base called
trivial base.

Example : Let X = {1, 2, 3} and © = IP(X) = {X, ¢, {1}, {2}, {3}, {1, 2}, {1, 3},
{2,3}}. Define two different bases for t?

Solution : Let B, = {¢, {1}, {2}, {3}}, B2={¢, {1}, {2}, {3}, {1, 2}}

We can show by a simple way that 3; and [, are bases for t since every one of them
generated the elements of 7.

Example : Define base for the usual topology (R, 7).

Solution : Let B={(a,b):acR AbeR}

Notes that 3 contain every open intervals which end points are real numbers

(i.e., (—3,2) e p while (-, 5) ¢ pB)

Notes that ¢ € B since ¢ = (a, a) such that a is real number.

To prove B is a base for 7, it is enough to prove R = (— oo, o), (— o, b) and (a, )

equal union of family of elements of 3. So we introduce this prove :

R=Upzi(-m,n);(=n,n)ep VneN 1+ R
-3-2 -1 01 2 3

(o, b) = Us=1(b—n,b); (b—n,b)eP VYneN

——— ) R
b-3 b2 b-1 b

(@, ©)=Up=1(a,a+n);(@,a+tnef vneN

{ —r— R
a a+l at2 at+3
This is a prove that B is a base for .
Remarks :
[1] For one topology we can fined for more than one base (i.e., the base is not
unique).

[2] Every base for any topology must contains the empty set ¢ (i.e., ¢ € B) since ¢
e © must be equal union element from 3 (by def. of B).

[3] X may be not belong to the base 3 and the previous example clear that.

[4] If the singleton set {x} € 1, then {x} € B.
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Theorem : Let (X, ) be a topological space and 3 be a base for 1, then
(1) Xisaunion elements of f.
(2) If By, B, € B, then By [ B is a union elements of f.
Proof :
(1) -~ Xet = X=union of elements of 3 (def. of base)
(2) - B;,B,ep and Pcr
= By, Byer
= Bi[1Bxex (second condition from def. of top.)
= B1 () B2 =union of elements of B  (def. of base)

This theorem clear the properties of base and the next theorem is a new method
to get a topology by using a family of sets from [ which satisfy the condition of
previous theorem.

Theorem : Let X be a nonempty set and 3 be a family of subsets of X satisfying the
following properties:
(1) X =union of family of elements of 3
(2) The intersection any two elements of f3 is a union elements of p.
Then t which is define as follows:
1 ={U < X ; U =union of elements of }
Is a topology on X and this is the unique topology on X such that 8 is a base for .
Proof : To prove 1 is a topology on X must prove the three condition for topology.
(1) der (def. of 1)
Xer (from (1))
(2) Let U Verttoprove UNVer
U Ver = U=UiBi A V=UjB; > Bi,BjepVi,j (def of 1)
= UNv=WUB)NWUB)=U;BiNB)
=UUkBx ; Bcep (from (2))
(3) LetUy,et VaeAtoprove Joper Us e

" Uget = U,=UiBi > BjepVi (def. of 7)
= Uae/\ Ua = UoceA(Ui BI) = Uk Bk
= User Ug €1 (def. of 1)

This prove that t is a topology on X by define of .

To prove that t is the unique topology generated from 3. Suppose there exists another
topology say t' generated from (3, this means that t' = all possible union for elements
of B, but T = all possible union for elements of = ' = 1.
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Definition : Subbasis
Let (X, 1) be a topological space and 3 be a base for t and /4 be a subfamily from t.

We called /4 is a subbasis for t if every element of basis 3 equal finite intersection
numbers of elements of 4. i.e.,

A isasubbasisoft<V Bef = B=Nj;S > Se€b Vj;j=12,...,n
Example : Let X ={a, b, c}, t= {X, ¢, {a}, {b}, {a, b}, {a, c}} and p = {¢, {a} {b},
{a, c}}. Define a subbasis for .

Solution : Let 5 = {X, {a, c}, {a, b}, {b}}.

Clear, 4 < r,to prove 4 is a subbasis for t we compute all different intersection for
elements of 4, if we get B, then /4 is subbasis for .

¢ ={a c}y N {b} {a}={a c}N{a b}, {b}={b}N{b}

{a,c}={a,c}N{ac} {ab}={a b}N{a b} X=XAOX,

So, we get all elements of 3, this means that 4 is a subbasis for 7.

Example : Define a subbasis for a usual topological space (R, ty).

Solution : From the previous example we prove that = {(a, b) ; a, b € R} is a basis
for t,. We must define a subbasis 4 for 1, such that 4 generated p.

Define 4={(a,b);a=—ow v b=0ow}

Notes that § < 1, and

~1,4)eBpA(14)ed, 0,3)eSA(~0,3)egP=>8zPBA Ba b

Now, to show that 4 is subbasis for t, we take an element of 3 and prove that its
equal finite intersection numbers of elements of /4 as follow :

\ L AUV W\ _
Let(a,b)ep ; a,beR < AL RNWRVEREAVLARAALVAAVARAARVARAARAARARAAARAARAAAAN » R
a b

(@ b) = (=, b) M (3, »)
=) €A
. A Is a subbasis for 1.

Remarks :

[1] We can find more than one subbasis for one topology.
[2] & may be not contain in a subbasis.

[3] XeA.

[4] = isasubbasis for .
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Theorem : Let X be a nonempty set and 4 be a subfamily of subsets of X, then the

set B = {B < X ; B = finite intersection numbers of elements of 4} is a basis for the
unigue topology on X define as follow :
1t ={U < X ; U =union of elements of B}.

Proof : without prove.
This theorem show that there exists a method to generated a topology on X if

we have a set 4 such that 4 generated 3 and 3 generated t and this topology is unique
such that B is a basis for t and 4 is a subbasis for .

Definition : Open Neighborhood System

Let (X, 1) be a topological space and x € X and ny be a family of open sets (i.e., nx <
1) and satisfying the following conditions:

(1) mx=oforall x e X.

(2) xeN V Ne ny.

(3) VN;,N; € nx = I Nz € ny suchthat N3 < N; [ N..

(4 YVNen, vyeN IN e ny suchthat N'cN.

5) Uet < vVx eU 3IN e ny,suchthat Nc U.

We called the family n = {ny ; x € X} open neighborhood system for t and denoted
by (0.n.s)

Example : Let X = {a, b, c} and t = {X, ¢, {a}, {b}, {a, b}}. Define open
neighborhood system for .

Solution_: We must prove for all element in X a family of this element satisfy the
five conditions in the definition as follow :

n. = {{a}, {a b}}, mo={{b}, {a b}}, nc ={X}, notes that

(1) ma Mo and n. are nonempty and contain of a family of open sets and

2) VNen,maeN,VNen,=beN and VNen.=ceN,

(3) Intersection of any two element in n, or n, or n¢ is an element in m, Or N, Or N

(4) {a,b} en.;be{a b} andb e {b}; {b} = {a b}
(5) Every open set satisfy the five condition
. M ={Na Nb, N} IS 0pen neighborhood system for t

Example : Define open neighborhood system for a usual topological space (R, t,).
Solution : Let x € R, define n, as follow : n,={(a, b) ; x e (a, b)}
I.e., Ny Is a family of every open sets that contain x.
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clear ny < 1, and ny satisfy the five conditions of open neighborhood system for t as
follow :

(1) nx#¢ since(x—g,Xx+g)e ng ;>0
(2) if Ne ny,then N=(a, b)and x € (a, b) (def. of 1)
(3) ifNy, Ny € ny
= N; open interval s.t. X € Ny and N, open interval s.t. X € N,
=N IN2= ¢
= N; [ N, open interval s.t. X € Ny [ N2
= N1 [IN2€
(4) letN € ncandyeN = Nopeninterval st.y e N= N € n,.
(5) This condition is satisfy from definition of usual topology on R.

Theorem : Let X be a nonempty and ny be a family of subsets from X. for all x € X ;
nx Satisfy the condition (1), (2), (3), (4) in the definition of open neighborhood
system , then t which define as follow :

t={UcX; YxeU INeny suchthat Nc U}
Is a topology on X such that n, is open neighborhood system for .
Proof : We must prove t satisfy the three conditions for topology.

(1) Xer (since X contains all subset of X)
dber (since,xedp = INemn,;Nco)
(F = F)=T

(2) LetU,Vert Toproof UNNVer
LetxeUNV = xeU and xeV  (def. of )
= 3 N; € ny such that N; < U and 3 N, € n, such that N, < V (def. of 1)
= 3 N3 emny suchthat N3 < N; [N,
(condition (3) from open neighborhood system )
= N;c U and N3V
= NscUNV (def. of M)
= UNVer
(3) Let Uyet ;aeA Toproof [Jeer Ut
Let XxeUuerUy = FJaeA;xelU, (def. of |J)
= INemny suchthat N c U, (since U, € t and def. of 1)
= Nc Uy € Unen Ua
= Nc UoerUo €7
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UaeA Uoc €T
. 1 Is a topology on X and from prove above we have n, V x € X is open
neighborhood system for .

Remark : From information above we have five deference method to define

topology on a nonempty set as follow :

[1] Direct definition for t by write t={.... }.

[2] Using the family & such that the complement of this family is topology.

[3] Using the family B such that the union of all possible of elements of 3 is
topology.

[4] Using the family 4 such that the finite intersection of elements of 4 is a basis for

topology.
[5] Using the family n, ; x € X and t is the family of every sets that contain open
neighborhood for every element.

Derived Sets

Definition : Interior points and Interior set
Let (X, 1) be a topological space and A < X. A point x € A is called an interior
point of A iff there exists an open set U e t containing x such that x € U < A. The
set of all interior points of A is called the interior of A and is denoted by A° or
Int(A). i.e.,
A°={xeA:JUet;xeUcA}
xeA> @3Uet;xeUcCA
if x ¢ A°, we define
Xeg A’ oVUersuchthatxeUand Uz A

Example : Let X ={a, b, c}, t={X, ¢, {a}, {b}, {a, b}}, A={b},B={a,c}and C
= {c}. Find A°, B° and C°.

Solution :

A°={b}=A sinceb e U={b} < A={b}

B° = {a} sinceae U={a}=cB={a}

C°=¢ since the only open set contain in C is ¢.

Theorem : Let (X, 1) be a topological space and A, B — X. Then
(1) A°cA
(2) AcB = A°cB°
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(3) Aert(i.e,Aisopen) < A=A

(4) A°=JH{Uer;UcA} (this means A° is the large open set contain in A)
(5) A°’NB°=(ANB)

(6) A°UB°c(AUB)

Proof :

(1) From definition of A°

(2) Suppose that A = B to prove A° — B°

Letxe A° = FJUet;xeUcCA (def of A°)
= dUet;xelUcB (since Ac B)
= x € B° (def of B°)
(3) (=) Suppose that A is open, to prove A°=A
From (1) A°c A —-memmeeeees (1)
Letxe A = xeAcCA (since A e 1)
=>xeA° (def of A°)
S A°C A e (2)

From (1) and (2), we have A° = A
(<) Suppose that A°= A, to prove A isopen
V xXeA = JUget;xeU,cA (since A°=A)
=S UxeaUxcA A A Ukea Ux
=A= UxeA Uy
But, U, openset V X = |Jyea Uy is Open
= A isopen (by three condition of def. of top.)
(4) Toprove A°=|J{Ue1;UcA}
xeA’ 3JUer;xeUcCA (def of A°)
oxel{Uet; UcCA}
Since the element x belong to one of this sets in the union then its belong to
union LA = H{Uet; UcCA}
(5) To prove A’ B°=(A N B)°, we must prove
(ANB)YcA°NB’ A A°NB°c(ANB)°

(ANB)cA A (ANB)cB (def. of )
= (ANB)°cA’ A~ (ANB)°cB’ (from (2) above)
= (ANB’cA°NB° e (1)

From(1) A°cA A B°cB
— A°NB°cANB
"~ A’ B’ open set containing in A B
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and (A (N B)° large open set containing in A B

N N A= R (N A L= ) N — )
From (1) and (2), we have (A B)°=A° B°
6) AcAUB A BcAUB (def. of )

= A°c(AUB) A B°c(AUB)
— A°UB’c (Al BY

Remarks :

[1] The converse of property (2) is not true, i.e.,
A°cB° A ACB
The following example show that :

Example : Let X ={a, b, c}, t={X, ¢, {b}, {c}, {b, c}}, A={a}, B={b, c}.
A°=¢pandB’={b,c}=B
Notes that, A°cB° but AzB

[2] The converse contains of property (5) is not true in general. i.e.,

(AUB)YzA°UPB’
In the previous example show that :
AlUB=X = (AUB)’=X
But, A°=¢ and B°={b,c} = A°UB°={b,c} and X & {b, c}.
[3] There exists a special cases of property (3) as follow :
Xet = X°=X and ¢er=¢"=¢ and (A°)’=A°
In a space (X, 1) the only open sets are X and ¢, so if A < X, then A° = ¢.
In a space (X, D) every subset of X is open, so ¥V A < X, then A° = A.
[4] If {x} open set in any topological space, then x is interior point of any set
containx, i.e., {x}et = xeA® V A suchthat xe A

Example : In usual topological space (R, 1), find the interior of the following sets :
A=[a,b],B=N,C=Q,D=[0, )

Solution :

Interior of any set in this example is the largest open set containing in this set.

[a, b]° = [a, b)° = (a, b]° = (a, b)° = (a, b)

N°=7°=P°=E°=0Q°=¢

Q°=1Irr’=¢

[a, 0)° = (a, o0) and (- o0, b]° = (— o0, b).

Example : In cofinite topological space (N, 1), let A = N. Find A°.
Solution : If A is open set, then A° = A. For example A = {4, 5,6, ... }
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If A is not open set, so there exists two cases either A closed set or A is not closed
set, then A° = ¢ [[since A° is open set, this means by definition 1.y that the
complement of A° is finite set and since A° < A (in general), then the complement
of A must be finite if A° = ¢. This means the interior of a set in this space either ¢ or
A.

Definition : Exterior points and Exterior set
Let (X, 1) be a topological space and A < X. A point x € A is called an exterior
point of A iff there exists an open set U e t containing x such that x e U < A°. The
set of all exterior points of A is called the exterior of A and is denoted by A* or
Ext(A). i.e.,
A'={xeA°:JUet;xecUcCA"}
xeA* @3Uet;xeUcCA®
if x ¢ A%, we define
Xe A &VUertsuchthatx e Uz A°

Remark : From definition we have A A® or A*NA=¢and A* = (A"

Example : Let X ={a, b, c}, t={X, ¢, {a}, {a, b}}, A={b}, B={a, c}and C ={c}.
Find A*, B* and C*.

Solution :

A= (A° = {a} (largest open set contain in A°)

B*=(B°)° =¢ and C*={a,b}.

Theorem : Let (X, 1) be a topological space and A, B — X. Then
1) A°NA'=¢
(2) AcB = B'cA”
(3) (AUBY'=A"NB"
(4) Ater(i.e., Aclosed) < A*=A°
(5) A*UB*c(ANBY
Proof :
(7) From definitionof A° = A°c A and A*c A°
= A°NA"cANAS
= A’NACH
= A°NA"=¢
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(8) Suppose that A< B toprove B*c A*

LetxeB* = 3Uet;Xxe UcB® (def. of B*)
= JUet;xeUcCA® (since AcB=B‘cA°)
= Xe A" (def. of B*)
o B AT

(9) Toprove (AUUB) =A"NB*
(AUB)' =((AUB))’=(A"N B’ =(A)°N (B’ = A" B
(10) (=) Suppose that A is closed or A° is open, to prove A*=A°

Atet= (A)=A° (by theorem, Ae 1< A°=A)
= A= A° (since (A%)° =A%)
(<) Suppose that A*=A° |, toprove A isclosed or A° isopen
A =A° = (A)° = A° (since (A%)° =AY
=A’er (by theorem, Ac 1< A° = A)
= A'is closed

(11) ANBcA andANBcB = A*c(ANB)X and B*c (A B)
- A*UB* c(ANB)

Example : In usual topological space (R, 1,), find the exterior of the following sets :
N’ Q! (6’ 7); {_ ﬁl ﬁ}l (_ OOJ 5]1 [_ 11 OO), [21 4]

Solution :
exterior of any set in this example is the largest open set exterior this set.
N = (N)°

R
N°=R-N=(-00,1)U(L,2)U2,3)UB,HU.......
Clear that N°is a union of open interval, so it's open set
N=(N)=R-N=(-00,1)U(1,2)U(2,3)UB, 4 U.......
Q*=¢ and (ImM)*=¢
(6, 7) =(~00,6) U (7,0) cR\[6, 7]

L
m
W
IS

6l 7]
J T

{-V2.V2¥'= (-0, ~V2) U (- V2, ¥2) U (V2, 0) = R\ {~ V2, V2}
(— o0, 5" = (5, ) and [~ 1, )" = (- 0, 1)
[2,4] =R —[2, 4] = (- o0, 2) U (4, )

Remarks :
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[1] In aspace (X, 1), every one X, ¢ are closed sets, so property (4) apply of them,
e, X*=¢, ¢ =X

[2] Inaspace (X, 1), if ¢ = A < X, then A* = ¢ because the only sets in | are X, ¢
and since A = ¢, then A= X, so the unique open set contain in A® is ¢.

[3] Inaspace (X, D), if Ac X, then A* = A° because every sets in D are open and
closed.

Example : Let X =R and t = {X, ¢, N, P} ; P is prime numbers set and P c N.
Clear that t is a topology on R and the open sets in this space are R, ¢, N, P only.
Find exterior set of the following sets :
Q, Irr, [2,6], N, Z, (—oo,1]
Solution :
Q* = ¢ since Q° = Irr and there is no open set contain in Irr except ¢.
Irr =N since (Irr)° = Q and N is large open set contain in Q.
[2, 6] = ¢ since [2, 6]° = (— oo, 2) U (B, o0) and there is no open set contain in (— oo, 2)
U (6, o) except ¢.
N*= ¢ since N°= R \Nand R \ N not contain R, N, P.
7" =¢since Z=R\Zand R\ Z not contain R, N, P.
(— o0, 17 =P since (— oo, 1]° = (1, ) and P = (1, o) while N & (1, o).

Definition : Boundary points and boundary set

Let (X, 1) be a topological space and A < X. A point x € X is called a boundary
point of A iff every open set in X containing x contains at least one point of A, and at
least one point of A°. The set of all boundary points of A is called the boundary of A

and is denoted by A” or Bd(A) or b(A) or 6(A). i.e.,
A"={xeX:VUet;xeU, UNA=d A UNA° =}
xeAlosvVUet;xeU, UNA=d A UNA =0
if x ¢ A, we define
xe Ae3IUet;xeU, UNA=¢ v UNA°=¢.

Example : Let X ={a, b, c}, t={X, ¢, {a}, {b}, {a,b}}, A={a,c},B={c}and C =
{a, b}. Find A”, B and C".

Solution :

A =2
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To find the boundary of any set we must choose every open sets for every point in X

and notes satisfy the definition or not.

a € X and the open sets contain a are X, {a}, {a, b}

notes that : {a} N A ={a} = ¢while {fa} NA°={a} N{b}=¢ = ae A"
b € X and the open sets contain a are X, {b}, {a, b}

notes that : {b} N A=¢= b ¢ A,

¢ € X and the only open set contain c is X.

notes that : X N A=dand XA =2 = ce A"
Therefore A = {c}

B’ ="

Since {a}NB={a}N{c}=¢ = aeB"

Since {b}NB={b}N{c}=¢ = beB°

Since X B#dand X B #¢p = ceB".

Therefore B® = {c}

C° = 7. by similar way we have a¢ C* ,beg C" ,ceC"
Therefore C° = {c}.

Example : Let X ={a, b, c}, t={X, ¢, {a, c}}, A={b}, B={a b}and C = {b, c}.

Find A®, B® and C".

Solution :

A’ =7

a € X and the open sets contain a are X, {a, c}

notes that : {a, c} N A=¢ = a ¢ A",

b € X and the only open set contain b is X

notes that: X N A=dand X(A°~#¢ = be A’

¢ € X and the open sets contain a are X, {a, c}

notes that : {a,c}A=¢ = c ¢ A,

Therefore A° = {b}

B" ="

Since X(1B=dand X B = ¢ also
{a,c}NB=¢ and {a,c}NB°#p = aeB"

Since X(1B=¢and X B°~#9 = beB".

Since X(1B=dand X B = ¢ also
{a,c}NB=¢ and {a,c}B°#d = ceB"

Therefore B° = {a, b, c} = X.

c=?

aeC’ ,beC’ ceC’

Qe palild) 0 g g8y Chu g D
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Therefore C°={a, b, c} = X.

Remarks :

[1]
[2]

[3]

[4]

Notes that : A°c A or A°c A® or AN A=¢por A° (A= ¢. i.e., anything
possible.

If {a} € t in any topological space (X, 1) ; a € X, then a is not boundary point
for any set A in X since ifa € A, then{a} N A°=¢and ifa ¢ A, then {a} N A
= ¢, so in this two case a ¢ A" . Therefore, we can use this idea to have a set
contain number of boundary points we determent, for example :

Example : Give an example for a subset A of topological space (X, t) contains
six boundary points.

Solution : Let X ={1,2,3,4,5,6, 7}, t={X, ¢, {1}}and let Ac X ; d A=
{1}, then A°= {2, 3,4, 5,6, 7}.

We can generalizations this example for any numbers of boundary points.

In a space (X, I), if &= A < X, then A’ = X because the only open set in | is X
for every element in X and X | A = ¢ and X [ A° = ¢.

In a space (X, D), if A < X, then A” = ¢ because {x} € D for all x € X and by
Remake (2) every point is not boundary.

Theorem : Let (X, 1) be a topological space and A, B < X. Then

1)
(2)
3)
(4)
()
(6)

A"MNA°=¢ and A’ A*=¢

A" = (A%°

(AUB)YcA"UB"

Act o A°cA® and A"NA=¢
Alet o A°cAand A°"NA°=¢
AAetr < A'=¢

Proof :
(1) To prove A’ (N A° = ¢, suppose that A° ) A° = ¢

= IXxeA°"NA° = xeA"AxeA°

= JUert;xeUcA (def. of A®)
=S UNA=¢ (since UcA)
=>xeA contradiction !!!

L APNAY= ¢

By similar way, to proof A° (| A* = ¢, suppose that A° | A* = ¢
= IxeA°NA" = xeA’ A xeA
= JUet;xeUcA® (def. of A*)
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(2)

(3)

(4)

=UNA=¢} (since U A®)
—>xgA° contradiction 11!
L AP A=)
By definition of A, we have
xeAlosvVUet;xeU, UNA=d A UNA° =0
sSVUet;xeU, UNAY) 2d A UNA = (since A = (A%))
o x e (A%
oAM= (A9
Toprove (AlJB)’c A°UB"
xe(AUB=>VUet;xeU, UNAUB)=d A UNAUB) =4
= UNAUUNB)=d A UNA'NB)=¢
=[UNAUUNB) =4 A (UNAYN(UNB)=4¢]
=[UNAzdvUNB=d] A [UNA=dAUMNB" = ¢]
=S[UNAzdAUNA 2] v [UNB=dAUNB" 9]
—=xeA’v xeB®
—xeA’UB®
L (AUBPcA'UB®
(=) Suppose that A € 1, to prove A°c A°and A°NA=¢
Letxe A= vVUet;xeU, UNA=d A UNA =0
=> i.e., every open set contain x intersect A and A°
But, Alisopen (since A e t)and AN A°= ¢
—>XxeA =>xcA° = A" cA® and A"NA= 9.
(<) Suppose that A” = A°, to prove A is open (A 1)
To prove A is open, we must prove that A contains open nbhd for every

point in A
LetxcA = x g A° =>x g AP (since A’ c A°)
=3Uert;xeU,UNA=¢ v UNA"=¢
=>UNA=¢ (sincexeUA xeA)
=UNA"=¢
=UcCA
= Aer (since A contains open nbhd for every point in A)
. Ais open

(5) (=) Suppose that A e 1, to prove A’ c A

Letxe A=V Uet;xeU,UNA=d A UNA® = (def. of A
Since A°openset =x ¢ A°
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. every open set contains x intersect A and A®, then x cannot in A® since A°
contains open nbhd for every point in A°.
= xeA (since X= AJA
LAY CA
(<) Suppose that A” = A, to prove A is closed ( A° € 1)
we will prove A° open set i.e., A° contains open nbhd for every point in A°,

LetxcA° =>x g A =>xg A’ (since A°c A)
—3JUet;xeU,UNA=¢ (def. of boundary point and since x € A
SUcA°2¢ (since X=AJA")

So, A° contains open nbhd for every point in A°,
= Ae1 (i.e., A°open set)
= A closed set.

(6) (=) Suppose that A, A® € 1, to prove A° = ¢
.+ A open set = A” ¢ A° (By (4))
~+ Aclosed set = A" c A (By (5))
SACANA=) = Achd =A"=¢
(<) Suppose that A° = ¢, to prove A, A°ert
~AP=¢ and ¢ A and ¢ A°
=A"cA = Aer (By (5))
AcA°=Act (By (4))
= A A‘er (i.e., A'is closed and open))
Remarks :
[1] Notes that : X = A°|JA*J A® and ¢ = A° | A* (N A°, this means the sets A°,
A, A° being a partition for X, also if x € X, thenx € A°orx € A*or x € A",
[2] The set A" is closed set since A’ = X \ (A° | A¥) and we know that the sets A°

and A" are open sets, therefore A° |J A* is open set, so X \ (A° |J AY) is closed
set, hence A® closed set.

Example : Let X = {1, 2, 3, 4, 5} and < be a topology on X and A < X such that A° =
{1} and A* = {2, 3}. Find A".
Solution : using previous remark ~ A° = X\ (A° [J AY)

A’ =

{1,2,3,4,5}\ {1} U {2 3}) ={4,5}

Notes that we find A® thought we unknown the topology .
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Definition : Derived set
Let (X, 1) be a topological space and A < X. A point x € X is called a cluster point
(or accumulation point or Limit point) of A iff every open set containing x contains
at least one point of A different from x. The set of all cluster points of A is called the
derived set of A and is denoted by A'. i.e.,

A={xeX:VUet;xeU A U\{X}NA=0}

or xeAo VUet;xeU A UVDINA=O
if x ¢ A, we define

xe¢Ae JUet;xeU A UVDFNA=O

Example : Let X ={a, b, c}, t={X, ¢, {a}, {a, b}, {a, c}}, A={b,c},B={c},C=
{a, b} and D = {a}. Find A, B/, C'and D'.
Solution : A'=?
To find the cluster set of any set must choose every open sets for every point in X and
notes satisfy the definition or not.
a € X and the open sets contain a are X, {a}, {a, b}, {a, c}
b € X and the open sets contain b are X, {a, b}
¢ € X and the open sets contain c are X,{a, c}
notes that : {a}\{a} NA= ¢NA=¢ = agA.
notes that : {a, b} \{b} NA= {a}NA=¢ = be A
notes that : {a, c}\{c} NA= {a} NA=¢ = ceA.
Therefore A' = ¢
By the similar way compute the other sets such that
B'=¢, C'={b,c}, D'={b,c}.

Remarks :

[1] If {x} e 7 in any topological space (X, t), then x ¢ A’ for any subset A = X.
Since {x} € t this means {x} isopen set of X and {x}\{X} YA=d[NA=¢ S0
the definition not satisfy (in the previous example take the element a).

[2] If A = {a} singleton set, then a ¢ A’ since U \ {a} | A = ¢ (in the previous
example take the set B).

[3] Notes that A’ A and A ¢ A’ and sometime A’ A = ¢ or A’ A = ¢ (in the
previous example notes that C' ¢ C and C ¢ C'and D' D = ¢).

[4] Inaspace (X, 1), if A=¢ and A contains more than one element, then A’ = X
because the only open set in | is X for every element in X and X\ {x} [ A = ¢.

[5] Inaspace (X, D), if Ac X, then A’ = ¢ because {x} e D for every x € X and
by Remake (1) every point is not cluster point for any set.
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[6] In any topological space (X, 1), we have ¢’ = ¢ since for every open set U any
for every element X isU\ {X} () ¢ = ¢.

[7] The derived set of X is change by change the topology may be X' = ¢ (remake
(5)) or may be X' ¢ or X' = X. In the previous example X' = {b, c}).

Theorem : Let (X, 1) be a topological space and A, B — X. Then

(1) AcB = A cB (In general the converse is not true)
20 (AUBY=A'UPF
3) (ANB)cA' NP (In general the equality is not true)

(4) Aet & AcA
or A isclosed < A c A
Proof :
(1) xeA= VUet;xeU A U\{XINA=0
= VUet;xeU A U\{X}NB=¢ (since Ac B)
—=xeB (def. of cluster point)
A cB
(2) Toprove (AUB)Y=A'UB
AcAUB (def.oflJ) =A cAUB) (By (1))
BcAUB (def.ofJ) =B <(AUB) (By (1))
= AUB' c(AUB) = e (1)
Let xe AUB =>xe A AxegB
=3JUet; xXeUAU\X}NA=0 A FVer; xeVAV\{X}NB=¢
(def. of cluster point)
=UNVer;xeUNVA UNWV\{XXINAUB)=¢
—x¢ (AlB)
(AUBYcA'UB s (2)
From (1) and (2), we have (A | B) = A’y B
(3) Toprove (AN B)Y cA'NB
Let xe (ANB) =>VUet;xeUAU\{XINANB)=0
(def. of cluster point)
=>VUet;xeUA[U\XINA NUNXIN B)l=d
(N distribution on ()
=>VUet; xXeUAUNXINA) =zdAUN{XIN B) =0
—=xecA AxeB (def. of cluster point)
—xeA'NB
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~(ANBYcA NB
(4) (=) Suppose that A°et, toprove A c A
To prove A’ = A, we must prove that A° < (A')°
Letx ¢ A=>xeA°
= JUert;xeU A Uc A" (def. of open set and A® € 1)
=>UcA" = UNA=¢}

=>U\{X}NA=¢ (sincex ¢ A)
—>xeA (def. of cluster point)
(<) Suppose that A’ c A, to prove A is closed, i.e., A is open
Letxe A° =>x ¢ A (def. of complement)
—x ¢ A (since A’ c A)

= FUert;xeU A U\{X}YA=0
= U\{X}cA° AxeA°
= UcA®
=A"enr
. Alisclosed

Remarks :
[1] The converse of property (1) is not true in general for example :
Example : Let X ={a, b, c}, t={X, ¢, {a}}, A={a}, B = {b}.
Notes that, A' = {b, c} and B’ ={c},soB'c A, but Bz A.
[2] The equality of property (3) is not true in general i.e., A’ B’ « (AN B) for
example :
Example : In the previous example notes that
ANB={a3N{b}=¢0 = (ANBY=¢=¢
But, A'N B ={b, c} N {c} ={c}
~ ANB «((ANBY

Definition : Closure of a set
Let (X, 1) be a topological space and A = X. The closure of aset Ais A [J A and is
denoted by A or CI(A). i.e.,

A=AUA

Example : Let X ={a, b, c}, t={X, ¢, {a, b}}, A={a, c}. Find A
Solution :

A=7?
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To find the closure set of A we must find A'.
a € X and the open sets contain a are X, {a, b},
b € X and the open sets contain b are X, {a, b}
¢ € X and the open set contain c is X

notes that : {a, b}\ {a} N A= {b}NA=¢ = ae A
notes that : {a, b}\{b} YA={a} A= ¢ and

X\{b}NA={ac}NA=d = beA

notes that : X\ {c} N A= {a, b} NA=d = ceA
Therefore A'={b, c}

L A=AUA ={actU{b c}={a b, c}=X
Theorem : Let (X, 1) be a topological space and A, B < X. Then
(1) Ac A

(2) AcB = AcB (In general the converse is not true)

B) A={FcX:FetaAcF}(i.e., A issmallest closed set contains A)
4 AUB=AUB

(5) A(\Bc ANB (In general the equality is not true)

(6) Aert (i.e, Aisclosed) < A=A

(7) A= A

Proof :

(1) ~A=AUA (def.of A) = AcA
(2) Suppose that Ac B, toprove Ac B
+AcB = A cB (property of cluster set)
= AcB and A'cB
= AUA cB'UB
= Ac B (def. of A)
(3) Toprove, A=n{FcX:FetrnAcF}
Firstwe prove, Ac({FcX:FFetAACF}
LetxeA=xeAUJA (def. of A)
—SxecAvxeA
if XeA=>Xe AcF=xeFVFcX;Fer
=>xe({FcX:FFetAAcCF}
if xeAl
suppose X ¢ (fF =X :FfetAAcCF}
dJFe® ;xe¢F
— X € F* = U open set containing X.
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wxeA = ANF\{X}=0
=ANF =06

but AcF = ANF'=¢ C! contradiction.
Xe{FcX:FFetAnACF}

SACFeX:FFetAACF} e (1)
Second we prove, ([{Fc X :FFetAAcCF}cA
Letx e N{F < X:F°et A AcF}andsuppose x ¢ A
=xegAlJA (sinceA=AJA)
SXxeA A xghA
=3JUert;xeU A U\{X}NYA=¢

=>UNA=0¢ (sincex ¢ A)

=Ac U’ (since UNA=9)

But U° is closed (since U open)

=>xeU° (sincexe{Fc X:FfetAACF}) (say U°=F)
—XxeU andx e U° contradiction !

=XeA

SHF X FFetAAcCF}cA s (2)

From (1) and (2), wehave A=({{FcX:FFetAAcCF}
(4) Toprove AUB = AUUB
First we prove, AUB c A|B
From (1), AcA and Bc B = A|UBcAU B
From (5), A, B are closed sets
- AUB isclosed set contain A|JB (i.e, AUBcAB)
but A|JB is smallest closed set contain A |JB (i.e., AlJBcAUB).
= AUBc AUB e (1)
Now, we prove, A|JBc A
~AcAlUBandBc AU
From(2),A < A|UB and Bc A|UB
= AUJUBc AUB = e (2)
From (1) and (2), we have AJB = A|UB
(5) Toprove, ANB<ANB

UB
B
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(6)

[4]

[5]
[6]

[7]

Toprove, Aet & A=A
Suppose that A € 1, to prove A=A

AcA (from (1)) e (1)
+Act= Aisclosedand also Ac A and A' = A (by theorem)
S AUA cA
>AcA e )

Hence, from (1) and (2) we have A=A
Suppose that A = A, to prove A°e 1 (i.e., to prove A is closed set)
~A=AandAisclosed = Aisclosed = A‘enr.

(7) To prove A= A
Aisclosed & A=A (by (6))
A isclosed < A=A (by (6))
Remarks :
[1] We can using property (5) to find closure set for any set in topological space
instead of definition of closure set such that A is smallest closed set contains A.
[2] From property (6) and since X, ¢ are closed sets then X =X and ¢ = ¢.
[3] The converse of property (2) is not true in general for example :

Example : Let X ={a, b, c}, t={X, ¢, {a}, {a, b}}, A={b, c} and B = {a, b}.
Notes that # = {X, ¢, {b, c}, {c}}, then

A={b,c}=Aand B=X

— Ac B but AgB.

The equality of property (4) is not true in general i.e, A(NB ¢« AB for
example :

Example : In the usual topology (R, ty), let A=[1, 2] and B = (2, 3)

Clea, ANB=¢ = ANB=¢=¢ = ANB=¢

But, ANB=[1,2]N][2 3]={2}

ANBz ANB.Hence, A(NB= ANB

In a space (X, 1), if ¢ = A c X, then A =X since A is closed set contain A and
the only closed set in | contain A is X.

In a space (X, D), every subsets of X is open and closed in the sometime, then A
= A for all A < X (by property (6) ).

In the usual topological space (R, t,), if A is closed interval or open interval or
half closed (open) as follow : A =[a, bJor A=(a, b) or A=[a, b) or A =(a, b],
then A = [a, b] since [a, b] is smallest closed set contains A.

WFUUJ_J u..u_}.zujiygm_;.vd 33



Chapter one 2024-2025 Topological Spaces

[8]

If A is a discreet set in real number (finite or infinit), then A = A since A is
closed set for example :

A=N, A=0, A=P, A=E, A={1,2,3}, A={+20+2}

Either the rational numbers Q and irrational numbers, then @ =R and Irr = R
since the only closed set in t, contain Q and Irr is R.

In the topological space (N, tes), If A is finite set, then A is closed (def. of 7t ),
so A = A.

If A is infinite, then A = N'since A closed set contain A and the only closed set in
Teof CONtAIN A IS N.

Definition : Dense set
Let (X, t) be a topological space. Then A < X is called dense setin X iff A = X.

Examples :

[1] In the usual topological space (R, t.), the rational numbers Q and irrational
numbers are dense in R since Q =R and Irr =R.

[2] In the cofinite topological space (N, ts), every infinite set is dense in N, for
example if A={5, 10, 15, ...}, then A=N.

[3] Inaspace (X, I), every nonempty subset of X is dense.

[4] Inaspace (X, D), the only dense set is X.

[5] In every topological space (X, t) is X dense set always. So, every topological

space contain at least one dense set.

Topological Space Generated by Metric Space

Definition : Metric & Metric Space
Let X # ¢ a functiond : XxX — R is called a metric on X if :

(1)
(2)
(3)
(4)

diX,y) =0V x,ye X

dix,y) =d(y,x) VX, yeX
dix,y)=0<=x=yVXx,yeX
dix,y) +d(y,z)>d(x,z2) VX,y,ze X

The pair (X, d) is called a metric space.

Definition : Open Ball
Let (X, d) be a metric space and let x € X, € > 0, the set
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B:(X) = {y € X; d(y, X) <&}
Is called an open ball in X with center x and radius «.

Definition : Open Set in Metric Space
Let (X, d) be a metric space and let U — X, U is said to be open in (X, d) if Vxe U 3

£>0;B,(x) c U.

Proposition : Let (X, d) be a metric space and U < X, U is open in X iff U is the
union of open balls.

Proposition : Let (X, d) be a metric space and let tq be the family of all open sets in
(X, d).i.e., tg={U < X; Uisopenin (X, d)}. Then 4 is a topological space on X.
Proof :
(1) vxeX3de>0,B(X)cX=Xery.
dertgsinceAxed.
(2) LetU,Ver,toproveU[Ver.
LetxeUNV=xeUaxeV
= d g >0and g, > 0 such that B,;(X) < U A B(X) < V.
Let € = min{ey, €}
= Bi(X) = Ba(X) N B(X) cUN V.
=>UNVer.
(3) LetUyetq VaeA,toprove Upes Uq € 14
Let X € Uger Upo = T ape A ; X e Uy
= J &> 0 such that B,(x) < Ug.
but Ugo < Uoen Ua
=B:(X) < Uger U
= Jger Ug € 14 -
So 14 is a topology on X induced by d.

Example : Let X=R and d =| |, then (X, d) = (R, | |) is a metric space.
Now, let x € X, &€ >0 then
B.)={yeR;|y—x|<e}
={yeR;-e<y-x<eg}
={yeR ;x—eg<y<x+eg}
= (X —¢&, X + €) open interval
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So the open balls here is an open interval, and hence the open sets is the union of
open intervals.
I.e., g ={U < R ; U = union of open intervals} = 1,

We shall denote this topology by t, = the usual topology on R = the set of real.
Note that R € t, and R = (—o, o0) which is an open interval and ¢ = (a, a) ; a € R.

Example : Which of the following subsets of R is open (closed) in (R,t,) ??
(-1,1), (0,1) U (10, 20), N, [2, 3], [-1/2, 3), Q, Irr, {3, 4, 5}.

Solution :

(-1, 1) and (0, 1) lJ (10, 20) are open but not closed.

N is not open , but closed

[2, 3] and {3, 4, 5} are closed but not open.

[-1/2, 3), @ and Irr are not open and not closed.

Remark : We can get a topological space from any metric space, but we cannot get a
metric space from any topological space.

Definition : (Metrizable Space)

The topological space (X, 1) is called Metrizable iff there exists a metric d for X
such that the topology t4 induced by t (i.e, T = 14). Otherwise, X is said to be
nonmeterizable.

Remark : (X, D) is a metrizable topological space.

i.e., There is a metric d on X such that Tty = D.

_ _ (1 if x=y
Whered.XxX—>[R,d(x,y)—{0 %y
B/(X)={x}ifr<1

{X}E’Cd VxeX=1=D.

Example : If X = {1, 2, 3}, T topology on X, (X, 1) is metrizable = t =D.
Supposethat 3d: XxX >R ;1g=1
=d(1,1)=d(2,2)=d(3,3)=0

d(1,2)=d(2,1)=C;
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d(1,3)=d(3,1)=C,
d(2,3) =d(3, 2) =C;
B.(1) = {1} if e <min {C,, C,}
B.(2) = {2} if e <min {Cy, C3}
B.(3) = {3} if e <min {C,, C3}
t=D

Therefore, every topology (t) on X not discrete (D) is space not generated by metric.
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