Chapter Two 2024-2025 Continuity and Derived Topological Spaces

Chapter Two : Continuity and Derived Topological Spaces

Definition : Continuous & discontinuous Functions
Let (X, 1) and (Y, t') be two topological spaces and f : (X, 1) — (Y, t'). The function
f is called continuous if the inverse image for any open set in Y is an open set in X.
I.e.,

f: (X, 1) > (Y, t) is continuous < f*(V)et VVer
and the function f is called discontinuous if there exist an open set in Y, but inverse
Image is not open in X. i.e.,

f is discontinuous < IVert A fHV)er

Example : Let X ={1, 2, 3}, t = {X, ¢, {1}}, Y ={a, b} and t' = {Y, ¢, {b}}
(1) Definef: (X, 1) > (Y, 1) ; (1) =D, f(2) =1(3) =a. Isfcontinuous??
The open setsin Y are Y, ¢, {b}. Now take the inverse image of this sets.
Yet = f(Y)=Xert thesetofall elementin X itsimage in Y
bet = fHd)=det thesetofall elementin ¢ its image in ¢
{bret = f{bY) ={xe X ;f(x)=b}={1} e
the set of all element in X its image in {b}
Therefore, the inverse image of every element in t' is element in t, hence f is
continuous.
(2) Defineg: (X, 7)—> (Y, 1) ; 9(1)=a, 9(2) =9(3)=b. Isgcontinuous??
Yet = g(Y)=Xer
pet = gl(P)=¢er
{o}et = g*{pH={2,3} e
Therefore, fis discontinuous.
(3) Defineh: (X, t)—>(Y,7) ; h(1)=h(2)=h(3)=a. Ish continuous??
Yet = h’(Y)=Xer
bet = h(p)=der
{b}et = h*{b}) =det since there is no element its image is b
Therefore, f is continuous.

Remark : Always the inverse image of Y is X and the inverse image of ¢ is ¢.

Example : Let X ={a, b, c}, t={X, ¢, {b, c}}, Y ={2, 3} and 7' = {, ¢, {2}}. Find
all continuous function define from (X, 7) to (Y, 1).
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Solution : There are 2° = 8 from difference functions from X to Y which are some of
them continuous and some others of them discontinuous . Now we introduce the
figure for all functions from X to Y and discuses there continuous.
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From remark above f7! (Y)=Xandf ™' (¢)=¢,i=1,2,3,4,5,6,7,8.
f, is continuous, since f;* ({2}) ={a, b,c}=Xe .

f, is continuous, since f; 1 ({2})=¢ e

f5 is discontinuous, since f;* ({2}) = {a, b} ¢ .

f, is discontinuous, since f;1 ({2}) ={c} ¢

f5 is discontinuous, since fz* ({2}) ={a, c} ¢ .

fg is discontinuous, since ;! ({2})={b} ¢ .

f, is continuous, since ;! ({2}) ={b, c} e~.

fg is discontinuous, since fg! ({2})={a} ¢« .

Therefore, the continuous functions in this example are fy, 5, f; only.

Remark : There are special cases of continuous functions.
[1] Every constant function from a space (X, t) to a space (Y, t') is continuous. i.e.,
f:0X1)>(Y,1);f(X)=c VxeX andc=constantin.
To show that f is continuous.
LetVet = Visopenin, then

1 _ (X if ceV
f (V)‘{w if cgV

= X, ¢ € T = fiscontinuous.

[2] If ©' =1, then the function f : (X, ©) — (Y, I) is continuous for any set Y and any
topological space (X, 7). i.e., | ={Y, ¢}and f(Y)=Xe1,f(¢)=¢ e .
Special case : f: (X, I) = (Y, 1) is continues
And the function f : (X, 1) — (Y, 1') ; " # | is discontinuous in general for
example :

f-R, D> R, 1) ; f(X)=x
f is discontinuous since (0, 1) € 7, and f((0, 1)) = (0, 1) ¢ | = {R, ¢}.

[3] If t =D, then the function f : (X, D) — (Y, t') is continuous for any set X and
any topological space (Y, t') and for any function f since, if V e ', then f (V)
— X this means f (V) e IP(X), but D = IP(X) and this implies f (V) e D.
Therefore f is continuous.

Special case : f: (X, D) — (Y, D) is continuous
And the function f : (X, 1) — (Y, D) ; t # D is discontinuous in general for
example :
f:R,t)—>R,D) ; f(x)=x
f is discontinuous since {1} € D and f *({1}) = {1} ¢ ..
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[4]

Notes that the function f: (X, D) — (Y, I) is continuous always for any set X

and any set Y since its add the remark [2] and [3] such that t =D and t' = I.

Every identity function from a spaces to the same space is continuous. i.e.,
f:X1)>0K1 ; fx)=x vxeX

is continuous function since f (V) = V for any open set V in (X, 1) and this

implies f (V) is open in (X, 1)

notes that the identity function from a space to another space may be continuous

and its clear in example in remark [2] and [3] above.

Theorem : If f: (X, 1) > (Y, t)and g: (Y, t) > (Z, ") are both continuous
functions, then the composition gof : (X, t) — (Z, t) is continuous.

Proof :
LetWet" = g'(W)eT (since g is continuous)
notes that g*(w) c Y

= fHg (W) e (since f is continuous)
= (fFrogM)(W) e 1 (by composition of function)
= (gof) ' (W) et (since (gof)'=flog™t)

.. gof is continuous. The figure below clear this theorem.

X f > Y 2 > 7

(gof ) (W)

=f (g (W)

Remake : The composition of finite number of continuous functions is continuous.

I.e.,

the composition of three or five or hundred continuous functions is continuous.

For example if f, g, h, k are continuous, then kohogof is continuous .... etc.
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Now we introduce the definition of continuous function at a point :

Definition : Continuous at a Point
Let (X, t) and (Y, t') be topological spaces and f : (X, t) — (Y, ). the function f is
called continuous at a point X, € X if the inverse image for any open nbd for f(x,) in
Y contains an open nbd for X, in X. i.e.,

fis continuous atxo e X = VVert f(x)eVIUet;xecUAUcf(V)
The following figure clear this definition :

f

v
_<

f (Xo)

Such that V is an open nbd for f(xo) in Y and f (V) is inverse image for V and U is
an open nbd for x, in X contains in f (V).

Remark : If f is continuous function. Then its continuous at every point in the
domain. Also, if fis continuous at every point in the domain, then its continuous.
Notes that, if f is continuous at a point in the domain, then its discontinuous in
general and the following example show that :

Example : Let X ={a, b, c}, t={X, ¢, {a}}, Y = {1, 2} and t' = {, ¢, {1}}. Define
f as follow :

f:(X,1)> (Y, 1) ; f(a)="f(b)=2,f(c)=1
notes that f is discontinuous since {1} e ©', but f *({1}) = {c} ¢ .
On the other hand, thought that f is discontinuous in general, but its continuous at a
point a as follow :
f(a) = 2 and the open nbd of 2 is Y only and f (YY) = X and X is an open nbd
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There are several characterizations of continuous functions and, hence, that any
one of them may be used to show continuity of a function. These are given in the next
theorem :

Theorem : Let f: (X, t) = (Y, t') be a function. Then f is continuous iff satisfy one
of the following properties :

(1) fYF)eF Vv FeF ;¥ family of closed sets in X and ¥ family of closed sets
In Y i.e., The inverse image of every closed set in Y is closed in X.
(2) f'(B)er V B'ep ; P'isabasisfor .
I.e., The inverse image of every element in any basis for t' is open set in X.
(3) fY(SYetr V S'es ; &isasubbasis for T
I.e., The inverse image of every element in any subbasis for t' is open set in X.
(4) f'l(Ny) et V yeY V Nyemny; nyisafamily of open nbd for a pointy in
Y.
I.e., The inverse image of every open nbd for any element Y is open set in X.
5) f71(B) < f(B) ; BcY.
6 (B < (f*(B)° ; BcY.
Proof :
(1) To prove, fis continuous < X —f*(F)et V Y-Fer7
(=) Suppose that fis cont. , to prove X —f*(F)et V Y-Fer
Let FclosedsetinY = Y —FopensetinyY (def. of closed set)

=fYY-F)er (since f is continuous)
But, f (Y — F) = f}(Y) - f(F)
=X —f(F) (since f1(Y) = X)

fiY-F et = X-f'(Fer
(<) Suppose that X —f*(F)et V Y —F e, to prove f is continuous
LetVopensetinYie,Vert
.. Y —V closed set in Y since V open
= f(Y - V) closed set in X (by hypothesis )
=X-fYY-V)er
But, X—f(Y -V) =X -[f'(Y)-f (V)] =X-[X-f' V)] =fV)
=fli(V)er
.. fis continuous.
(2) To prove, fis continuous < f*(B)et VB' ef' ; B'isa basis for t'.
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(=) Suppose that f is continuous , to prove f*(BYet V B'ef'
Let B' be a base of t'and B' € f3'
=B'ert (since B' < 1)
=f'B)er (since f is continuous)
=f'(B)et V B'ef
(<) Suppose that f*(B'Y et vV B'e ', to prove f is continuous
LetVopensetinYie,Vert
= V=UiB; ; B;ep (def. of basis)
= (V) =f*(UiB) = Ui f*(B)
= Ui f'(B;) et (by third condition of def. of top.)
=fi(V)er (since (V) =f"(UB)=U f(B))
.. fis continuous
(3) To prove, fis continuous < f(S) et Vv S' €4 ;4 isasubbasis for 7.
(=) Suppose that f is continuous , to prove f*(S)et V S'e 4
Let 4' be a subbase of t'and S' € 4'
=S'eT (since ' )
—=f’S)enr (since f is continuous)
—=f’S)etr V S'eb
(<) Suppose that f*(S) et ¥ S'e 4, to prove f is continuous
LetVopensetinYie,Vert

=V =Ui(Njz, S]f) (def. of basis and subbasis)
= (V) = (Ui (N} S))
=Ui fH (N, S)) (inverse image distribution on union)

=Ui (Nj%4 f=1( S]f)) (inverse image distribution on intersection)
SfTN(S)er = fTI(S)) openin X

= AL, f1(S) et (by second condition of def. of top.)
= Ui (N, f72(S) e (by third condition of def. of top.)
=fli(V)er (since f(V) = Ui (NJ=, F72(S)))

. Tis continuous,

(4) To prove, fis continuous < f*'(N,)et V yeY V Nyen,
(=) Suppose that f is continuous, to prove f*'(Ny) et V yeY V Nyen,
Let Nyeny
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()

(6)

" My ls open nbd system for y, then n, is a family of open set, therefore
= Nyer
= f'l(Ny) €T (since f is continuous)
(<) Suppose that f'l(Ny) etVyeY V Nyen,,toprove fis continuous
LetVopensetinYie,Vert

=V = Uyev Ny 1.6, V = union of a family of open sets for every
point in V by using the fifth condition of def. of 0.n.s
(Uet < INyeny;NycU V yel)
V) = T Uyer Ny) = Uyev TH(Ny)  (inverse image distribution on union)

Ny et (by hypothesis )
= Uy T (Ny) €1 (by third condition of def. of top.)
=f'(V)er (since (F*(V) = Uyev F1(Ny))

.. fis continuous.
To prove, f is continuous < f~1(B) < f'(B) ; BcY.

(=) Suppose that f is continuous , to prove f~1(B) < f*(B) ; Bc.
Let BcY =Bc B = f!(B)c f(B)

. Bclosed setin Y by (1) f*(B) closed set in X

S HFcX:FFet A fYB)cF}<f*(B)
since f~1(B) is intersection of all closed sets that contain f *(B) and f*(B) is
one of the closed set that contain f *(B), then
— F1(B)  f(B) (since ({F : F et » £4B) c F} = -1(B))
(<) Suppose that f-1(B) < f(B) ; Bc Y., to prove fis continuous.
We will use part (1) in this theorem

Let F closed set in Y, to prove f *(F) closed in X i.e., f~1(F) = f(F).
fYF) c f-1(F) CIY N P — (1)

- Fclosed = F= F = f'(F) =f™(F)

By hypnoses, f~1(F) < f(F)=f(F)

— I cfYF) e )

From (1) and (2) we have f=1(F) = f *(F)

. fY(F) closed in X.

.. Tis continuous.
To prove, f is continuous < f*(B°) < (f'(B))° : BcY.

(=) Suppose that f is continuous , to prove f(B°) < (f*(B))° ; BcY
LetBcY =B°cB =f*(B° cf'(B)
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B°isopeninY = f*(B° isopenin X (since fis continuous)
f'B)c {OcX;0et,0<=f"(B)}
since (f *(B))° is union of all open sets that contain in f *(B) and f *(B°) is one
of the open set that contain in f *(B), then

= f(B°) < (f(B))° (since U{Oc=X;0e1,0cf*(B)}=(f'(B))°)
(<) Suppose that f*(B°) < (f*(B))° ; BcY, to prove fis continuous.
Let VV opensetin Y i.e., V et to prove f (V) open in X i.e., f}(V) = (f(V))°.
VeV = ((FIV)° < fHY) e (1)
~Vopen=V=V°= f1(V)=f(V°)
By hypnoses, f (V) = f1(V°) < (f}(V))°
=i V) cfi(v) e 2)
From (1) and (2) we have f (V) = (f *(V))°
. (V) open in X
. Tis continuous.

Remark : The six characterizations in the previous theorem for definition of
continuity is not unique, but there are another characterizations for example :

f is continuous < f(A)c f(A) ; AcX.
f is continuous < (f(A))° < f(A°) ; AcX.

Remarks :
[1] Notes that, if f: (X, 1) — (Y, 1) is continuous function, then it's not necessary

[2]

that the direct image of open set in X isopensetinY.i.e.,

Uet A& f(U)et (ingeneral not true)

Vet = fHV)er (istrue)
This two statements is difference and the following example show this :
Example : Letf: (R, t,) = (R, I) be a function, then f is continuous (see, page
37). Now we will show that the direct image of open set is not open in general :
frR,1)>R D ;fX)=x V xeR
Let U=(0,1)opensetin (R, t,) and f(U)=U
= f(U)=Uisnotopenin (R, 1) sinceU=(0,1) ¢ | ={R, ¢}
So, weshowthatUet A f(U) ¢ 1.

Notes that, if f: (X, t) — (Y, t) is continuous function, then it's not necessary
that the direct image of closed set in X is closed setin Y. i.e.,
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Fret & (f(F)er (in general not true)
FFet = (f*'F)et (istrue)
This two statements is difference and the following example show this :
Example : In the previous example :
f:R,))>R, 1) ; f(x)=x V xeR, f iscontinuous
Let F =10, 1] closed set in (R, ty)
= f(F) = Fisnotclosed in (R, 1) since F° =10, 1] ¢ I = {R, ¢}
So, we show that [0, 1]°e 1, A (f([0, 1])° =[O0, 1]° ¢ I.

Now we will introduce a new definitions for functions satisfy the condition [1]
and [2] in the previous remark as follows :

Definition : Open & Closed Functions

Let f: (X, 1) — (Y, t') be a function.

(1) The function f is called open if the direct image for any open set in X is open set
inY.i.e.,

f:(X,1)> (Y, 1) isopen function <& VUet = f(U)er
f: (X, 1) > (Y, 1) isnotopen function < FUet A f(U) g1
(2) The function f is called closed if the direct image for any closed set in X is
closed setin Y. i.e.,

f: (X, 1) > (Y, 1) isclosed function & VF et = (f(F)‘et
f: (X, 1) = (Y, 1) isnotclosed function < IF et A (f(F) &1

Remark : There are no relation between the concepts continuous, open, closed
functions and the following table show that :

f continuous function | f open function | f closed function
T T T

i i s N s N
i I s I
e I A n e N e IR
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Such that T = True (i.e., the function is satisfy) and F = False (i.e., the function is not
satisfy). Also, there are eight probability may be taken the function for example (T F
T) means that the function f is continuous, not open , closed. Therefore we will
introduce an eight examples satisfy this probability :

Example (1) : (T T T) means the function f is continuous, open , closed.
Define the identity functionf: (X, 7) > (X, 1) ; f(X)=x VxeX,
f is continuous since V 'V € tinrang X = f(V) = V e tindomain X.

fisopensince V U € 1 open indomain X = f(U) =U is open in rang X.
fis closed since V F closed in domain X = f(F) = Fis closed in rang X.

Example (2) : (T T F) means the function f is continuous, open , not closed.

Let X={1,2,3} t={X ¢, {1}}, Y ={a b, c}and T ={Y, ¢, {a}}

Define the constant function f: (X, t) > (Y, 1) ; f(1)=f(2) =f(3) =a

f is continuous since it is constant.

fisopensince: X et =>fX)={a} et det =>f(¢)=detand{l} et =
f{1}) ={a} e (ie, VUet = fU)et).

f is not closed since 3 closed set {2, 3} € # (since {2, 3}* = {1} 1)

But, f({2, 3}) ={a} ¢ ¥ 'since {a}*={b,c} ¢ '

Example (3) : (T F T) means the function f is continuous, not open , closed.

Let X ={1, 2,3} t={X, ¢, {1}}, Y ={a, b, c}and t' = {Y, ¢, {a, b}}

Define the constant function f: (X, t) —» (Y, 1") ; f(1) =1(2) =1(3) =c

f is continuous since it is constant.

f is not open since 3 open set {1} € v ,but f({1}) ={c} ¢ 7.

f is closed since : The family of closed sets in X is & = {X, ¢, {2, 3}} and the family
of closed setin Y is F ' ={Y, ¢, {c}}, then

f(X) = {c}, f(6) = ¢, F{2, 3D ={c} (e, V FeF = f(F) e F").

Example (4) : (F T T) means the function f is not continuous, open , closed.

Define the functionf: (R, 1) > (R, 7)) ; f{(X)=x VxeR

f is not continuous since 3 (0, 1) open in (R, 1), but f *((0, 1)) = (0, 1) not open in
R, 1.

f is open and closed since the only open and closed sets in (R, 1) are R, ¢ and f(R) =R
and f(¢) = ¢ (i.e., the direct image of open (rep., closed) set is open (rep., closed) set )
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Example (5) : (T F F) means the function f is continuous, not open , not closed.
Define the functionf: (R, 7)) > R, 1) ; f(x)=x V¥V xeR

f is continuous since the rang is (R, 1) (see, page 37).

f is not open since 3 open set (0, 1) in (R, ), but f((0, 1)) = (0, 1) is not open in (R,
).

f is not closed since 3 closed set {0} in (R, 1), but f({0}) = {0} is not closed in (R, I).

Example (6) : (F T F) means the function f is not continuous, open , not closed.

Let X={1,2,3} t={X ¢, {1}}, Y={a b, c}and ' ={Y, ¢, {a}, {a, b}}

Define the function f: (X, t) > (Y, 1) ; f(1)=1(2)=a,f(3)=b

f is not continuous since 3 open set {a} € t' but f*({a}) ={1,2} ¢ .
fisopensince: X et =>f(X)={a, b} et det =f(d)=detand{l} et =
f{1}) ={a} e (ie, VUect = fU)er1).

f is not closed since 3 closed set {2, 3} € ¥ (since {2, 3}° = {1} € 1), but, f({2, 3}) =
{a, b} ¢ F 'since {a, b} = {c} ¢ 7.

Example (7) : (F F T) means the function f is not continuous, not open , closed.

Let X ={1, 2,3}, t={X, ¢, {1}}, Y ={a, b, c}and ' = {V, ¢, {c}, {b, c}}

Define the function f: (X, t) > (Y, 1) ; f(1)=1(2)=a,f(3)=b

f is not continuous since 3 open set {b, c} € t' ,but f'({b, c}) ={3} ¢ t.

fis not open since 3 openset {1} € v ,but f({1}) ={a} ¢ 7.

f is closed since : The family of closed sets in X is & = {X, ¢, {2, 3}} and the family
of closed setin Y is #'={Y, ¢, {a, b}, {a}}, then

f(X) ={a, b}, f(o) =9, f({2,3})={a, b} (ie., VFeF = f(F) e F).

Example (8) : (F F F) means the function f is not continuous, not open , not closed.
Let X ={1,2,3} t={X ¢, {1}}, Y ={a, b, c}and t' = {V, ¢, {a}}

Define the function f: (X, t) > (Y, 1) ; (1) =1f(2) =4, f(3) =D

f is not continuous since 3 open set {a} € t' but f*{a})={1,2} ¢ .

f is not open since 3 openset X € T ,but f(X) ={a, b} ¢ 7.

f is not closed since 3 closed set {2, 3} € F (since {2, 3}° = {1} € 1), but, f({2, 3}) =
{a, b} ¢ F'since {a, b} ={c} ¢ 7.
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Remark : The open function is closed and the closed function is open if the function
Is bijective (injective and surjective). i.e.,
f is bijective function = (f open < f closed)
f is bijective function = (f not open < f not closed)
This means if we wanted to get a function is open not closed or closed not open must
be define a function not bijection (not injective or not surjective) since if we define a
bijective function then it's either open and closed or not open and not closed.

Remark : We talking about the function f : (X, t) — (Y, ) is continuous or
discontinuous. Now we will question if the function f is bijective and continuous this
implies that ! is continuous (i.e., if f™* exists function and f is continuous, then that
implies to f * is continuous ?? or conversaly). The answer of this question is no since
we can find a continuous function but your inverse is not continuous and the
following example show that :

Example : Define the functionf: (R, 1)) > (R, 1) ; f(x)=x VxeR
Notes that f is continuous since the rang is (R, I) (see, page 37).

Notes that f is bijective , then f ™ is exists function and

f1: (R, 1) > (R, 1), but this function not continuous since

3 open set (0, 1) in (R, 1), but (F)™ ((0, 1)) = (0, 1) is not open in (R, I).

Now the question : Is there are functions is continuous and there inverse is
continuous two ??. The answer is yes and the following definition introduce this
functions :

Definition : Homeomorphism Functions
Let f: (X, t) = (Y, 1') be a function. The function f is called homeomorphism if its
injective, surjective, continuous and f ™ continuous. i.e.,
f: (X, 1) > (Y, t) is homeomorphism < f 1-1, onto, continuous and f* continuous
f: (X, 1) > (Y, 1) is not homeomorphism <

f not 1-1 v f not onto v f not continuous v f ™ not continuous

Remark : Clear that every homeomorphism function is continuous, but the converse
Is not true for example :

frR,1)>R D ; fX)=x V xeX
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The function f is1-1, onto, continuous, but f * is not continuous. Therefore f is not
homeomorphism.

Remark : If f: (X, t) — (Y, t') is homeomorphism function, this means :
FHYU) et Vv U et (def of continuity), but (f*)*(U) = f(U) (since f bijective), so
we can said
fis continuous < f(U)et V Uer
but this is the definition of open function, so if f * is continuous this means f is open
and vise versa with property that f is bijective. i.e.,
f* is continuous < f isopen
if fis bijective (by previous remark, p. 47, f isopen < f isclosed), so that
f1is continuous < fisopen < fisclosed

I.e., the three concepts are equivalent and we can replace the definition of
homeomorphism as follow :

f is homeomorphism < f is 1-1, onto, continuous and open.

f is homeomorphism < f is 1-1, onto, continuous and closed.
such that we replace the statement f ™ is continuous in definition of homeomorphism
by either f open function or f closed function.

Remarks :

[1] If f is homeomorphism function, then f™ is also homeomorphism function.
since fis 1-1 and onto, then f ' is 1-1 and onto
since f is homeomorphism, then f  is continuous, also, f = (f )™ is continuous
Therefore, f* is homeomorphism function.

[2] Iff: (X, 1) > (Y,t)andg: (Y, 1) > (Z, ") are both homeomorphism
functions, then the composition gof : (X, t) — (Z, ") is homeomorphism.
since f and g are 1-1 and onto, then gof is 1-1 and onto
since f and g are continuous, then gof is continuous (by previous theorem)
since fand g are homeomorphism, then f * and g ™ are continuous also f *og™ is
continuous (by previous theorem)
but, f *og™ = (gof) * is continuous.

Therefore, gof is homeomorphism function.
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Definition : Homeomorphic Topologies
We called two topological spaces (X, t) and (Y, t') are homeomorphic if there exists
a homeomorphism function from (X, 1) to (Y, ') and denoted by (X, t) = (Y, t') or
(Y, )z (X, 7). le,

(X, 1) 2 (Y, ') < 3 homeomorphism function f: (X, 7) — (Y, 1)

Theorem : The relation = is an equivalent relation on the family of topological
spaces.
Proof : We must prove the relation = is reflexive, symmetric and transitive.

1)

2)

(3)

To prove = is reflexive. i.e., (X, 1) = (X, 1) ??

Define the identity functionf: (X, 1) > (X, 1) ; f(X)=x VvV XxeX
Clear that f is 1-1, onto, continuous and f = f* so that f * is continuous
Therefore, = is reflexive.

To prove = issymmetric. i.e., if (X, 1) = (Y, 1) = (Y, 1) = (X 1) ??
(X 1)z (Y, 1) = 3Fhomo. funct. f: (X, 1) = (Y, 1)

by remark [1] above, we have f ™ is homo. funct. and

fh 7, t)> X1 = (Y, 9)=Xr1)

Therefore, = is symmetric.

To prove zis transitive. i.e., iIf (X, 1) =(Y, )= (Z, ") = (X, 1) = (Z,1") ??
(X 1)z (Y, 1) = 3Fhomo. funct. f: (X, t) = (Y, ') and

(Y, )= (Z,v") = 3 homo.funct.g: (Y, 1) —> (Z, ") and

by remark [2] above, we have gof is homo. funct. and

gof :(X,7)—> (1) = X1z

Therefore, = is transitive.

Theorem :

1)

The bijective function f: (X, 1) — (Y, t') is homeomorphism iff
f~1(B) = f'(B):BCY.

(2) The bijective function f : (X, t) = (Y, t') is homeomorphism iff
f4(B°) = (f*(B))’;BcY.

Proof :

(1) (<) Suppose that f-1(B) = f*(B), to prove f Home.,

.+ fis bij., we must prove f is cont. and f* is cont.
f1(B) = f'(B) = f~1(B) < f'(B) = f iscont.

(by theory fis cont < f~1(B) < f'(B); BcY)

Qe palild) 0 g g8y Chu g D
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and - f-1(B) = f'(B) = f'(B)< f~1(B) = f* iscont.
(by theory fis cont < f(B) < f(B) ; B< Xand f replace by f™)
- T is Home.
(=) Suppose that f is Home., to prove f-1(B) = f(B)
-+ f ishome. = f is cont. and ™ is cont.
= f~-1(B) < f*(B) and f*(B) —f~1(B)
= f-1(B) = f*(B)
(2) (<) Suppose that f*(B°) = (f(B))°, to prove f Home.,
-+ f is bij., we must prove f is cont. and f* is cont.
- fYB% = (F'(B))° = f(B°) < (F'(B))° = f iscont.
(by theory fis cont < f*(B°) < (f*(B))°; BcY)
and "~ f1(B°) = (f'(B))° = (f'(B))°c f(B°) = f™* iscont.
(by theory fis cont < (f(B))° < f(B°) ; B< Xand f replace by f™)
. T is Home.
(<) Suppose that f is Home., to prove f*(B% = (f*(B))°
.+ f ishome. = f is cont. and f™ is cont.
= f(B°) < (F'(B))° and (f*(B))° = f™(B°)
= f1(B°) = (f*(B))

Definition : Topological Property

A property "P" of a topological space (X, t) is called a topological property iff every
topological space (Y, t) homeomorphic to (X, t) also has the same property. i.e.,

iIf (X, 1) = (Y, t') and (X, 1) has a property "P", then (Y, t') has the same property and
vise versa.

Subspace or Induced space

Definition : Let (X, t) be a topological space and W < X. Define the family ty as a
family of subset of W as follow :

w={WNU: Uert}
Notes that the elements of 1, are intersection W with every open set in X.

Theorem : Let (X, 1) be a topological space and W < X. Thentw ={W[)U : Ue

T} is a topology on W.
Proof : We will satisfy the three conditions in the definition of topological space.
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(1) Toprove, Wety and ¢ €ty .

T XetT AW X =>W=WNX = Werty (def. of )
Cher A X = 0=WNd = dertw (def. of ty)
(2) LetVy, V,e 1w, toprove Vi V:etw
v Vietw = 3 Uet; Vi=WNU; (def. of tw)
S Voetw = 3 Uet; Vo=W(NU, (def. of ty)
= Vi[1Vo=(WNU) N (WM Uy)
= Vi V= WN UL NU) (since () distribution on ()
e T
= Vi V. etw (def. of ty)
(3) LetVy ety ;aeA, toprove JueaVy € Tw
v Veetw = 3 Uget; Vo=WNU, ;aeA (def. of ty)

= Uoer Vo = Uaea(W N Uy)
= Udner Vo = W (Uoea Ua)
eT
= Unea Va € tw (def. of tw)
Therefore, 1y is a topology on W.

Definition : Subspace (or Induced) Topology

Let (X, 1) be a topological space and W < X. Then the topology T is called the
subspace (or induced) topology for W and the pair (W, ty) is called subspace of
(X, 7).

Example : Let X ={a, b, c}, t={X, ¢, {a}, {a, c}}, W={a, b}, Z={b} and K = {a,
C}. Find Tw, Tz, TK -
Solution :
w={WU: Uert}
w={WNAX, WMo WN{a}, WM {a c}}
={W, ¢, {a}}
By similar way we compute 1tz , T« .
2={ZU : Uer}
z={ZNX, ZN ¢, ZN{a}, ZN{a c}}
={Z, ¢} = Iz = indiscrete topology on Z
w={KNOU : Uert}
w={KNX, KN ¢ KN {a}, KN{a c}} ={K, ¢, {a}}.
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Remarks :

[1] Notes that there is an open set in the subspace but it's not open in the space. In
the previous example the set W = {a, b} is open in the subspace (W, tw) but it is
not open in the space (X, t) i.e., W ¢ 1, SO we have :

Ver, & Ver
In other word ty & t (in general).

[2] IfW € 1, thentyc .

[3] Notes that, in the previous example 1t =1z ={Z, ¢}, but t= Ix = {X, ¢}.

[4] There are some example 1 = Dy = discrete topology on W, but t+ Dy i.e.,

(tw = Dw ;ér: Dx)
For example : Let X = {a, b, ¢, d}, T = {X, ¢, {a, b}, {c, d}} and W = {a, c},
then ww={W, ¢, {a}, {c}} = Dw

[5] If tx =Dy, then 1y =Dy forall W c X. (i.e., tx = Dx = tw =Dw)

To prove this property it's enough to prove that every singleton subset of W is
open setin W.

Letye W = {y}cW,toprove {y}etw ??

v AyleWeX = {yleX = {y}eDx

since {y}=WN{y} = {ylew
= 1w = Dw.
[6] Ift=Ix={X, ¢} then t=Ilw={W, ¢}. (i.e,t=1lx = tw=Iw)
To prove this property
w={WNU : Ue}={WNX W ¢}={W, ¢}

Example : In the usual topological space (R, t,). Find the induced topology for the
following sets: W=[0,1], H=N, M=Q, K=[2, 3).
Solution : The open sets in (R, t,) is the union of family of open interval and the

family of open interval is a basis for topology t, . So we will use the open interval to
compute the basis for induce topology for given set as follow :

W =0, 1] ??

if, ab<0 v ab=>1 - pH ) R
then, [0, 1] (a,b) = ¢ a bo 1 a b

if, b>1 A a<Oo0 —— R
then, [0, 1] (a, b) =[O0, 1] a o0 1 b

if, b<1 A a>0 HHHHD ] R
then, [0, 1] (a, b) = (a, b) 0Oa b 1
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if, a<0 A O0<b<l
then, [0, 1] N (a, b) = [0, b)
if, 0<a<l A b>1 f (A ) R
then, [0, 11N (a, b) = (a, 1] 0 a 1 b
From the probability above the basis for induce topology T is

Bw ={[0, 1], ¢, (a b), [0, b), (& 1]}
Notes that the elements in this family is infinite since a, b € R.
H=N ??
The induce topology for H = N is discrete topology Dy since :

Let (a, b) openinterval in (R, 7)) ;a,beRandneN;n-1<a<nandn<b<n+l.

| 1 Y | | | |
< T 71 | | I

n-1a n bn+tl n+2 ..
This means that every singleton set (i.e., N[ (a, b) = {n}) from N is open in N (i.e.,
{n} € 1y ). Therefore 7y = D.
M=Q??
We will intersect Q with every open interval (a, b) in (R, t,) ; a, b € R.
. R
a Q b
Q ) (a, b) = the rational numbers in (a, b) and the basis for induce topology 1 is

Bo={Q N (a,b);a beR}

-~
g
I~
I~

QD
o
o P
[

K=12,3)??
To compute the induce topology 1« ; K =[2, 3) is similar of compute the induce
topology tw ; W = [0, 1] above by replace [0,1] by [2, 3) as follow :

if ab<2vab>3 — DA R
= [2,3)N(ab)=d a b2 3 a b

if a<2 Ab>3 —— Y ———— R
= [2,3)N(a b)=[2,3) a 2 3 b

if a>2 A b<3 ST ) R
= [2,3)N(a b)=(a b) 2a b 3

if a<2 A 2<b<3 —FHHHID ) R
= [23N(@b)=[2Db) a 2 b 3

if 2<a<3 Ab>3 [ D ) R
= [23N(@b)=(3) 2 a 3 b

From the probability above the basis for induce topology t« is

WFUUJ_J u..u_}.zujiygm_;.vd 56



Chapter Two 2024-2025 Continuity and Derived Topological Spaces

Bk ={[2, 3). ¢, (a, b), [2, D), (a, 3)}-
We can compute the induce topology for the intervals [c, d], [c, d), (c, d], (c, d) by
similar way by taken this probality and replace W = [0, 1] or K =[2, 3) by [c, d], [c,
d), (c, d], (c, d).

Theorem : Let (X, 1) be a topological space and (W, 1) be a subspace topology of
X. If W e 1, then 1y is subfamily of z. i.e.,

If W open set in X, then every open set in W is open in X.

Proof : We must prove the following statement twc t (i.e.,if Vet = Ver1)

Let Vetw = 3dUet ;V=WNU (def. of tw)

.~ W e 1t (by hypothesis) A U et
=>W(NUer (def. of Top.)
=Ver (since V=W NU)

The following example clear this theorem :

Example : Let X = {a, b, ¢, d}, T = {X, ¢, {a}, {a, b}, {a, b, c}} and W = {a, b, c}.
Find Ty .
Solution :
Clear W € 1. To compute 1y :
w={WNU : Uet}
w={WNX, WM ¢ WN{a}, W {a b}, W[ {a, b, c}}
={W, ¢, {a}, {a b}}

Notes that ty is subfamily of © (i.e., tw < 7).

Remark : From definition of induce topology Ty , notes that :

Vet < FIUet ;V=WNU
The question now what about the close set, the previous statement satisfy or not ??
The answer yes such that :

Ac () < JFet ;A=WNF
By other statement :
Ae¥y < dFed ; A=W(F
Such that & is the family of closed sets in X and &y is the family of closed sets in W.

Example : Let X ={a, b, c}, 1 = {X, ¢, {a}, {b}, {a, b}} and W = {b, c}.
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Then tw = {W, ¢, {b}}, F = {X, ¢, {b, c}, {a, c}, {c}} and F, = {W°, ¢°, {b}‘} such
that :
Fw ={W", ¢°, {03} = {o. W, {c}}

={wnAX;Wne,wWn{b c}, WN{a c} WN{c}}

Theorem : If K is a subspace from W and W is a subspace from X, then K is a
subspace from X.

Proof : Let (X, 1) be a topological space and W < X, K< W, to prove K is a
subspace from X, must prove :

1) KX
(2) ifAE(’Ew)K =3JUer ,A:KﬂU
Now,

(1) SinceKcWcX = KcX
(2) Let Ae(twk =3IVetw ; A=KNV
(def. of induce top. and K is a sub space from W)
w Vetw =3 Uert; V=WNU
(def. of induce top. and W is a sub space from X)
A=KV = A= KNWNOU) (since V=W NU)
= A=(KNWNU (N associative)
= A= KU (@inceKcWand K=KW)

Definition : Restriction Function
Let f: X — Y be a function and let A < X. We say the function g : A — Y such that
g(a) = f(a) for all a € A is the restriction function on the set A and denoted by g =f |

A

Example : Let f: R — R such that f(x) = x + 1 be a function.
Notes that the domain of f is R, take N R and

flv:N— R such that (f |)(X) = x + 1.

f |\ is restriction function on the set N.

We will use this definition to introduce the following theorem :

Theorem : Let f: (X, 1) — (Y, t) be a continuous function and W be a subspace
topology from X. Then f |y is continuous.
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Proof : To prove, f|w : (W, tw) — (Y, ') is continuous ??
e, toproveif Vet = (flw)'(V)etw

Let Vet = f'(V)er (since f is continuous)

= WNOFfYV)etw (By def. of 1)

= (flw)'(V) etw (since. W fH(V) = (Flw)"(V))
- Tlw is cont.

Remark : From previous theorem we can get on an infinite number from continuous
functions thought out know one continuous function for example :

f: (R, 1) — (R, 1) such that f(x) = x + 2 is continuous function.
.. every functions of follows is continues function :
flv,flo, flz g, Flow - ete.

We can get another of an infinite number from new continuous functions by
theorem blow :

Theorem : Let (X, 1) be a topological space and (W, ty) be a subspace of X. Then

the inclusion function i : (W, tw) — (X, 1) such that i(x) = x for all x € W is
continuous.

Proof : Toprove if Vet = i*(V)etw

Llet Vet = i*(V)=WNV (since W — X and def. of i)
= iV)etw (since WV € tw and by def. of )

- 1iscont.

Let (X, t) be a topological space and (W, tv) be a subspace topology of X and
A W < X. We can compute A , A°, A’ in (X, 1) and from the other hand we can
compute A, A°, A in (W, ty). The question what relation between (A in X and A in
W), (A% in X and A° in W) and (A” in X and A”in W) ?? The theorem blow answer
on this questions :

Theorem : Let (X, 1) be a topological space and (W, 1) be a subspace topology of
Xand A c W c X, then

(1) WNA =A inW ;A isclosure of Ain X

(2) WNA° cA°inW.

(3) WNA > A”inw.

Proof :
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(1) Toprove, WNA =A inW

we must prove, WA cA inW and WA 2A inW

TAcCWcX = Ae¥ (by previous theorem A is closed in X)
=ANWe Fy (A'is closed in W)

Now,

AcW A AcA = AcCWNA

Notes that W (] A is closed set in W and containing A, but A in W is the

smallest closed set in W contain A, so we get

= AINWcCWNA = e (1)
and,
WA ecFw=IFeF: AINW=W(F
= AcF
=AcF=F = AcF (F =Fsince F is closed)
=WNA cCcWNOF=AinW
SWNA cAinW e )

From (1) and (2) we have, W A =A inW.
(2) Toprove, WNA° < A’inW
Aer = WNA° et
= WNACcA°cA = WNA° cA
= WA’ cA’inW (since W) A°open in W contain in A)
i.e., A°in W must contain all open set in W contain in A.
(3) Toprove, A’ inWc A’ W.
Letxe A°inW = VVerty,xeV VNA=d A VNA £
(By def. of boundary point)

Vet =>3dUert;V=WNU (def. of tyw)
> VUenxeUUNA=zd A~ UNA“ 2
—SxeA’” =>xeA"NW (sincexeVcW )

CAYIinW c AP W

Remark : The equality of properties (2) and (3) in the previous theorem is not true in
general and the following example clear that :

Example : Let X ={a, b, ¢, d}, t = {X, ¢, {a}, {a, b}, {a, b, c}} and W = {a, c, d}.
Then tw ={W, ¢, {a}, {a, c}}, A={a, c}
A={a c}=A"inW since Aety and A°’={a}

Since {a} is largest open set in X containing in A =
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A°NwW={a}N{a cd}={a} = A’ inW=A’MW since {a, c} = {a}
On the other hand to compute A, A” in W, we will compute A*, A*in W such that
A*in W = ¢, then
A" inW=W-(A°inW A inW)=W-{a c}= {d}
. APin W = {d}
A= = A"=X-(A°UA)=X-{a}={b,c,d}
= A"NW={c,d}
LAY InW=A"NW
To check property (1) in the previous theorem we compute A and A in W as follow :
AinW=W and A=X = ANW=XOW=W
. AinW=ANW

Product Space

Definition : Cartesian Product
Let X and Y be any two sets. The Cartesian product , or simply product of X by Y
is denoted by XxY and denoted as :

XxY={(x,y); xeXA yeY}

Definition : Product Space

Let (X, t) and (Y, t') be two topological spaces. We say the topology has a base f3 ;
B={UxV;UetAn Ver'}

Is the Product Topology on the set XxY and denoted by tx.y and called the spaces

(XxY, tx.v) is the Product Space of X by Y.

Remark : Notes that B in general not topology since it's not satisfy the third
condition of topology, but since B is a base for topology, so we can get the three
condition of topology and the following example show that :

Example : Let X ={1, 2, 3}, t ={X, ¢, {1}}, Y ={a, b} and ' = {, ¢, {b}}.
Compute tx.y .
Solution :
XxY ={(X,y); xe XA ye Y}
={(1,a), (1,b), (2, a), (2, b), (3, a), (3, b)}
B={UxV;UetAn Ver}
= {XxY, Xxd, Xx{b}, dxY, dxd, ox{b}, {1}xY, {1}xd, {1}x{b}}
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= {XxY, ¢, Xx{b}, {1}xY, {1}x{b}}
Since Ax¢d = ¢ and ¢pxA = ¢ for any set A.
S B ={XXY, 6,{(1, D), (2,b), 3, b)) {(1, ), (1, b)}, {(1, b)}}

Notes that 3 is not topology since

{(1,b),(2,b), B, 0)} U{(1,a), (1,b)}} ¢ B

The elements of tx.y is elements of 3 and add all possible union of elements of {3 ;
Sty = {XXY, ¢, {(1, b), (2, 0), 3B, b)}, {(1, @), (1, b)}, {(1, b)}, {(1, b), (2, b), (3,
b), (1, 8)}}.

Remark : We can compute the product space (XxX, tx.x) depending on (X, tx) only,
also we can compute (YXY, Ty.y), (YXX, Tyxx), (XXYXZ, Txxyxz), ... €tc., there are
an infinite number from product spaces which can computing from one space known
or more than one space. In general XxY # YxY.,

From known product spaces which we use always is usual space R" ; n eN and
the most common one is R* which represent the plane and its product space follow
from product (R, t,) by self.

Example : Let X = [0, 1] be a subspace of (R, t,) and take S' = {(X, y) € R?% x*+y?
=1} be a subspace of (R?, t,) such that S' geometry represented as a circle in plane its
center the original point (0, 0). Then [0, 1] x S'"is a cylinder as follow :

0 1 S' 0 1

| |
| | X

R

Remarks : Let (X, t) and (Y, t') be any two topological spaces.
[1] Ift=Ixand 7' =Ily, then tx.y = Ix.y, i.€.,
If t ={X, ¢} and ' = {Y, ¢}, then tx.v = {XxY, ¢} and B is:
B = {XxY, Xxd, dxY, dxd} = {XxY, ¢} = Ix.vy
[2] Ift=Ixandt' #lyort=Ilxandt = Iy, then tx.y # Ix.y , for example :
If X ={1, 2}, 1 ={X, ¢, {1}}, Y ={a, b} and ' = {, ¢}, then
B={XxY, o, {1}xY} ={XxY, ¢, {(1, @), (1, D)}} = txxv # Ixxy
[3] Ift=Dxand t' =Dy, then tx,y = Dx.v,
Proof. To prove any topology is discrete topology it's enough to prove every
singleton set is open i.e., (V {(X, y)} singleton set = {(X, ¥)} € Tx.vy )
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[4]

[5]

[6]

{(x, y)} = {x} x {y} (def. Cartesian product of X by Y)
{x}er (since T = Dy)
{y}er (since v = Dv)
{0 ¥)} € Bxxy
= {(X, ¥)} € txxy (def. product spaces)

If t Dy or t'# Dy, then tx.v # Dx.y , and the following example show that :
If X ={1, 2}, t ={X, ¢, {1}, {2}} =Dy, Y ={a, b} and v = {, ¢} # Dy, then

B ={XxY, ¢, {1}xY, {2}xY}

={XxY, ¢, {(1, a), (1, b)}, {(2, @), (2, b)}} = Brxy = Txxy # Dxxy

If Ac Xand B c Y, then AxB < XxY and we can compute the closure of AxB
in XxY (i.e., A x B), on the other hand there are A in X and B in 'Y, also we can
compute A x B and the question what relation between A x B and A x B and the
answer A X B=A x B.
Also, by similar way we can conclusion (AxB)°= A°xB°.
There are two natural projection functions from product space XxY to codomain
X and others to codomainY and denoted by Py and Py and called the first project
XxY on X and called the second project XxY on Y. We will show that the two
functions are surjective , continuous and open as follows :
Py : XxY > X ; Px((X,¥)=x and
Py: XxY >Y ; Py((x,y) =y
; the first projection map the order pair (x, y) to first coordinate while the
second projection map the order pair (X, y) to the second coordinate.
To prove, Py is continuous function
We must prove, if Uet = Prl(U) € Ty

LetUet = Pg(U)=UxY (By def. of Py)
v Uet A Yer = UxY e Bxxy
= UxY € Tyy (since Bxxy  Txxy)

:>PX_1(U) € TxxY
.. Px 1s continuous functions
By similar way we prove Py is continuous functions

LetVet = Py1(V)=XxV (By def. of Py)
wXet A Vetr = XXV e By
= XxV € Txyy (since Byxy < Txxy)

= PY_1(V) € TxxY
.. Py is continuous functions
To prove, Py is open function
Let UxV € Byx.y = UxVopensetin XxY ; Uet A Vet
= Px(UxV)=U
wUer = Pyx(UxV) et
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.. Px is open functions
By similar way we prove Py is open functions
Let UxV € Bx.y = UxVopensetin XxY ; Uet A Ver

= Py(UXV) =V
Vet = Py(UxV) et
.. Py is open functions.
Notes that XxY = YxX since (X, y) = (y, X) in general, but XxY = YxX (i.e.,
XxY, YxX are Homeomorphic), to prove this :
Define f: XxY —> YxX ;  f((X,¥)) =(y, X)
f 1s 1-1 function since,
Let f((x1, y1)) = f((X2, ¥2)) = (Y1, X1) = (Y2, X2)

=X1=X2 N Y1=Y2
= (X1, Y1) = (X2, ¥2)-

f is onto function since,
V (Y, X) e YxX 3 (X,y) € XxXY ; f((X,y)) = (Y, X).
f is continuous function since,
Let B be a base of XxY and B' be a base of YxX
LetVxUef' = Vet A Uer

= VxU e TyxX

= f 1(VxU) = UxV open set in XxY
f is open function since, the image of every open set in domain is open set in
codomain ;
LetUxV e = UxVopensetinXxY ; Uet A Vet

= f(UXV) =VxU € TyxX
.. fis homeomorphism function.
If yo € Y, then the product space Xx{y,} topological equivalent the space X.
e,  Xx{yo}=X ;  Xx{yo}={(X Yyo) : xe X}
To prove this :
Definef: X —> Xx{yo} ; fX)=(X V) V xeX
f is 1-1 function since,
Let f(x) = f(x2) = (X1, Yo) = (X2, Yo)

= X1 =X Y X1, Xo € X
f is onto function since,
V (X, Yo) € Xx{Yo} 3 X € X; f(X) = (X, Yo)
f is continuous function, since the sets in the base of the space Xx{yq} is
Ux{yo} ; U € tor ¢, then
fiU{yo))=Uet and f(d)=der
f is open function, since if U is open in domain X, then f(U) = Ux{y,} and
Ux{yo} is open in codomain Xx{yo}.
.. Tis homeomorphism function.
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If Xo € X, then the product space {Xo}xY topological equivalent the space Y.
e,  {XopxYzY o {Xo}xY ={(Xo,Y) : YEY}
To prove this : (By a similar way of [8])
Definef:Y — {X}xY ; f(y)=(XoYy) V yeY
f is 1-1 function since,
Let f(y1) = f(y2) = (%o, Y1) = (X0, ¥2)
=>VY1i=Y> YVy,Y€Y
f is onto function since,
V (X0, Y) € {Xo}xY 3y € Y f(y) = (X0, ¥)
f is continuous function, since the sets in the base of the space {Xo}xY is
{Xo}xV ; V e t' or ¢, then
fi{x}xV)=Ver and fli(¢p)=¢per
f is open function, since if V is open in domain Y, then f(V) = {X}xV and
{Xo}xV is open in codomain {Xo}xV.
.. Tis homeomorphism function.

Notes that Xx{y,} is a sub space of the space XxY and represented horizontal section
in the space XxY at the point y,. Also, {Xo}xY is a sub space of the space XxY and
represented vertical section in the space XxY at the point X.

For example, take X =Y =R and t = 7' = 1, , then the product space XxY is the

known plane R,
Let yo = 2, then Xx{yo} = Rx{2} is subspace from R? and represented as horizontal
line segment and the following figure show this :

Let X, =3, then {X,}xY = {-3}xR is subspace from R? and represented as vertical
line segment and the following figure show this :

AR
(=3.y)

A
——

v

S

{- 3R
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Definition : Quotient Space
Let (X, tx) be a topological space and Y be any set. Let f: X — Y be a surjective
function, then the set

w={GcY;f'G)en}
Is a topology on Y this topology called quotient topology on Y generated by f and
(X, tx).

Question : The topology 1 = {G < Y ; f }(G) € t«} is the largest topology on Y
make the function f continuous.

Answer : Let t be another topology on Y making f continuous.

= f(G)isopeninX V Ger.

= Gers (def of ’L'f)

= TC Tf

= 1z is the largest topology on Y making f is continuous.

Theorem : Let f: (X, tx) — (Y, ty) be a continuous surjective function, if f either
open or closed, then t; = 1v.

Proof :

Clearly, ty < (by previous question)
Now, to show that 1 c Ty

LetG ety = F(G) e 1«

= f(f(G)) =G isopeninY (since f is open)

= Geny

= TS Ty

So, 1 = 1v.

By similar way if f is closed.

Theorem : Let Y has the quotient space generated by the surjective function f: X —
Y, theng:Y — Zis continuous function if and only if gof is continuous function.

Proof : f

(=) The composition of continuous functions is continuous. X =—¥
(<) Let G be open setinZ

Since gof is cont. = (gof)™(G) = f (g™ (G)) is open in X gof g

Butg™(G)cY A fHg™(G)) isopeninX
= g (G) isopeninY (by definition of t; , g(G) € 1;)
= @ is continuous.

N
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Remarks :

[1] Let X be a nonempty set. The partition or decomposition on X with the
relation R is the family of disjoint nonempty subsets of X and their union equal
X. The elements of this partition called equivalence classes and denoted by [X].

[2] The set of equivalence classes for X is called guotient set for X with the
relation R and denoted by X|R = {[x] : x € X}.

[3] The mapping p : X — X/R; p(x) = [X] is called guotient mapping.

Definition : Quotient Space

Let (X, 1) be a topological space and R be equivalence relation on X. Letp: X —
XIR ; p(X) = [X] be surjective quotient mapping from X to X|R, then the quotient
topology on X|R is the largest topology make the function f continuous and the space
(X|R, txR) Is called guotient space.
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