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Chapter 5: Numerical Solution of Integral Equations

5.1 Classification of Integral Equations:

An integral equation is an equation in which the unknown function u(x) appears under
an integral sign. The most general linear integral equation in u(x) can be presented as:

hGu) = £ + [79 k(x, Hu(e)de (5.1)

where K(x,t) is a function of two variables called the kernel of the integral equation.

This equation is called a Volterra integral equation when b(x)=x,

hGu(x) = f(x) + [ k(x, Hu(t)de (5.2)
when h(x)=0 it is called a Volterra equation of the first kind,

—f(x) = [ k(x, Hu(t)de (5.3)
and is called a Volterra equation of the second kind when h(x)=1,

u(x) = f() + [ k(x, Du(t)de ..(5.4)

The integral equation (5.1) is called a Fredholm integral equation when b(x)=b, where b
constant,

h(ux) = f(x) + [ k(x, Hu(t)dt ..(5.5)

It is also called a Fredholm equation of the first and second kinds when h(x)=0 and h(x)=1,
respectively:

—f(x) = [, k(x, u(t)dt .(5.6)
u(x) = f(x) + [ k(x, Du(t)dt ..(5.7)

5.2 Numerical Solution of Volterra Integral Equations:

Let us consider the Volterra equation of the second kind:

u(x) = f(x) + [ k(x, u(t)de
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we will subdivide the interval of integration (a,x) into n equal subintervals of width h=(x,-
a)/n, n=1, where X, is the end point we choose for x, we shall set t;=a and tj=a+jh. Note that
the particular value u(Xxq)=f(a), so if we use the trapezoidal rule with n subintervals to
approximate the integral in the Volterra integral equation of the second kind (5.4), we have:

[ k(x, Hu(®)dt ~ g["@ to)u(to) + 2k(x, t)u(ty) + -+ 2k(x, tn_1>u(tn_1)]

+k(x, ty)u(t,)
(5.8)
and the integral equation (5.4) is then approximated by the sum:
u(x) = £(x) +5 [k to)ulte) + 2 X727 k(x, £ )u(ty) + k(x, t)u(ty)] (5.9)

If we consider n+1 sample values of u(x), u(xy),i=0,1,...,n, equation (5.9) will become
a set of n+1 equations in u(x;) (or uj)[note that u(xe)=f(Xo) since the integral in (5.4) vanishes
for x=xq=2a].

Uy = fo
h _
up = fi +3 [kiotto + 2 YT ke + ki mUm], (5.10)
| = 1,2, e, n, kl] = k(xi,tj), ] <i

which are n+1 equations in u;, the approximation to the solution u(x) of (5.4) at x;=a+ih for
i=0,1,...,n.

Example 5.1: Use trapezoidal method to find an approximate values to the solution for the
following Volterra integral equation u(x) = x — fox(x — t)u(t)dt at x=0,1,2,3,and 4.

Here, f(x)=x, k(x,t)=t-x for t<x=4 and is zero for t>x=4, and a=0 with u(0)=0. We also have
n=4 and hence h=(4-0)/4=1. So using (5.10) to obtain:

U():fo:O
Us=Fi [kaotto + kg =143 [(0 = D(0) + (1 = Duy]=1
lJZ:fZ"’% [k20uo + 2kz1uy + kppus]

=2+ 2[(0 - 2)(0) + 2(1 — 2)(1) + (2 — 2u,]=1
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U3:f3+§ [kgo”o + 2k31u1 + 2k32u2 + k33u3] - 3 + % [(0 - 3)(0) + 2(1 - 3)(1) +
22 -=3)(1) + (3 =3us] =3 +§[—4— 2] =0

Uy = fy + 5 [kaotlo + 2Kaqtty + 2kaptty + 2hgztts + kyquig] = 4 +[(0 — 4)(0) +
21— 9)(1) + 22— (1) + 23 - 4)(0) + (4 — D] =4 +[-6 — 4] = -1

Xk 0 1 2 3 4

Uk 0 1 1 0 -1

5.3 Numerical Solution of Fredholm Integral Equations:
Let us consider the Fredholm equation of the second kind:
u(x) = f(0) + [, k(x Hu(t)dt (5.11)

we will subdivide the interval of integration (a,b) into n equal subintervals of width h=(b-
a)/n, n=1, we shall set t;=a,t,=b and t;=a+jh. Note that the particular value , so if we use the
trapezoidal rule with n subintervals to approximate the integral in the Fredholm integral
equation of the second kind (5.11), we have:

[P k(x, Ou(@)de ~ ["("' to)u(to) + 2k(x, t)u(ty) + - + 2k(x, tn_l)u(tn_l)]

2 +k(x, ty)u(t,)
(5.12)
and the integral equation (5.11) is then approximated by the sum:
u(x) = £(x) +5 [k to)ulte) + 2 X727 k(x, t)u(ty) + k(x, t)u(ty)] (5.13)

If we consider n+1 sample values of u(x), u(x),i=0,1,...,n, equation (5.13) will become
a set of n+1 equations in u(x;) (or u;).

h _
u; = fi + > [kiouo + 2 2}111 ki juj + ki,mum]' (5.14)
= 1,2, e, N, kl] = k(xl-,tj), ] <i

which are n+1 equations in u;, the approximation to the solution u(x) of (5.11) at x;=a+ih for
i=0,1,....n.
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Example 5.2: Use trapezoidal method to find an approximate values to the solution for the
integral equation u(x)=x? +i—§x + fol(x — t)u(t)dt with h=0.25 notice that the real
solution is u(x)=x*

We have f(x)= x2 + 7 — ~x and K(x,t)=x-t.
Since h=0.25, we have Xo=tp=0,X;=t;=0.25,X,=t,=0.5, X53=t3=0.75 and X4=t,=1

for i=0,1,2,3 and 4, we have:

h
Up = fo + 5 [koouo + 2kg1uy + 2koouy + 2kozus + Koatty]

h
u; =fi + 2 [kiouo + 2kqquy + 2kipuy + 2ki3uz + kyguyl

h

U, = fo + 5 [kaouo + 2kp1uy + 2koou, + 2kp3uz + kpguy]
h

uz = f3+ 5 [k3oup + 2k31uy + 2k3ou, + 2k33uz + k3auy]

h
therefore, we hence:

0.25
g = 0.25 +——[(0 = 0)ug +2(0 — 0.25)u +2(0 = 0.5)u, +2(0 ~ 0.75)u3 + (0
— Duy]
u; = 0.22917
0.25
+—=1(0.25 = 0)uo +2(0.25 — 0.25)u; +2(0.25 ~ 0.5)u,
+2(0.25 — 0.75)u; + (0.25 — 1)u,]
u, = 0.33333
0.25
+——[(0.5 = 0)u +2(0.5 — 0.25)u; +2(0.5 — 0.5)u, +2(0.5 — 0.75)u;
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u; = 0.5625

0.25
+ == 1(0.75 = 0 +2(0.75 = 0.25)u; +2(0.75 — 0.5)u,

+2(0.75 — 0.75)us + (0.7

U, = 0.91667

5— 1)u,]

0.25

— Duy]
then,
8ug + 0.5u; +uy, + 1.5uz +u, =2
-0.25u¢+8u;+0.5u,+u3+0.75u,=1.8333
-0.5u0-0.5u;+8u,+0.5u3+0.5u,=2.6667
-0.75u9-u1-0.5u,+8u3+0.25u,=4.5
-Ug-1.5u4-u,-0.5u3+8u,=7.3333

solving this system, we get:

u=[-0.010417 0.052083 0.23958 0.55208 0.98958]T
Xk Uk U(Xk)
0 -0.010417 0
0.25 0.052083 0.0625
0.5 0.23958 0.25
0.75 0.55208 0.5625
1 0.98958 1

Exercise:

1. Use trapezoidal method to find an approximate values to the solution for the integral
equation u(x)=x — ’;—3 + fox tu(t)dt, x€[0,1], with h=0.25.(note that u(x)=x)

2. Use trapezoidal method to find an approximate values to the solution for the integral
equation u(x)=e* — xe! + x + f01 xu(t)dt, with h=0.5 ( note that u(x)=e").



