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Linear Algebra

Yectors in the plane
Coordinate systems:

We recall that the real numbers system may be visualized as a straight
line £, which is usually taken as a horizontal position. A paint () called the
origin, ons; o corresponds to the number 0. A point 4 is chosen to the
I‘i:ght of @ and fixing the length of (44 as | and specifying a positive
direction. Thus the positive real numbers lie to right of ©2; the negative real
numbers lie to the left of @(see figure 1),

-3 -4 3 F W

The absolute value x| of the real number x is defined by
|-T!={I i r=0
N s x<0
Thus[3 =3, |-2|= 2and jo|=0

It a, b are two points on the line L, then the distance between the point o and
f 15 |b-al.

Example: [f a=3, b=1.5, the distance between g and b is i
|b-a|=|1.5-(-3)|=4.5.

In the plane: | o
We draw a pair of perpendicular lines intersecting at a point@, called the

origin. One of the lines, the x-axis, is usually taken in a horizontal position,

the other line, the y-axis, is taken in a vertical position.
We now choose a point on the x-axis to right of © and appoint of the V-axis

above O to fix the units of length is used for both axis.
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Thus with every point in the plane we associate an order paiy (x,y) of
real numbers its coordinates. The point p with coordinates x and y is denoted

by p(x.y).
~ Conversely, it is easy to see how we can associate a point in the plane
with each order pair (x, ) of real number.

The correspondence given above between points in the plane and
ordered pairs of real number is called rer.lﬂngu]ar coordinate system or the
Cartesian coordinate system. The set of all points in the plane is denoted b}*

R* It is also called 2-space.

Vectors:
Consider the 2= ] matrix
i [TJ
¥
Where x and y are real numbers. With X we associate the directed line
segment with initial point at the origin @ (0, @) and terminal point at p(x,v).

It is denoted by OF; O is called its tail and P its head.,

A directed line segment has a direction, which is the angle made with
the positive x-axis, indicated by the arrow at its head

bl
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The magnitude of a directed line segment is its length.

al

: * : —— i .
Example: Let v _:‘J be a vector with the directed line &P with head
P4, 5), '

x

Definition: A vector in the plane is a 2/ matrix X =.[
¥

] where x and y

are real numbers, called the component of X,
Note: Since a vector is a matrix, the vectors
X.
e and}"s[ 2}
M ¥

Are said to be equal if x;=x and y;=y,. That is two vectors are equal if their
respective components are equal.
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Example: The vectors L—' I and ‘ I“ are not equal.
Length: .
By the Pythagorean theorem the length or magnitude of the vector
A=(xy is '

|I|I_1[-|;|_\|.I'_!+-Ij e {I]

IF P(xy,¥;) and Q(x;.y2) are two points on the plan then by the Pythagorean
theorem, the length of the directed segment with initial point Py(x,.y) and
terminal p‘:li]"lt Fﬂ_.‘-’i;,}'z} 15

18R] = s —x P +0a-2P ... @

Pifx;,
% . iy
Pafx;z,v3) :
yrr
¥ S (T e
X X3

Example: [f X= (2,-3), then

Lt R et

e y [
--F--F-r'—l-'- '-_-__H---H"-__——-—F-I---'I'-b-'----_.—.“.h__"-—
e = :



[X] = 20 + (=5)" = J4+25 =29

Example: The distance between P (3, 2)and @ (-1, 51 is

: fo A= g ] f42 o w2 for _ =
!!"'2’9“1.'{ |=3)" +{5-2) =vd" +} =+15=3

Z F .0 1 o H . L ST
Note: Two vectors ¥ .—|ir'J and X :{ '] is said to be parallel 1l xp.=xa
bt _.1"|
or have the same slopes.

Vector operations:

Definition: Let X=(x;y,) and ¥={r;p) be two vectors in the plane. I'he
sum of the vectors X and Y is the vector

1"3'-’:*13.}'_: rVya)
And is denoted by X+Y.

Example: Let X=(2,3)and Y= (-5, 6). Then

e yat X+Y= (24 (-9)),L 6+3)=(-3, D

Definition: If X=(x, y) is a vector and ¢ is a scalar (real number), then the
scalar multiple cX of X by ¢ is the vector (¢x, ¢y)

If c>0, then cx in the same direction of X

If <0, then cx in the opposite direction of X

[f ¢=2, d=-3 and X= (2, -3), then

xample:
'E__E::_J-PEEE, _3¥(4, -6) and dX=-3(2,-3)=(-6, 9)



{=0, 4}

Definition: The vector (0,0) is called the zero vector and is denoted by O.
It X is any vector, then
X=X,

We can also show that

X+ (-1) X=0.
And we can write (-1) X as —X and call it the negative of X. B
And we write X+ (-1} Y as and call it the difference between X and Y. The

vector X-Y 15

The angle between two vectors:

The angle between the nonzero vector X=(x;.y;) and Y={(xz2,y2} is the angle

g ,where 0=8=n

Appling the law of cosines Lo the triangle we have .
P11 =IE + T -2irleest - @)
From (2)

- = (=2 + i)
—_'::.'I'! +.'E|-,.] "",fl-'|T +y, = 2x% F )

a "f"“,"I +r - 2xx, + .1*.}.!%] '
x|+l -Yxfrfcose

L+l -2 yiys) =
o]+ 0oand|ri=?

Then s ”
_xF NN
c0s0 =" [¥[f|



N
: ]

Definition: The inner product or dot product of the vectors X=(x.¥) and

Y=(x1.y;) is defined to be !
XKoY=y 4 W3 A4

Thus we can rewrite (3) as
i':i.lﬁf-i'=—1::_. - (D<= m).{3)
i

Example: 1f X=(2.4), Y=(-1,2). then
Ao =2 -1+ {402 =D

Also
[¥] =@ + 4 «+20 And = +2 =45 :
Hence

o _.TW -0.6 Then #=518 from table.

Note: [f the nonzero vectors X and Y at right angles, then the cosine of the
m‘u:_lr: 2, cosp=0. Hence X.Y=0, conversely if X.Y=0 then cosa=0

theng-2 -0y
Thus th;, nonzero vectors X and Y are perpendicular or orthogonal if and

only if X.Y=0.

Example:
If X=(2,-4), Y=(4,2
X.¥Y=42+2(-4)=0 then X LY

The properties of the dot product

Theorem: If X,Y and Z are vectors and ¢ 13 a scalar, then;

(1) xsx =} z0, with equality if and only if X=0,

{2] Xea¥=FalX,

(3) (X +¥yeZ=XoZt+FeZ,
(4) (eX)e¥=Xe(ch=cXeb),
Proofl: H.W.

Unit vectors:

R —
i
p—
P



A unif veetor is 2 vector whose length is | and denoted by UL IF X is
any nonzero veelor, then the vector

E--—r--‘L

]
Is a unit vector in the direction of X,

H.W. prove that for any unit vector U, then lef=1.

Example: Let X=(-3.4), then
lXf= (=3} +4' =5
Then the vector U is i

| : .
== {—'_‘.-.-I]I = |_'T3.E_}JS the unit vector.
'u 16 _

v~ J{—} S

Then U lies in :ilrr.,n.lu}n nf‘?&.

Now, there are two unit vectors in £, They are i=(1,0) and j=(0,1).
If X=(x,y) is any vector in &*,then we write X in the term of I and j as

X=xityj

Example: I X=(4,-5) then we can say that X=4i-3]).

¥
+ &
.4 00 &
g #* - — »
Ol no
S I T
T

X=4(1,00H-5)0,1={4,0+0,-5)=(4,-5)

Applications:

e S =



! 2 Suppose that a force\power of 12 pounds act on a solid in the direction

of a negative x-axis and forcelpower of 5 pounds act on the same solid in the

[
direction of a positive y- axis, find the valué and the direction of the

magnitude.
7= 122 ¢52 = fi3a+25 =169 =13

pi-12,5)

&

v
Example: A ship is being pushed by a tugboat with a force of 300 pounds
along the negative v-axis while another tugboat is pushed along the negative
x-axis with a force of 400 pounds. Find the magnitude and sketch the
direction of the resultant force.

Solution:
|0 7| = ¥i5600 +-90000 = /250000 = 500 pounds.

i P

Exercises :

I- Find X+Y .X-Y .2Xand 3X-2Y if X =(2,3) ,Y=(-2.5).
2- Let X=(1,2),Y=(-3,4),Z=(x.4) and U= (-2,y) find x and ¥ so that

(a) 7=2X (b) % =Y (c) Z+U=X

3-Find the length of X=(-4,-5).
4- Find the distance between (0,3),(2,0).



5.Find X » Y. X=(-2.-3), {2,-1) .lind the cosine of the angle between

xY.

6- which of the vectors X=(1.2) .Y =(0,1) ,Z =(-2,-4 ) /W=(-2.1),
LI=(-6,3) are orthogonal .in same direction ,in opposite direction
7- Show that if Z erthogonal to X and Y then.Z orthogonal o

rX+sY ,wherer, s are scalars .

n-vectors:

Definition: An n-vectors is anax=1 matrix

'*u]

¥y |

:

X=

Where oy Xy e N
Since an n-vector is a matrix, the n-vectors

|-_1_I -[ [-j.ll 1
I W

|andr=| "

4 (N

A=

Are said to be equal if x =y where 1si<n,
| |
)

and are not equal.

Example: The 4-vectors |
d J ____;
Note: The set of all n-vectors is denoted by #" and called S

———

and real numbers, which are called the component of X

et T



Veetor operations:

Definition: L.et

|
i |

E;

| |-
s
|'|'\.

Fiigk -|Jndj‘ -:Il‘:l

ETw { Vo
Be two vectors in &Y, The sum of the vectors X and Y is the vector

| X4y |

| .

i_J.'_,I +_1.'"i
And it is denoted by X+Y.
Example; 1t

-
. |

X Z2iandy |3 ‘
-3

vece mrs rrt & then
|11
= ;|

1+ 2
X4+V=|=243
'I]

[4+1-3) ]

L)

Definition: If v - is a vector in R” and ¢ a scalar, then the scalar

Xy
multiple ¢X of X and ¢ is the vector |77 |.
ox,,
[2 ; 2 "—4]
Example; if v =[3 is a vector in R” and ¢=-2, then ex=(-2)3 |=|-6
w4 -1} |2 J

Theorem: Let X,Y and Z be any vectors in R™; let ¢ and d be any scalars.

" Then:
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N

(a) X+Y isavector in R"(that is. R" is closed under the operation of
ay X+
addition)
(1IX+Y=Y+X, _
(X HYFZ)(XHY =7 1

. a 1 [ ) . _'_____._.1 e
( 3)There is a unigue vector (0 in R”, whereo - - | such that X+0=0+X=X,

0
called zero vector. )
2 -
. o =ay - {oWh=0_
(4)There is a unique vector —X, where —x«| such that X+{-A]
] SEM

(b) ¢X isa vector in R"
(1 1e(X+Y)=eX+cY,
(2)ctd)X=cX+dX,
(3 eldX)=({cd)X,
(411 X=X. _
Proof: (a) and (b} are immediately from the definitions tor vector suim and

scalar multiple.

We prove that (c+d)X=cX+dX _
-.'I'I 1 (| -t-l']-.:, LX) + ;.I'.-r, i
a0y (¢ +d)x, ey -+ eley |

(o+d) X ={e+a) S : ;

! 1-I' _1\'--'"11-:.1'. ‘I'l'tll k ':t".u

I. -LII 1 r.'l'l.:l l|
[.‘4} Ao A:! = |._,!|:': = ;::'l = A;I =X .
£, l.x, _I,,-J X,
k] 2
Example: 1T X and Y are vectors such that x=|-2| and r=|3 | then
3 -3
1-2 =1
.rtll_'rs ‘2_3 1= _j
3-(-31] |®

e o S RS TS T TR M e . S e e i v e e s e
---

e e -



Application; The vector in R” can be used to handle a large amounts of data.
[nded o pumber of computer programming languages.

Example: Suppose that a store handles 100 ditTerent items. The inventory
on hand at the beginning of the week can be described by the inventory
vector A in B'™ The number of item sold a1 the end of the week can be
described by the vector S and the vector A-S represents the inventory at the

end of the week.

[ =| | L__Hlal

1o |

If the store receives a new shipment of goods represented by the vector B.

Fhen its new-inventory would be
A-5+B

The space R .
We draw the three dimension svstem by fixing the point called origin

point then we draw the three coordinate axis

Example: Find (2,-3,-4) and (3,5,7) on the coordinate system,

&
'y

{(0.-3.0)
Y




(00,7
{1.5.7)

Note: The sum X+Y of the vectors in R” is the diagonal of the

parallelogram determined by X and Y,
To illustrate the above note, let X=(x,, v1, zi)and Y={ %3, ¥, #2) then:

5

Xis ¥12iJe =2

f, X+
H I|

Definition: The length on norm of the vector X=(x), X2..., X,) in R" is

xf = ﬁ-rf RS
We also define the distance between the points (Xy, X2,....Xy) and {y,

y;_"!" -r}'ln} hjl
P -] =fln -0 # Ga =) ot (=0
Example’”’: Let X=(2,3,2,-1) and Y=(4,2,1,3). Then

gx]=y2 +3 17 (= 1) = TB
e Ji¥+ 2 3t =430




1y~ = Jlz-1 €G- #{2-1F +(-1-3) =22

Definition: [F X=(x.X2...Xa) and Y=(y | y:,....y,) are vectors in R”, then
their inmer product is defined by:

XY =gy #xapq +otlnln

Also called dot product,

Example: I X=(2,3.2,-1}) and ¥Y=(4,2,1,3), then
X-f—il}{4}-+f33f1}+c )]

= |3
Example:(Revenue Monitoring): Consider the store in the above example
with (*), if the vector P denoted the price of each of the 100 items, then the
dot product 8. P given the total revenue received at the end of'the week

e

X

S.pP="

.I’J'-"l.'l.'

Ejaui | |_ Frrice |

Theorem{Properties of the Inner product):
If X.¥ and 7 are vectors in R” and ¢ is a scalar then:

. X.X= !JEU? with equality if and only if X=0,

2.X.Y=YX
I(XHAY)Z=XZHY 2

4.(cX).Y=X(cY }=e(X.Y)
Theorem(Cauchy-Schwrz Inequality):
[f X and ¥ are vectors in R', then

XY= [r]-3)
Proof: 1T A=0. then [.X] = and X" ¥=0), so hold.
Now, Suppose that X and ¥ are nonzero, Let r be a scalar and consider the

vector rX+Y . Then

O<(rX+Y ) (rX+Y)= P X XA YHY.Y
=r'at+2rbe

15
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Where a=X. X, b=X.Y and ¢=Y.Y

=)

IR AT S

"'L/h_‘ B

&

Now , plrj=ar+2br+e ‘
P(r) is a quadratic polynomial in r (whose grph is a parabola opening

upward, since a=())

Fhat is nonzero for all values of r? Why?

This means that either this polynomial has no real roots, or it has real roots

then both roots are equal{why7)

(T'he answer) : if p{r) had two distinct root r; and ry, then it would be

negative for some value of r.

i 2 .
Recall that the roots of p(r} are given by quadratic formula as :Eg"l_f\"r;g —Hdc

Jab2—dac ;
and —26- E 4a (where =0 since X=00). Thus we must have

4h* -dac<i
b <dac

Which means that :
b <ac
Taking square roots of both side and observing that b<ac Where

Ja=JX.X =|X]and e = JTF = |y
Thus
ler=jxir.

Example: If X=(1,2,-1,2) and Y=(3,1,-1,2) then:
[¥]=10, Jr]=V15and [X.¥|= 105045,

Definition: The angle between two nonzero vectors X and Y is defined as
the unique number & , 0<#<rsuch that :




AT
i 8 (i3
It follows from the Cauuh}'-Schwarl inequality that :

r—l 47 1<
2e

Example: Let X=(1,0,0.1) and Y=(0,1,0,1) then we have that

=2, fr]=+2 and X.¥=1
Thus

cosf =~ and # = 60°
Definition: Two nonzero vector X and Y in R" are said to be ©rthogonal if
X.¥ =0, They are said Parallel if | x.¥|=]xj¥]. They are in the Same
direction if ¥y = ¥[j¥|. That is, they are orthogonal if’ cos# =0, parallel
ifcos@ =41, and in the same direction ifcos#=1.

l;,!l_l'-'ulq -

Example;: Consider the vectors X=(1,0,0,1), Y=(0,1,0,1) and Z=(3,0.0,3)

then X.Y=0 and Y.Z=0 (check).
Which implies that X and Y are orthogonal and Y and Z are orthogonal too.

Alse X.Z=6, [x|=+2, [2]|=+18 .and x.Z=|X]}Z]
Hence X and Z are in the same direction.

Theorem:( Triangle Inequality) 1f X and Y are vectors in R', then
X+ Y] <]+

Proof:By theorem (*)
-+ 7 =[x 4 X +Y]
=¥ X+2A(X.YHY.Y
=¥ + 200+

By the Cauchy- Schwan: mr:quallt:r we have:

P + 2000+ ST + 20 1 = ]+ rp2.

p =(1,0,0,1) and Y=(0,1,0,1) then
ﬂl‘n ]'E I.-EI- -}{_{l
X +¥|=+4 Ja=2<42+2 =X+ 1]

Note:If X and Y are vectors in R', then
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If and only if X and ¥ are orthogoenal.

nit veetor L in R" is a vector of unit length.

pPefinition: A U
tor, then the vector

Furthermore, if’ X 15 8 nonzero vee

il

Is a unit vector in the direction of X.

U=

l— (1,0,0.1} is a unit veclor
-

Example: If X= (1,0,0.1), then [X]=+2 and ¢/

in the direction of X.

In the case of R’ the unit vector in the position direction are 1=( 1,0.0) .

1=(0,1,0) and k=(0,0,1).
If X=(x, v, z). then X=xit+ yjt+ zk.

Example: it X=(2,-1,3), then
X=2i-j+3k

In R" the unit vector are
Er=(1,0,0,....0), Ez~(0,10,...,0), ..., E=(0.0,.... 1)
And if X=(x, X2, ..., Xp) i8@ vector in R", we have
X= x4 E|t+x: E2+“'+ En L

E xercises :

- Find X+Y . X-Y ,2X and 3X-2Y if X =(2,3.5),Y=(-2,5,3).

7. Let X=(1,2,2,1),Y=(-3.4,-2,-1).7=(x,4,0,y) and U= (-2,u.v ,4) find

x ,u, vandy so that
(a) Z=3X (b) Z-Y=Y (¢) Z+U=X
3-Find the length of X=(1,6,-4,-5),
4- Find the distance between (0,3,2),(2,0,4).

I8



s.Find X o Y. X=(-2,-3:-%), (2.-1.2) .find the cosine of the angle

between X.Y. \ : 5
6- which of the vectors X=(4,2,6.-8) ¥ =(-23.-1.-1) . Z =(-2,-1.-3.9 )
We=(1.0.0,2) are orthogonal ,in same direction parallel.

7. Prove the parallelogram law. [ X ¢ Ty - rf = Axy + 20

Cross product in R’

. ; . X
Definition:if X= x,i+ x2j+ x:k and Y= y|i+ yaj+ y:k are two vectors in R,
then their cross product is the vector ¥« ¥ definedby:
Al = [ S I-'} —.1'1}'1 i -_l_l'1 e "-.'I__Ll']_] I+ ';'.'-l _I': = -'l-'z __l-'l '”i

The eross product ¥« ¥ ¢an also be wrillen as:

| J X
XY= S ST
| ¥ ¥5 ¥

Y =) is a vector (from definition)

S0
ysr={2 9| -ff LA 2
P2 3 M Y3l i %
Example: Let X=2i+j+2k and Y=3i-}-3k. Then
i F K
Yx¥={2 | 2|=-i+l2j-5k.
i

Properties of cross product;

Theorem: If X, Y and Z are vectors and c is a scalar, then :
- Xaxf =~(xX)
2- Kx(¥Y+E)=XxV+Xx&
3o (X+Y)xZ=X=E+FxZ
4- f{,k’x}'}={ﬂr}”r=f“[fﬂ

£ raX=l
ﬁ__ ‘rxﬂ:ﬂxar:ﬂ
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T (XxFixZ= (2] -(Z¥)X
Also XY =Z)=(XZ2)W¥-(XF)Z

B (X¥x¥)Z=X(¥=Z)

Proof:
a¥=t.t|..r1-..r3]'|j-l ={"l'| |P‘31_F:;]and z = [—-].2:-:]_]

F e 1 g
Anl= X I, Xy 25,:[2].-'3—_1;3_5;3 jj.,.[_rgyl _IIF:%}-{-'L{'TI-”IE - % W
f’ '”1 }-3 ol II!1 by

' L
I:,tr:\-: }'}gf: J'l.l ”2 ”3 "{uzzj_l-r}:ljil+{ﬁjﬂ'] _HII]-]‘F+ ﬁil_-z —H'E:.llj".'

O

Substituted instead of u's then we get:
= ]I:.'I.'I_I.'I ~ Xy 3y :I.z'i — ) ¥y — By ¥ }:2 F"'H-"l.l"_r —~ X3 :l:l =Xy ¥y — Ey I-.:l i_.l' + {l.‘t:lﬁ - L 'IE: i 1 AR A B LTI ll:'.

Example:From definition we have that:
iximfxj=kuk=0Rdixj=k, juk=l, kxi=§f,

Also

JRi=—k kxj==f, ixk=—j

Example: Let X=2i++2k, Y=3i-j-3k and Z=i+2j+3k
Xx¥ =-is12j-5k (X x¥)Z=8
YuZ=3i-124Tk X(¥xZ)=8
Which illustrate equation(8). Also to illustrate (*)
Xx(FeZ)=31i-8;-27k, XZ=10, X.¥=-1
(X.23F =300 10—30k, (X.X)Z=-i-2j -3k
Hence
(XZV =(XY)Z=31i-8j-2Tk
Also from (8) (1) and (5) we get:
(X = Y)Y =X[rx Fi=X.0=0

And
(X kD)X =~(F x X)X ==V (XxX)=-F.0=0

pp—— L
-
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Note:If ¥ =¥ =0, then ¥ =Y is orthogonal w both X and Y and to the plane

determined by them.

I
]
|
I
!
|
[
|
i
|
f
i
‘
! To find the angle between X and Y :
| JX =¥ = (s ragx s 0
I: = X[y ix =¥y by (8)
{ = X[FNX =y 00 by (T)
! = (VXN N-rxyyx by(2) and (4)
: =[BT - (x =¥y by (1)
|

X =¥ =|X§¥cos o

3= - P L . M
B =P PP cose :
e
=||-¥|" ¥ - cos= &)
e
.'-IL'I. :-:F”' ;H,!;"!Fﬂj-'": sinZ @
gl R }'|I=l!,1['[|l!]"|]:iinﬂ' A%

Note: (1) We do not have [sindl , since sin#? is nun.rteg,ntive for 0<f<x
(2) X and Y are not paratiel if and only if XxY=0

Applications:

Area of triangle:
Area of triangle consider a triangle with vertices X,,X., and X.. The area of

this triangle is

|
_jr gt E.I!"I&
Where b is the base and A is the height.

b =!.&'2 - X, Jand h=¥;‘t'3 —.Jfllsin.y
Where

P
o e e L
—
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SHIT = ——— I;,n;_'|-,j'Jl % 'l.: —.ttt‘j.l-l e .I|.t!'1ll1.ll.i'
by, % 2
k] |
From{49)
I -
I I'll'."'l'!'""".l_ltl’l

d B |

Example: Find the arca of the triangle with vertices X,=(2,2,4), X;=(-1,0,5)

and X;=(3,4,3)
Solution:

Xo— X ==3-2)+k
'II'.;_.H.IT\-fr:-'l II.'

|
r"" " -.LI'i_-"" 'E.J'—'.'H:-cl!rf_"."—“l

27 —4k|

|
[ - =
— —'ll:i|= -“,'_"I
Area of a parallelogram:
The area Ap of parallelogram with sides X.-X, and X;-X,is 2d4q.
X

Ap = 0ay = X etk - X))
[ ﬂ'"}'

Example: If X,=(2,2,4) , X5=(-1,0,5) and X1=(3,4,3).
Then
dp = 245 (check).

Consider the parallelepiped with vertex at the origin and edges X, ¥ and 7.
The volume of the parallelepiped is the product of the area of the face
containing ¥, Z and the distance h from the face parallel to it.

b= u,t'”c 0% 5‘]
abetweenX and ¥« Z | the area of the face determined by Y and 7 is J¥ 2]

Xfeos = |X.(¥x Z)

-
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Emﬁgie: X=i-2j+3k, Y=i+3j+k and Z=2i+j+2k (H.W.)

Exercises :
1-Show that X and Y are parallel iff x =¥ =0 .

2-Show that | X x HZ + (.11 =[x
J-Prove the Jacobi identity :

(X x¥ixZ +(¥xZ)e X +(ZxX)x¥=0

Yector space
In the following lectures  we study the vector space , subspace study the
linear Independence , basis and the rank of a matrix .

Definition :
Areal vector space is a set V of elements with two operalions@® and @

defined with the following properties .
(a})If X and Y are anv elements in V . then X @Y is in V (that is closed

under the operation @ ).

l- XY =¥Y®X forall XY nV.
2- X (YeZ)=(XeY)@Zforall X,Y,Z inV
3- There is a uniqueelement 0 in V such that X@0 =0&X = Xfor every,

Xin V.
For each X in V there exists a unique -X in V such that X ®&-X = (0

I
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(b)If X isany element in V and ¢ is any realnumber

then c@Xisin 'V .

5-co(X@Y)=co X®coY forany X, Y in V , and any real number c.
6-(c+d) @X = coX® doY forany X in v and any real numbers ¢ and d .
7.co(deX) =(cd)oX for any Xin v and real numbers ¢ and d .,

i



" R-|@X =X forany X inv.

(V,@.@) is vector spacc The aperation @ is called vector addition .

The operation @ is called scalar multiplication .
The vector 0 is called Zero vector .

Example L: e
Let B" be the set of ordered n- tuples ( a;, 2, ......., &) wherc we deline

@ b;-,f{ar,az,..,..-..an}@{I:l..bg,.......,b“}
=(a;+ by, at by, oeeny @p th)and @ by cof ay, 82, -5 20)

:{Llﬂr v Eﬂ_' W heeEras g ‘:EI'I}
R" isa vector space .

Example 2:
Let W be the set of ordered triples of real number ( a; , 4z, 0) where we

define @ by (a;,a:.00®( by, b, 0)
=( a;+ b, a+ b .0)and @ by co( a, , a; .0)= (ca; , caz ,0)
V is a vector space .

Example 3:
Let V be the set of ordered triples of real number (x , y , 2) where we definc

@ by (x,y.2)8(x' ,y .2')
=(x+x ,y+yl-z+z'))and @ by co(x, ¥y z)=(ex, ¥ ,2)

V is not vector space the property (c+d) @X =coX& deX falls to hold

thus (c+d)e(x .y .z)=((ctd)x, y,z),
On other hand co(x, y.z)@do(x, y z{cx ,y z)@(dx , y ,z)
={U.‘-¢‘+d}{ ¥ }"F'}'r ,.’5‘|‘I.:I={{E+d}:l'. 1-2]" 521)-

Example 3: .
Let V be the set of 2x3 matrices under usual operation of matrix addition

and scalar multiplication
V is vector space c.h.



Evample 4:

Let V' be the setof
we define f @ g by (/2 g XU~ f()S g(t)andif f and ¢ is ascalar
define co by co /= ¢ /(L)

\V is vector space c.h.

Example 5:
et p be the set of all real polynomials of degree < with zero

ta, t+a, and
are inV wedeline pir) @ gl
+{ﬂ'q|+hll .}l -F{-ll ii +b#}

polynomial .if pit)=at" +at™'+......
giy=b,t" +h. o'+ ...... . _t+b,

by pir) @ glt) = (a, b 0" Ha +b "'+ ......
It ¢ is ascalar define c@ pli) by

@ pi)={ca, " +Hca, n* '+ ... a1 +ea,

the above definition show that the degree of p(r) ® g(r) and co pli) =

is negativeof  pir) and since

=plt)y=-a,t" -a,1"" +..... -a, 1-a,
a,+b =b +a then pl) ®glt)=gli)+ plt)
And

(c+d Yo p(r)=(ctd a,t" Hetd Ja,t"™'+ ...
=ofg " 48 T . +a, t+a, )+d{a " ta "'+ ... ha

= ¢O pl1) ®do pl1)
V is vector space ¢.h.

t+a,_

Theorem :
If V is a vector space then .

- 0e@X =0 for any veclor XinV

7. ¢@0 =0 for any scalarc
3. If c@ X=0 then either ¢ =0 or X=0

4- (-1) @X=- X for any XinV.

Proof: :
1) 0X _m+n]><—m{+nx by (6) of def. adding -0X

0=0X-H-0X)=(OXHOX)H-0X)
=OXHOXH(-0X)]

all real =valued function en R.if / and ¢ are in vV

+Hetd)a, tHetrdja,

and

)
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=X +0=0X.
2} ¢.0=¢(00) =c.H ¢.l
e 0-c.0=¢c.0+c.0 -l
0 =cd

3 )suppose cX=0 and ¢ = 0then
B i i r #
'I]={]].EI= Ll‘rl_c:-'.l-—[{—huh =1.X
¢ ¢ ¢

4y (DX X = DX+ (DX =(-1+1)X=0X =0 sothat (-1)X =X

Definition :

Let V be a vector space and W a nonempty subset of V il W I5 @
vector space with respect 1o the same operations as these in Vo, then
W is called a subspace of V.

Example 10V, ®.0) is vector space then
10} =V VeV are two subspaces,

Example :
Let W be the set of erdered triples of real number ( &, , a; . 0) where we
define @ by (a;,a:,00@( by, b:,0)

=( a,* b,,a,+b;,0)and © by co( a,, a; ,0)={ca, , ¢a; ,0)
Then (W, ®,0) is subspace of ( #',8,0).

Theorem:

Let (V,®,0) be a vector space and let W be a nonempty subset of
V. W is a subspace of V if and only if the following condition hold
- IFX, Y are any vectors in W then X®Yis in W

2- If ¢ is any real number and X is any vector in W then co@ X is
inW.

T S S P



Prool « FLW.

Example:
Let W obe theset of all 2«3 matrices of form

e TR N e ..
W abeefe W15 subset  of veclor space V of all

JLH L 1|'I_|
2x3 matrices under usual operations of matrices

scalar multiplication then W is subspace of V.
Solution -

additon and

I8 01 ta. b D
i and Y =| 9 ; ] in W then
iy

- . ir
Consider X = [ !
g g o, | | 0 &

a +a, l—.h_. i
0 & +18y -'.I"I { :!I_.

Isin'W also letreR

. e #bh OT 5 ,
rXx —[ : J 15 in W ., W is subspace of V.

LO re nd

Example:

Let W be the sub set of{f #,3,0).
W is ordered triples of real number(a, b, 1),

let X=(a,a,1)Y=(b;,by,1)
X+Y =( a+ by , a3+ ba ,2) Then W is not subspace of (#,®,0).

Example 5: _
Let W be the sct of all real polynomials of degree exactly=2

W is subset of p, but not subspace of p,since

2t 43041 and -2t +1+2 is polynomial of degree 1 is not in W.
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I sercises:

1} i Ir-l I'.
1- Let W "

1 ha=2c+1y W is subset of vector space V
Ln:." ¢ 7 |

2; under usual  operations of matrices

addition and scalar multiplication is W is subspace of V.

subset of wvector space R'is

of all 2x3 matrices
Let W ={inb.c)b=2g+1} Wois

subspace?

-2

Definition{ | — 7
Let Xy .Xo , ..cooen ,X, be vectors in a vectors space V. A vector X

in V is called linear combination of this vectorsif it can written as X
= g XHeX; , cte X for some real number where ¢, .

¢, are scalers.

Example:Consider the vector space R' | let  X,=(1,2,1-1).
X~(1,02-3) ., X,=(1,1,0,-2) 1the vector X=(2,1,5,-5) is linear

combination of X;,Xz, X; fwe find ¢; ¢3¢, s.1.,

e e el S Sy ——

E——



x= E|x1+c._'xl'l": P&

(2.1.5.-5¥=e( 1,2, 1,-1 e 1,0,2,-3)+e,(1,1,0,-2)

(2,1.5,-5{c.2¢.6C )t (cz2,0,2¢5,-3e:)He,,0,,0,-2¢,)
e+ opte, = 2
2ete, =1
et2e =5

-¢j- 3ep-2c,= -5

solving this linear system by Gauss-Jordan we obtain ¢=1, ¢;=2,¢,= -1

-

then X is linsar combination of X;,X;, X,

Example: Consider the vector space R . let Xy=(1.2.-1), X=(1U-
1), is the vector X=(1,0,2) is linear combination of X1,Az
if we find ¢, ,cs 5.1,
X =X tea X,
(1,0,2) =¢y(1,2,=1)+cx(1,0,-1)

1T 6= |
ECF= [_-:'
-Cy- 2ey= 2

Which has no solution then X is not linear combination of X, X.

Example:Consider the vector space R let X,=(1,0,1),
X, =(0,0,1)is the veetor X=(1,1.1) is linear combination

x::l"L]i'D} "
of X1. Xz, X, ifwe find ¢ ,c.¢, St.
xX= E|K|+E;xg+ﬂ -.}; y

yre-1,1,00+¢,(0,0,1)

(1,1, 1)=ei(1,0,]

;- = 1
Ca =1

25
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I_ By - =
solving this linear sysicm by Gauss-Jordan we obtain ¢,=2, ¢»=1.¢,= -]

then X is lincar combination of X, X;. X

Definition ;
Le!.‘i=l}{..}{;, ....... .

X | be the set of vectors in a vectors space V. the
set spans V , or V is spanned by § if every vector in V is a linear

combination of vector in S.

Example : _
Let V be the vector space R” . letS8={X;, X3, X, } set of vectors where

X,=(1.2.1), X=(1.0.21, X,=(1,1,0) is the set S spans ¥ 7

SOL..:
Let X=(a,b,c) be any vector in R* . and
X = 1:[3‘.'.|+_E3K1+c1?'{,

(a,b,e)=e (1,2, 1y+e(1,0,2)+c,(1,1,0)

c|+ 2cs = :
solving this linear system by Gauss-Jordan we obtain

~2a+2h4c _ _u—b+c __ da-b-I¢
L2— CL

c= y Cn
' 3 3 3
since we obtained a solution for every choice of a .b and ¢ then

5={K..H3 2 :{,‘ } spans W,

Example : 3 i
Let V be the vector space R '5={'=! k 1 spans V
Since forevery X=(a,b,c) vectorn R.

(a,h,c}=|[a,ﬂ*ﬂjl+(ﬂﬁh,l]j+{{J,{}.r:] =ai + hj+ ck .

Example

e e - [ ——— e ]



4

Let V=P . be the vector space all polynomials of degree =2 if and
S={P,(t) .P,(t})} where P ()=t*+21+] and P, ()=t'+2 iz &

Let
spans V7
Sol : let P(tyj= at"+bt +c polynomial in P, where ab,c are real

number suppose P(ty=cP, (1) +c;P, (1) then
at?+bt ¢ =¢ (1 42t+] Yca(t?+42)
at® +bt +¢ =(g e jt® +2e (¢ H2¢;)

gyt cx=a

264 = b

g+ ey =¢

we obtain ’
I 1 & a [I 0 2a—¢

{I B = bl=10 1 : &=

0w h=d4a+ 2:'4_

Ly, 2 = s
Lr = = %y ]

[t b-4a +2¢  # 0 then there is no solution to this system hence S does not

span P .

Linear independence

Definition :Let § = {X; X3, .cooo.. , X _} be the set of vectors in a
vectors space V.  thenS is said to be linearly dependent if there exist
CONSLants € 01 coevess ¢, notall zero , such that

¢, X teaXa, ..., X, =0 ,other wise . S is called linearly independent

That is S is linearly independent if the equation
¢, X +e: Xy, ...... ¢, X, =0 hold only iIf ¢ =Cm vvvvins =¢, =0

" i -
xample:Consider the ve::tur space R' . let X=(1,0,1.2),
}Eéf“}l;,l‘z} X, =(1,1,1,3)is 8 = {XpX; , X} is linearly
independent
SO1;

31



:‘ . Let o Xy reaXote, X =0 where ¢6;.6, = R

¢l 1,0,1,2), +ea(0,0,1,2 e (1,1,1,3)=(0.0.0,0)
[U;,U,Chzcl_.ll 1—{ﬂ-¢?1c]ljuf}ﬂc1rcl1t‘l|13ut]=iu-nnﬂ-ﬁ]

ot e, =0
cyte, =0
citcy+e, =0
2.t 2et3e =10
we obtain ¢=0, ¢;=0,¢,= 0 then 8 is linearly independent.

Example :
Let V be the vector space R? . letS={X,,X;, X,,X, } set ol vectors where

X =(1,-2.1) , X,=(-3.2,-1), X,=(2,0,0) is the sel 5

X =(1,2,-1),

linearly independent 7

SOL.:

Let ;X +eXate X, +e, X, =0

e 1,2,-1)kes( 1,-2,1 e, (-3,2,-1 ke, (2,0,0)=0

¢+ ci-3¢, +2¢,=0

2ci- 2ept2e, = {)

-cte; ¢, =0

There are infinitely many solution like c=1, &:=2.¢,=l.c,
then S is linearlydependent. .

=%

Example :
[ et V be the vector space R'. S={i,j .k } islinearly independent.

Since
(0,0,0)=(c\,0.0 JH0,¢2,0)H(0,0,¢,)

Then E|:'U', l:g:ﬂ,l::}-:ﬂ'
infact  E,Eseeeeeeeenl, arelincarly independentin R".

FExample:

O S e e e T T
-

i o I — — ——
_----



'" Let V=P, be the vector space all polynomials of degree <2 if  and
Let 8=({P,(t).P,(1),P,(1)} where P (t)=" +14+2 and P, {(1)=2t"H

B3 42642 s 8 s linearly independem?
Sol s P {1y +¢:P  (t) + ¢, P, (1)=0

¢ (1t +42 e 2t +2 e, 31 +2t4+2)=0

then
cyt 20t3c, =0

g teptde, =0

2¢, +2, =0

There are infinitely many solution like ¢;=1, c;=1,¢,=-1, then S is lincarly

dependent.

Remark 1:1f 8= {X;. X2, o000 o X} be the set of vectors and A matrix
whose columns are these vectors .S is linearly independerit szl

T4 20,

Remark 2: If 8= {X;,X;,......., X} bethe set of vectors and X 15 zero

vector then S is linearly dependent set. Why?

Remark 3: Let S,, S, be finite subsets of vector space V and 5 subsel of

S, then
|- IfS, is linearly dependent set so is S,

2-If 8.5 linearly indcpendent s0 15 S,.

Proaof 1Y:letS = {X X X hs
S, = X1 . Xa, o XXy oonn X}
[+ 1 ¥4

2) 5,5 {XKisXKzsreeereny Xih
S,= (X KXoy oo XpXpgoren X} k <n

Let i =k ,c|3'€|+c;}{1, ....... -‘-l;:l}.':‘—_{'
¢ Xtca Xy, 7€ ¥ 40X, - HOX p=0
31
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