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Basic Definitions

Generalizations of the quadratic formula for finding the roots of cubic and
quartic polynomials were discovered in the early 1500s. Over the next three
centuries, many tried to find analogous formulas for the roots of higher-degree
polynomials. Still, in 1824, N. H. Abel (1802-1829) proved that no formula gives
the roots of the general polynomial of degree 5. In 1831, E. Galois (1811 1832)
completely solved this problem by finding precisely which polynomials, of
arbitrary degree, admit such a formula for their roots. This fundamental idea
involved his invention of the idea of group. Since Galois’s tinag, groups have
arisen in many other areas of mathematics. ('3 S\

Definition (1): A binary operation on a set G is afunc ol Q!\l l\i\\
\\\\\
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Definition (2): A group is a set G with and
e identity, such that:

element e € G (sometimes denoted by

(i) The associative law h*%\r Ery a,b,cegG,
R
(i) e xa =ajorall e

)
(iii) For eyaiSrdy G,t‘ere isal eGwithal xa=e.

\
Remark (3): t‘\\\\‘)

ﬁ_le group is a set G together with an operation (+)
and r\ ity element O € G such that

(la+(b+c)=(a+b)+cforeverya,b,ceG;
(i0+a=aforalla e G;
(iii)For every a € G, there is —a € G with (—a) +a=0.

Note that the inverse of a, in additive notation, is written -a instead of a™.

Definition (4): A group G is called abelian if it satisfies the following:




X *y =y * x holds for every x,y € G.
Remark (5):

This term honours N. H. Abel who proved a theorem, in 1827,
equivalent to there being a formula for the roots of a polynomial if its
Galois group is commutative. This theorem is virtually forgotten today
because it was superseded by a theorem of Galois around 1830.

Definition (6): If G is a group and a € G, then the unique element aI €
G such that al *a = e is called the inverse of a, and it is denoted by a’

Here are three more properties hold in all groups.

Lemma (7): If G be a group, then the following stateme;t&ls;
(i) The cancellation laws hold: if a, b, x € G, er X*a=
X*bora*x= b*xthena— '\Q\ S

(i) (@) t=a, forallaeG.

(iii) If @, beG, then: \§§
R Mk gl
More generab&\
a )l_al*___*azfl*alfl.

@

Proof: \:‘\
(i) x%\ =(x T*x)*a=x"1*(x*a)

1*(x*b) (X '*x)*b=e*b=h.
In S|m\hr proof, when x is on the right.

‘\

From now on, we will usually denote the product a b in a
group by ab (we haVe already abbreviated a B to af in
symmetric groups), and we will denote the identity by 1 instead
of by e. When a group is abelian, however, we will often use
additive notation. Here is the definition of group written in
additive notation.



Some Examples:

In this lecture, we give some examples about groups, such as
(Z,%), (Q\{0},.), S, with the composition operator and Boolean
group.

Examples:

(i) (Z,+); The set of all integers is an additive abelian group with
identity e= 0, and with the inverse of an integer n being - n.
Similarly, one can see that (Q,+) and (R,+) are additive
abelian groups, where Q is the set of rational numbeQand
R is the set of real numbers.

(i) (Q\YO0}, .); The set of all nonzero rationalgnu s an
abelian group, where (.) is the ordinary ﬁ n, the
number 1 is the identity, and the inv is 1/r .

Similarly, (R\{0},.) is a multiplicativ Qell :
(i) Let X be a set. Recall that |f~A rﬁ\ @ bsets of X,
then their symmetric diffeNac B=(A-B)u(B-
A).The Boolean group P (X ) is jly of all the subsets

of X with addition given b magcit difference.

(iv) Consider S, , the sg§0 autations of X = {1,2,...,n}. It
is form a gro t hposmon operation.

Remark: Let G be ro t a, b G, and let m and n be (not
necessarily posm

(1) Ifaan ute, then (ab) =a'b.
(ii) ( %‘
(|||) :
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