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Subgroups and Langrage Theorem

A subgroup of group G is a subset that is a group under the same
operation as in G. The following definition will help to make this last
phrase precise.

Definition (1): Let * be an operationon aset G, andletS € G be a

subset. We say that S is closed under xif x *y € Sforall X,y € S|

The operation on a group G is a function *: G x G — G.
(for example, 2 and -2 lie in Z4, but their sum —2 +2 =0 €Z.;

Definition (2): A subset H of a group G is a subgroup:if:

(1 eH;
(i) If x, y € H, then xy € H; that.is, H Is closed under *.
(iii) If x € H, then x e H.

Proposition (3): Every subgroupth< G of a group G is itself a group.

Proof: Axiom (ii) (in thexdefinition of subgroup) shows that H is
closed under the operation of Gjthat is, H has an operation (namely,
the restriction of the gperation *: G x G > GtoH xH € G x G,
This operation is@ssoeiative: _

since the equation(x y)z = x (yz) holds for all x , y, z € G, it holds,
in particulary_for all’\x , y, z € H . Finally, axiom (i) gives the
identity, and axiom (iii) gives inverses.

It is quickerto check that a subset H of a group G is a subgroup
(and‘hence\that it is a group in its own right) than to verify the group
axiomstfor H, for associativity is inherited from the operation on G
and hence it need not be verified again.

One can shorten the list of items needed to verify that a subset is, in
fact, a subgroup.

Proposition (4): A subset H of a group G is a subgroup if and only if H
is nonempty and, whenever X,y € H, thenx y! € H.




Proof: If H is a subgroup, then it is nonempty, for1 € H. Ifx,y € H, theny!

€ H, by part (iii) of the definition, and so x y" € H , by part (||2
Conversely, assume that H is a subset satisfying the new condition. Slnce

His nonempt)(1 It contains some element say, h. Taklng X=h=y, w

see that e = € H, and so part (i) holds. If Y€ then set X = e

(which we can now do because e € ), glVlng % e H, and so

Part (||| holds. Finally, we know that Hence ifx,y€H
heny e Handsoxy=x(y") Therefore H is a subgfoup of

Since every subgroup contains e, one may replace the hypothesis
“H is nonempty” in Proposition by “e € H”.

Note that if the operation in G is added, then the_propasition's
condition is that H is a nonempty subset of G such that x, y'€ Humplies
X-y € H.

Proposition (5): Let G be a finite group, and a € G. Then the order of a,
IS the number of elements in (a).

Definition (6): If G is a finite group, then the number of elements in G,
denoted by |G|, is called the order of G.

Definition (7): If X is a subset of a group GySuch that X generates G,
then G is called finitely generated, and Guis generated by X.

In particular, If G = ({a}), then Gas'generated by the subset X = {a}.

Definition (8):

A group G is called cyclie if G = (a); that is G can be generated by only one
element say af and this element is called a generator of G.

Note that weican definge cyclic subgroup as follows.

Definition (9)\TG is a group and a € G, write

(@)={a"™ n ez} = {all powers of a}
(a) is called cyclic subgroup of G generated by a.

Proposition (10): The intersection of any family of subgroups is again
subgroup.




Coset of sets:

Definition (1): If H is a subgroup of a group G and a G, then
the coset a H is the subset a H of G, wheré

aH={ah:heH}

Of course, a = ae € a H. Cosets are usually not subgroups.

The cosets just defined are often called left cosets; there are
also right cosets of H, namely, subsets of the form Ha  {haj
h eH}; these arise in further study of groups, but we shall work
almost exclusively with (left) cosets.

In particular, if the operation is addition, then the caset'is denoted by
atH={a+h:heH¥

Proposition (2): Let G be a group, and*H e asubgroup of G, forany a, b € G
we have the following:
(i) aH=DbH ifand only if b™*a e . In particular,aH = H if

and only ifa € H.
(i) faHNbH#P, thena H=bH.

(iii) For each aeG: Order'af
H is equal to the orderef-aH.
Proof:

(i) Itis clear.

(ii) It is Clear.

(iii) Thepfunetion f: H — a H which is given by f (h) = ah, is
easily seen to be a bijective [its inverse a H — H is given by

ah\r—>a%(ah) = h].” Therefore, H and a H have the same
number of elements.

Theorem (3): (Lagrange’s Theorem)




If H is a subgroup of a finite group G, then |H | is a divisor of
|G|. That is:

IGI=[G:H]H|

This formula shows that the index [G : H ] is also a divisor of |G].

Corollary (4): If His a subgroup of a finite group G, then

[G:H]=|GlIH|

Corollary (5): If G is a finite group and a € G, then the ordewof ans
a divisor of |G|.

Corollary (6): If a finite group G has order m, then a™="gfor all a € G.

Corollary (7): If p is a prime, then every group G.0f0xder p is cyclic.

Proof: Choose a € G with a#e, and let H = (a),beythe cyclic sub roup
generated by a. By Laﬁ_rlange s theorem, { 1Sva d1V1sor of |G| = EI

|gce pisaprimeand[H|>1,it follows, that H|=p=|G|, and o)

Lagrange’s theorem says that‘the<order of a subgroup of a finite
group G is a divisor of G, . ds thex'converse” of Lagrange’s theorem
true? That is, if d is a divisor 6.5, must there exists a subgroup of G
having order d? Thesanswer is “no;” We can show that the
alternating group A4 is a‘group of order 12 which has no subgroup
of order 6.
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