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“Random variables and Probability Distribution”

Def.: A random variable X isa function that mapps all elements s € S

(all event in C ) to a read numbers (Rx) denoted by R. V/,ﬁ,}g\‘
Ex 1.: Toss a coin twice. m

Let X = number of H show that X isa R. V.
S={HH . HT. TH, TT}

X(HH) = 2,%(HT) = 1, {TH) = 1, YTT) = 0
Rx={x;x=0, 1, 2} countable § € Rx
Note: We shall use X to denoted of R. V.X and x to denote of value of

R V.X,;xeX:0,1,2(inex. “17”).

Ex2.: Choose a point from interval (0, 1).
Let X be the chosen point, to show X isa R. V.
S consist all point in (0, 1)

. S has infinite number of points

The points in S are mapped to a real numbers.
then X isaR. V.

Rx = {x; 0 < x <1} uncountable.

Def.: A random variable X is a say to be discret r. v. if Rx is countable.
See ex. “1” above, denoted by d.r. v.

Def.: A random variable x is say to be continuous r. v. if Rx is
uncountable denoted by c.r.v.

See ex, “2” above.

Ex.3: Toss a coin until first H appears.

Let x: number of tosses. show that x is d.r.v.
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Sol.:

x=1 Xx=2 X=3

< .

xeX:1,2,3,4, ...

" Rx = {x; x € N} countable

S X8 drv.

Def.: Probability Mass function (P. M. {).

Let X be a d.r.v.

A function f isap.m.f. of X if f{x) = p(X = x), and satisfy the following

conditions: -

1.f{x)20,Vx e X sl Alx )=l
vxeX

Note: 1. condition (1) shows the graph of f(x) above of the x — axis.

2. Also,if Ac SthenP(x epg)= Y f(x)=1
XEA

X

Ex.: Given f(x)=410

0, otherwise

, forx=0,1,2,3,4 .

~ Show thatf(x) "i_s'._a th -
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cond. “1”: T. p f{x) 2 0 Vx €X

1 2 3 <
£(0)=0,f()=—, f(2)=—, f3)=—, f(4)=—
(0) ()10()10 ©) 10()10
S fx)20Vx eX

.. cond (1) satisfied.

4
cond *2”: T.p Yi(x)=1

x=0
4 3 3
Zf(x)=0+i+l+i+—4—:g=:
st 10 10 10 10 10

Sofx)isap. MLf

1
*px=1)=f(1)=—
px=1)=1(1) >

*p(x=8)=1(8)=0

*p(x23)=p[(x=3)u(x=4)]=p(x=3)+p(x=4)

=f(3)+f(4)=%+%=%

orbynote2 p(x 23)= Zf(x) =f3)+f(4) =%

*p(x<2)=pl[x=2)u(x=1)]=px =2)+p(x =1)
=f(2)+f(1)=3+i=_3-
10 10 10

X
= G f [ :1)2)3)4:5
Ex.: Givenap.m.f. f(x)=<k &

0, otherwise
find the value of k and sketch f(x). Py 1 Py =t
sol.: wi{xyisapm. . 5151 r
159
5 _
- by cond “2” we get Y f(x)=1 i
x=1 2)l5¢ ’
f(1) + f(2) + f(3) + f(4) + f(5) =1 e L | S
& ] 4 T 1 N
1 2. 3 4 5 ' 2 3.4 5
—f—p—f—d—a] = Sk=lb X
k k k k k
X
— for x =1,2,3,4,5
f(x) =115’ or X
B, otherwise
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Ex.: Toss a coin 3-times. Let x = number of H. find the p. ML.f. of x and
sketch it’s graph.
Sol.: S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

. S has (8) elements

X=no. of H, X €X; x=0,1,2,3
Rx={x;x=0,1,2,3}, Rx is a countable
xisd.r. v.

Event (X =x): to get xH, x =0, 1, 2, 3 when toss a coin 3- times

[ J : number of samples in event (X = x) when toss a coin 3-times
X

)
f(x)=p(X=x):J% forx=0,1,2,3
0 otherwise
3 A ﬁ(‘():f
.0
| f(x)==2
8 2/8 4
0 1/8 vy
1 3/8 ' l | N
: ol _ o | g9 2
2 38 _ x
< W TN : il
3
2I%) =]
x=0

Def.: “probability distribution”

—rp

A probability dist. of a r.v.)ﬁs a set of all ordered pair of x and f(x), Vx
eX.
1. e.: pr. dist.of x = {(xi, f(xi)); Vxi €X} of X.

L4 <
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1 3 3 1
In ex. above: pr. dist. of x =4(0,-), (1,-),(2,=),(3,—
pr. di {( 8)( 8)( 8)( 8)}

Ex.: Given (3) red and (5) white balls choose a sample of any (4) balls, let
x = number of white ball in a sample.

a. Find the P. m. fof x

b. Find the pr. that a sample has (2) white balls.

c. Find the pr. that a sample has at least (3) white balls.

Sol.:

a. r3 At once
w5 > 0]®) OO
n=8 k=4

8
(4]: no. of sample in S

X =no. of w ball in a sample, x=1, 2, 3, 4

Event (X = x): to get x w ball and ( 4-x) r ball in a sample.

4-x

iz
x_d'_:i_, for x=1,2,3,4

f(x)=P(X =x) =/ (8}
4

LO othenrvis e
S 3
2h32
8
4

c.p(x=3)= %f(x) = £(3) + £(4)

X=3

5 3
.. Number of samples € (X =x) is [ }[ J
X

b. p(x =2)=f(2) =

ENE
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Uniform Distribution of discrét random variable:
Def.: Given k integers: 1, 2, 3, ...., k choose one integer
Let x = the choosenint., S = {1, 2, 3, ...., k}

1
qF@)=pX =x)=4k

0 otherwise

: Jorx=13.3 ...k

is called uniform dist. of k integers.

AN
To show f(x) is a p. m. f. ? £zl Fex)=|
’ E}ruf}. ;4 Fex)
cond, “1": Tipe )20 untorm dist.of
’ f{X}‘ k‘,},t.
k>0 . >0 =
k
_f(.\')=%>0 Jorx=123,..k |. NPV *N
= otherwise | > & 3 k
s flxy240
k
cond “2”: T.p X f(x)=1
¥=]
K
1 1 1 &k
V=—F—+...+—=—=1
zm) PRI
| |
k —times

L fx)isapmy.

Exercise:

1. A r.v.x. has a discret dist. with p.m.f., f(x)=
Find the Y- digh. of X.

2. x has a uniform dist. on six integers: 2, 3, 4, 5, 6, 7 find the p.m .f. of x.

{cx, X=1.2.3,45

0, o.w.

3. Given a setofintegers 2, 3,...., 15 choose one integer which divisable

bv 3.

Let x = the chosen int. find the p.m.f. of x.

yLe K
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4. Given aset of integers {1, 2, ...., 10} choose an integer and determine
1t’s divisors.

Let x = number of divisors. find the p.M.f. of x.

Probability density function (P.d.f):e

Letx beacr.v.
A function f(x) is a p.d.f of x if for any interval Ac Rx
p(x e A) = [f(x)dx. and satisfy the following conditions:

A

1. f(x) 2 0 Vx €R, 2. [f(x)dx=1
X(s)=x € Rx,  Rxisuncountable Ac Rx
A is a set of real no.
Suppose that A = {x; a <x<b}.

b
p(x € A)=p(a<x<b)= [f(x)dx

a

= Area under curve from a to b.

f(x) is cont. over (a, b)

letc € (a, b) ":P_l\@_/

f(x) is cont. at (c)

' |
{P(q<x(b) :
¢ |
| p(xzc)=1j_o.Avm=0 = _jf(x)deO ¢ L %

. c

p(a<x <b)=p (x=a)+p(a<x <b)+p(x=b)
=p(a<x<b)

Note: When xisad.r. v.

1. p(a < x < b) not necessary equal to p(a <x <b).

2. p(x = ¢) = f(c) not necessary equal to zero.
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kx for O<x<2
Ex “1”: Givenap.d.f, f(x)=<k for2<x<4
0  otherwise

a. find the value of k and sketch f{(x).

b. findp(x>1), p(x<3), p(%<x<§), p(x<1]%<x<%)

Sol.: a. by cond. “2” of p.d.f. = [f(x)dx=1

—0o0

2 4
1= [kxdx + [kdx = 1=1<—x2 ‘3 + kx |:A)'
0 2 2 -

= 1=%[4_0]+1<[4—2] = 1=2k+2k

= ]=4k = k=l
4

i

for 0<x<?2

f(x)=+1

| for 2<x<4
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b ] 2xd 4lcl
p(x>1) = [—dx+ [—dx
p(x>1) I4x f4

ow

1 2
1 a3 1 3.1 7
=—x* [ 4 2x O T | P B
8 |1 | ( J+(4-2) 8 2 8
24 31
pix<3)= j—dx+ [—=dx
g4 34
1 92 1 1
=—X" — :—-— ?*"— —
o I # x|2 (4 0)+— (3 )24
2
p( <X< )~j~dx+ j——dx
J 2
)
5 9
l 22 1 5 1 1.5
=—g® I 4ok |2 = (@=D) (=2
8 4 G 5! PG
2
1.7, . 1.1 7 1 11
8(4) 4(2) 32 & 32
PLl| e RE )= PR [Bm
2 2 P(B)
1 3
A={x;x<1}={x; 0<x<1}, B={x;;<x<5}
AB={x,—})—<x_<l}
3—' ~
2 1 55 19 1. 1
X 22
P(B)= [-dx=—x"|t==(=—-=)=—
- {4 F 175797y
- 2
= 2

L ag 1, I 1.8 3
PIAR} = (Sdit=c i} mmfl=t) ()=
( )ng lls( 4) 8(4) )
5 2
P(x<1|l<x<i)=§£g=§
2 2 1/4 8
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_ ; ke™™ for x>0
Ex “2”: Givenap.d. f f(x)=
0 for o.w
a. find the value of k and sketch {(x)
b. find p(x <2). B
Sol.: a. by cond. “2” of p.d.f JE(X)dx =1
1=k [e¥dx=>1=-ke™ [f1=-k(e™ -e’)=> 1=k
_ fin) 1A flx)=1
f(x) _ emx fOI' X > 0 Graph of f{x)
0 for o.w 05 T
o
005 T
-« n o«
X fx)=¢e™
0 g =
1 R R
e 27
2 e”=0.13
3 e” =0.05
0 e”=0
2 .0 2
b, plxz2)= _[f(x)a‘x = Ioa’x - _[e""dr =—e |2
- —-® 0
=fe?—et]=1<e? =1-013=0.87
Uniform distribution on interval (a, b): 2 i .
b
Given an interval (a, b),b>a !
Choose a point x from (a, b)thena<x<b
1 for a<x <b
A function f(x)=4b-a il
| 0 0.W
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- b.

Is called uniform dist. on (a, b)
To show that f(x) a p.d.f
Cond. “1”: T.p f(x) 20

‘*b—a>0 since a>b

0= f(x)=

—a b—a

f(x)20 =0 0.W
Cond “2”: T.p J‘f(x)dx =1

= [f(x)dx = [0dx + bjb 1

- dx + ledx

1
b-a
~f(x)isap.df

(b-a)=1

>0 for a<x<b

Ex “1”: If x has a uniform dist-on (-2,3) [x ~ unif. (-2,3)]

a. find a p.d.f of x and sketch f(x).
b, Find f'(x>0|—%<x<2)

L =-I- for-2<x<3
f(x)=43-(-2) 5§
Sol.: a. 0 oW 0 4 fx)=1
p(x>0|—-l<x<2)=@ e
2 P(B) o - ¢
A={x; 0<x<3}
f(x)gu =
B={x;~l<x<2} N ; E
2 - « iy
S a0 2 3

AB={x; 0<x<2}

P(B) = _[—dx=§ |,=—(2

ol l 1 2
£(AB)= Jodx=ox[=£(2- 0=

215 _
1/’) :

IIK

‘-’;‘I—lh

p(x<0|—l<x<7)

ok
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H.W.:
1. x ~unif. (-1, 3) find p.d.fof x and find p(0 < x <2), p( x < 1]-1 <x<2).

2. Given f(x)= . for -co < x <o0. Show that f(x) is a p.d.f.

1
(1+x%)
Note: f(x) above is called cauchy dist.

Comulative Distribution Function (c. d. f)

(Distribution Function (d. f)) ox (Comwla.éirc. Egier-r.'ng‘rt'w\ fun. )
C & aks

Def.: Let x be ar. v. either d. r.v. or c.r.v

A function F(x) is a c.d.f of x iff

F(x) = p(X S X); -0 < X<

Event (X< x)=all pointin (-0, x],0<p (X <x)<1=>0<FXx)<1
That is mean F(x) is bounded by zero and one.

i.e.: The graph of F(x) lies between the line F(x) = 0 and the line F(x) = 1

I a fix)=1

Graph of F(x)

o -
< L

= ) 0 fix)=0 . *

Note: We shall use F(x) to denote of ac.d.fofx and f(x) to denote of

p.m.forp.d.f. ot : =

To find F(x) when x is d.r.v.

Let x be a d.r.v. With.b.m.ff(x)

Rl & Li=1, 5.4, ...] conntble

F(xX)=p(X <£x) byﬂdef. xS

Choose x and let x = x; (x;€ I)
Bvent (X.-SX) = {Xj<xi, iJ *:1;2,...3
(XL x) = {(X=x)) U (X=x) U (X=x3) U ...U (X=xj) U ...}

FIENE
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P(X< x) = P(X=x;)+P(X=x)+P(X=x;)+... +P(X=xj)+...

= f(x1) + f(x2) + {{x3) + ....
pX <X)= Y £(x)
F(x)= Zf(xj) c.d.f of x when it’s d.r.v. L g
Ex. “1”: Given a p.m.f £(x)= -I-\a forx =123 /
0 oW
mr/\

a. Find the ¢.d.f F(x) and sk?etch it’s graph.

b. Find p(x £2), p(x>3), p(x < 2), p(1<x < %), p(l=x< %)

Sol.:a. Rx={x,x=1,2,3,4} count. —» R 4 ANV
F(x)= 2 f(x))

Xjsx

[<x 1Sx<2 ¢ 2=x<3  p 3sx<4 g x4

< ft F ¥ F =
Interval of x xj el
f(x)=—
1 F(x) =Y f(xj)
b5 R 0 0 F(x)=0 Nj<x
l<£x<?2 1 K U+1Pl(l) 1
i | fmy=Ll F(x)=0+—=—
10 -Fc&‘ 10 1?0
2<x<3 2 ) 2 3
| 5= fwre 2 3 [ SN )
10 ' 10 10 10
3<x<4 3 ER 2 3 6
fa ferye = Bl Dt
10 10 10 10 10
x4 4 4 F)=1 =19 = F(4)
. M= — Ty 20y £ 00 f s
| 4 ™ HY) = Qjﬁgjt{’%}\;f%i %_):}:3»1
0 forx<l- y P
% forl<x<2 ] x4
3 ml . . s Bee b4
R==  for2se<3 T i S
— foB<x<4 G Lt R
10 i\)ﬂ] 0. > 5° 4 x
; iy :
_1 forx 2 4 A SR E RIS S S I
E 13 |§ F\sdis&n{uth:\,z/gqu
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NOTE: 1- F(X) discont. at x=1,2,3.4.
2- F(X) is cont. to the right for each interval of continiouity.

b. p(x < 2) =F(2)4—-
p(x <2) ()10

(Ra)= p(x<a)) 2 /3 'L

10 {10,

L
10
i - (E
9y = |~P(ALL) = -\”’C(?') =) — /o HE%J
P ?(ié& ) ?‘(@ - =) = POU=DHOEY) = 019 =k E
&y =5 P(X>3)=1-P(X &3)= 1-F(3)= ]-%@

10
Or p (x>3)= p(x=4) = f(4) =

-,
P(x<2)#FQ2) [p(x< x)=Mx)] P(KSD_:R” T

P(x<2)=p(x=1)=ﬁ(1)=_l% (oy & Lew)

Dpixg2r Zf(’s) f1)+£(2)=

P(1<x< 2 )= p($) =0
Since ?(integer eﬁ f}] gtz K PR

3 1
P1<x<=)=p(x=1)=f(1)=—
( 2) p(x=1)=£(1) 0

H.W.: Given an integers ,5,6,7,.....,15 Choose one even integer. Let x be
the chosen integer. Find F(x) and sketch it’s — graph.

To find F(x) when x is c.r.v.

(X<x)
Let x be a c.r.v. with p.d.f f(x) . = 1 >
F(x) =p (X £x) by def.
To find p(X £ x)
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X
exhasa pdf f(x)=sp(X£x)= [f(1)dt

—0o0

X
~F(x)=[f(t)dt [c.d.f of x when x is cr.v]

—0o0

f(x) is cont. Vxe(-, X)

q 2 .
Ex. “1”: Given a p.d.f f(x) = Sl~X) for 0<x <1
0 0.W.

a. Find F(x) and sketch it’s graph.

. 1 1 1 1 1
b. Find p(x<-), p(x<-), p(x>1), <—=), p(——<x<—
p( 3) p( 3) p(x>1), p(x 5 B 58 4)

Sol.: a. F(x) = )}f(t)dt

-0
0 X 5 X 4
= [0dt+ [3(1-t)"dt=3[(1-t)"dt
- 0 0
1-t
(G S SR
3
0 forx <0,
F(x)=11-(1- 2) 0<x <l
1 x>1
X F(x) = 1-(1-x)’
14 Fix)=1
0 0 '
g
1 0 7 F(x) = 1-(1-9)"
Bt SaEa. . F(x) is conl. every where
2 8
[ [ F=0 | .
- 0 1 h ik

.r"im-m 18 ad budadd
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L 8 19
b. p(x<3) F( ) 1~(1—_) _1_;_5

1
Pl )# F(E)

1

p(x < ) 31(1— )2 dx = -3
0

1

1
La ) 3=-01-x)13

L8 o pdd 8 19
—'*[(1‘5) i]= [() {= ETh ,)?
p(x>D)=1-p(x<1)=1-F()=1-1=0
1 l
p(hS_E)_F(_E)_O
1 ]
1 I, & 0 4 "
p(-—<x<=)= [f(x)dx= [odx+ [3(1-x)"dx
3 4 _l ) _l. i 0
3 » 3

1

- . -
=—(1-x)" [§=-[( 4) 1]=1 (4)

27 2F

_1____

64 ¢y

H.W.:

1
. — for ¥>1
1. Given a p.d.f f(x) =1 x?

0 oW

. g

a. Find c.d.fof x
b. Find p(x >4.2) and p (x <3.5)and p (x <-1)

- _
2. Givenap.d.ff(x):{ce for x >0
0

o.w

a. Find the value of ¢ and sketch F(x).
b. Find F(x) apd sketch it's graph
c.px<3)p(x<3).
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frem

To find p.d.f f(x)(q d.fF(x):

Let x be a c.r.v. that has a c.d.f F(x) defined p.d.f f(x)

Rl j )

dF d
a2 If(f)df] - 1)
df;(") = £{%) Vx, where F(x)diff. & f(x)is cont.
ax

0 forx <l

Ex. “1”: Givenac.df Fu)={ .
Jorx 21

Find p.d.f f(x). I+x

Sol.: F(x) is not cont. at x =1, F(x) is not diff. Atx =1

dF( ) ;iO 0 forx <1
X X
f(x)= d x
= = ~ forx >1
dx 1+x° (1+x)
: - forx >1
f(x)=4(0+x)
I 0 O.W -X .
HW.: Givenac.df F@x)= {1""—’ Jorx 21
.10 0.
Find the p.d.f f(x).

Properties of c. d.f F(x):

Theorem *17: F(x) is non-decreasing function.
Proof: Let X, < Xa T.p F(x,) € F(xa).”
xX<x))c(x<x)

px£x)<p(x<x;) [byth]

F(x,) < F(\';)

Theorem [fx is a r.v. that has a c.d.f F(x), then
p(a <x £b)=F(b)-F(a),a<b.

Proof (x<h) 2(xs9U@<X$H
P(x<b)=pixga)+pla<x<b) (byAx.3)
F(b)=F(a) +pla<x<b) [by def. of F(x)]

I

A

x<a q, a<x<b
BN

1
1

+

a

g



Attechl f5 . |
mc?\ jc\rseng*mf\ C)Eﬁycm Co{»‘g, ag’- 9< -4

FOXn) = F1%n) = )
exomp ) fe3) = Fzy— Fezy

olmele Cven a cud. L. F of X :

| ¢ R xg
ﬂ"() = I 1L Jor | £%CE ra
/a " = 3 Keot
2 L gex<z — Fw
/= ﬁ»h?«
£ A 3Sx<y T

c;'\‘
/S/”"' o \, 2, 3)\1 (A v-v)

P2 = £ (x) = ¢ x-1)
Ay = F() — o '

) = Fo— R
’2( - = _’_‘:2'

——
e —

/o /o (=

}e(g) - ):—(3) — 2:)
- S R
/(o (e /o
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P(a<x £b)=F(b)-F(a)
Theorem “3”: F(-00) = 0 & F(0) =1
Proof: F(-w)= \IEE F(x)
F(—o0) = lim p(X <x)
F( )= lxi_lgvp(X <X)
Choose a very sm-all real no. x say at (-oo)-

Event (X <x:x = -0)=¢
F(-o0) = lim p(X < X) = p(¢) =0

Choose a very large real no. x say at ()

Event X <x:x > x)={x:-0<x<o} =

F(o) = !ixp p(X £x)=p(S)=1

S

(=) = \:;%:,,7:"@ EY
[
F(_..&«f-’_) = Sv, fﬁﬂﬂfx; o

X=x

= =]
/ -

A
4

N=x 1
Jd

-
<

=00

Fro) = \ivsae [y
A e 2
0 e C‘f:
i) Sf(x)d’:z?—f
-cP

8y

Continguty of c.d.f F(x): X
- — é-/ X
X { \
< - )
X
F(x) and F(x") .
The left limit of F(x): = T ) ]x -

Choose a point x, and

Consider a set of points y,; n=1, 2, 3, ...
Suchthaty <y, <...<y,<...<X

Vo =>X - . when Wik

&Y=

n=r—

V<X

FEx)=limFy. )= - {F(x): I}ilzlp(x < y“)}

yn<x




\/

Random variables and probability Distribution Chapter 3

The right limit of F(x):

Choose a point x, and consider
asetof pointsyn,n=1,2, 3, ...
Suchthaty; >y, >...>y,>...>X

Yo =X whenn— o

LS

Fix")=lmBy. = . {F(x*) =limp(x<y, )}

YHSX e

Def.: F(x) is cont. at a point x iff F(x") = F(X')

Theorem “4”: For any point x, F(x) is cont. to the right.
i.e.: F(x) =F(x")

Theorem “5”: At any point x, then p(X < x) = F(x)
Theorem “6”: At any point x, then p(X =x) = F(x") - F(x)
Proof: (X <x)=(X=x) U (X<X) X<X 4

Y

P(X <x)=p (X=x)+p(X <x)
F(x") = p(X = x) + F(x)

0 for x <-1

P (X =x)=F(x") — F(x) -

Ex.: Given a c.d.f F(x)=1 for —1<x &1
kl forx>1 -

1. Sketch F(x),  2.Find p(x=-1), p(x= %), p(x=1).

| 1
2. Find p(—%<xs-i:), p(0<x<1), p(—;<x<%), p(0<x <1).

Sol.: 1.

Fix)=1

F 3
I .

; .

1_ - Graph of F(x) discont,

j = atx=1,-1

|

7
F(x) £

-0 i
I t >
0 ot 0 n o

FIEAL
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et - F(—1 )=t _p=1
2. p(x==-1)=F(-1")-F(-1))=7-0=7

- 3 1
w3 B s —— e —
p(x=1)=F1")-F(1") "
Y =—)= —_ --F— = (= — | = =
p(x 2) F(z) (2),(4)(4)0
F(x) is cont. atx=%
| 1
~+2 i
+2 7+.. 3

3. plt <x€)=F()-F-3) =) -F)=5¢

P(0<x51)=F(1)*F(0)=1_%:

o | =

1 1 1 1 1
il R )= X T — when F(x) is cont. at (—
p(2 : 4) p(=3 4) (x) (4)

for-1<x<l1

(ALY

p(0<x<1)#p(0<x<1)
Since F(x) discont at (1)

(0<><<1)—1jldx—l(1—0)-l
y o4 4 T4
4 for x > 2

forx<2

H.W.: Given a c.d.t F(x) =

1"/{1
IERK




2|

Random variables and probability Distribution Chapter 3

1. Find f(x) and sketch F(x) & f(x).
2. Find p(x £ 4), p(x>8), p(2 <x <8), p(x =2).

Transformation of random variables:

1. Transf. of d. 1. v. Xt

If xbead.r. v. have a p.m.f f(x), and let A be the space of x for f(x) >0,
and let y =u(x) define a (1-1) transformation that mapps A onto B (The
space of y).

If we solve y = u(x) for x in term of y.

Say x = u'(y) € A then for y =u(x) € B, we have x =u" (y) € A

Know if we considerther.v. Y =u(x)ify € B, thenx = u' (y) € Aand
the events Y =y [or u(x) =y] and x = u' (y) are equivalent.

Then the p.m.f g(y) of r.v. Y is define as follows:

o(y) = p[Y = y] = p[Y = u(x)] = plx =u" ()] = flu" ()]

wog(y)=flu'(¥)]

—-m
(S % lTlx

- T y.
Ex. “1”: Given a p.m.f f(x) = X! for x=0,1,2, ...

0 0.W

Find the p.m.fof ¥ = 2x
Sol.: Y = 2x =u(x)

A={x; x=0,1,2, b X=%=N‘|(Jﬂ’)

B={y; y=0,2.4,6...}, g(»)=/l" (= .f‘r%_]

fO.“‘ y=0. 2, 4"}“!')

ow

213
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bR l(a\m\ 0o easls) \ Ul.

1. Find f(x) and sketch F(x) & f(x). it S0 s 1o lew) | SNt |
2. Fmd p(x <4), p(x>38), p(2 <x = 8), p(x =3 e e a2 CEREE
M\(wﬂ\ﬂ’wwydh}ﬂ’é( (’J?\‘?‘J.:a-’ﬁd*f’—*’w -=cpy_3~.x Mq\)

T mnsformatzon of random variables:

1. Transf. of d. 1. v. x:
If xbead.r. v.haveap.m.ff(x), and let A be the space of x for f(x) >0,
and let y =u(x) define a (1-1) transformation that mapps A onto B (The
space of y).
If we solve y = u(x) for x in term of y.
Say x =u" (y) € A then fory = u(x) € B, we have x =" (¥) € A
Know if we considerther.v.Y = u(x)-ify e B, thenx=u" (y) € A and
the events Y =y [oru(x) =y] and x = u” (y) are equivalent.
Then the p.m.f g(y) of r.v. Y is define as follows:
g(y)=plY =yl =p[Y =u()] =plx=u" ()] = flu"(¥)]
-~ g(y)=flu(y)]

—m

e 'm
Ex. “17: Given a p.m.f f(x) = x! for x=0,1,2,....
0 0.W )}f)
Find the p.m.f of Y = 2x {)ﬁ‘"d\){’ &
LY =9x = ® o) \if\!’\_ﬂl
Sol.: Y =2x = u(x) ?d\&gc o ?o 7\
A={x; x=0,1,2,.J, )(:%:u‘l(y) 7L R

B={y; y=0.2.4.6...} g(y)=f[z-f'](y)]=f[% ) P70 s

=IH % y '
= N 4 =0, 2, 4 ¢
s g(y)= e 'm for y=0, 2, PRLY
) { [‘!)l 0.W
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Ex. “2™ Let X have the following p-M.f

5\ 1V\*( 3 =% N )‘53
— — = -’\\/‘-) P
BT e,
P \D(- 2,5 & -
0 0.W 1 ~ n)e )
Find the p.M.f of y = X’ \LN\OL

Sol.: y =x*=u(x)

A={x;x=0,1,2 3, 4,5, x=u"(y)=4y
B={y:y=0,1,4,9,16,25}

Ley) =l MI=fHy)

%][jf [fj‘ﬁ or v 0.1, 4.5,16,25 .

0 oW

H. W21. If x has a uniform dist. on{1, 2, 3} then find the p.m.f of

y=4x + 2. _ 3 X
. -] GAIE) &
: _ = zo\0.:2
2. Given a p.m.f. f(x)= (8 /7 @, Z_;‘bf}}?

0 o.w |
@ \\ _} 'g\““f for X2Y2,3

|

Find the p.m.fof y = x°.

b

0 o -

2. Transfor of c.r.v. X: , oG

Let x be a c.r.v. have a p.d.f f(x), f(x) > 0 for each point of the space A of
x, let y = u(x) define a (1-1) transf. from A to space B of'y.

If we can write x =u"' (y) as the inverse of the function u, then the i

of'y is: e
=l o ] Saco -1 ’ [ dx
g(y)=flu"MI-1/] y where J=[u"(y)] =x"= &
_ - Y
2% for 0<x<l )
Ex.“I”: f(x) = Find the p.d.fof'y = 8x’
0 0.W

Sol.: Y = 8x* = u(x)

zzz
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A={x; 0<x<l}, x=§:u_l(y)

B={y;§<y<8}

Pl ()= P‘F ‘F 3y (swne Pan=2x)
_dx 1

dy 6\/_

1 %/; forO<y<8
~g(y) =1l 1P =1 63y
0 0.W

Ex. “2”: If x ~ unif (0, 1) then find the p.d.f of y = -2Inx.
sol.: " x~unif (0, 1)

1 for g<x<l1
~f(x)=
0 0.W
y=u(x)=-2Inx, x=u" (y)ze'ﬂzja
U'—ldx ‘ | 1 -y =~l-eﬁy'f2
' ldy | 2 2
8= )P =152 (“‘“ “f [‘* 3= }JJD
B 2 (7@04 )
Vhe SPees of Yo d 47 selcs] 3 Q{@)imam(’o) &R
412 (1) ==2H4(1) =v
a(y) = © 3 for 0<y<eo
0 oW
X2
H. WZIA f(X)= 9 for 0<¥~<3 Find p.d.fofy=x3
0 0.W

2xe™X" for 0<y<oo

» Xe or 0

2. Given a p.d.f f(x) = X Find p.d.fofy = e
0 0.W

B2 18 s sslnd
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@:’«ij) 3:6;[0;}4/?

Yo gxx =2 e &
X:_J_:_i - Wy eh

(8 & v

ﬁ(x): EJS— /fv:r X= 1,23

I = £ W) =45
g()/): 3{?— For J=6,10,1Y :______>)//\/W1f<3)

a o\\-d"
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X
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Random variables and probability Distribution ~ Chapter 3
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————m

y=4x + 2.

2. Given a p.m.f. f(x)= (
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2. Transfor of c.r.v. x: G.S-

Let x beac.r.v. have ap.d.f f(x) f(x) > 0 for each point of the space A of
x, let y = u(x) define a (1-1) transf. from A to space B of y.

If we can write x =u" (y) as the inverse of the function u, then the d.p.f.

ofy is: il
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sol.: " x ~unif (0, 1)

for0<y<8

f(x)={1 for @<x<1
0 0.W
y=u(x)=-2 Inx, y=q" (y)__.e"pj.
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