fis (1,—1) and onto then f is isomorphism. .3
Definition: if f: R — R’ and f is isomorphism then we say that R is
isomorphicto R’,R =~ R'.

Remark: if f: R — R’, f is homomorphism, then:

f(Og) = 0g. .1
f(-a) = —f(a). 2
f(lg) = 15 when R and R’ is a ring with identity. .3

Theorem: Any ring can be imbedded in a ring with identity.
Proof: Let R X Z = {(r,n),r € R,n € Z}

Define + and . on R x Z as follows

(rn)+(tm)=(r+tn+m)
(r,n).(t, m) = (rt + nt + mr, nm)

then R X Z is a ring with identity (0,1).

(r,n)-(0,1) = (r,n)
RXx{0} S RXZ

Now we must show that R x {0} is subring of R X Z

(a,0){€ R x {0}} — (b, 0){€ R x {0}f = (a— b, 0) € R X {0}
(a,0). (b,0) = (ab,0) € R x {0}

Now we define a map @: R — R x {0}, 8(r) = (r,0)
(1) Let @(ry) = @(rz)

(r,0)=(r,,0)=>r;=r, ~Qis (1 —-1)




(2) let (w,0) € R x {0}, ~ @(w) = (w,0) -~ @ isonto, @ is homo.
(3) B(ry +12) = (ry +15,0) = (1, 0) + (12, 0) = B(ry) + B(r2)
B(ry - 1p) = (1y73,0)

B(ry) - B(rp) = (11,0) - (13,0) = (1173, 0)
~ R =R x {0}

~ Risimbedded inaring R X Z.

Definition: Let R be a ring an element a € R is said to be idempotent
element if a2 = a. And a is nilpotent if there exists an integer n such that

a" = 0.

Example: (1) Z¢ = {0, 1, 2,3,4, 5}
Solution: 0, 1, 3, 4 are idempotent. 0 is nilpotent only.

(2)Zs = {0,1,2,3,4,5,6,7}

Solution: 0,2, 4, 6 are nilpotent.
(3) Zs : the idempotent 0,1 and nilpotent is 0.
4) (p(x),AN)

Solution: ANA = A, VAisidempotentANn..NA =0, justwhenA =09

Definition: Let R be a ring such that every element of R is idempotent then

R is Boolean ring.
Example : in Z, = {0,1}, (0)2 = 0, (1)? = 1.

Theorem: Let R be a ring such that every element in R is idempotent (R is

Boolean ring), then R is commutative.




Proof: (a+b) =(a+b) =(a+b)(a+b)=a-a+a-b+b-a+b-b
a+b=a’+a-b+b-a+b?

a+b=a+b+a-b+b-a

O0=ab+ ba=ab=—-ba

ab = (—ba) = (—ba)? = b%a? = ba

~ R Is commutative.

Remark: Let R be a ring commutative if there exists element a € R, such

that:

(1) a is idempotent.

(2) a is not zero divisor. Then a must be the identity of the ring.
Proof: (2) Let b € R

a-b=a’b=>(@* -b)—a-b=0
a(ab — b) = 0[a is not zero divisof ]

~ab—b=0=>ab=0b

~ a is identity.
Example: Consider the ring (p(x),A,N)p(x) = {A: A < X}, for a fixed subset
SCcX,S €ep(x),define fip(x) — p(x)

f(A)=AN S
()A=B=>ANnS=BnNS
~ f(A) = f( B) = fis well define

(2) (AAB) = f(A)Af(B)?
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f(AAB) = (AAB)N' S
=[(A=B)U(B-A4)]nS
=[(A=B)NnS]U[(B-A4)NS]
=(ANS—=BNS)UBNS—ANS)
= (ANSABNS) = f(AAf(B)

QfANB)=MANB)NS=ANS)Nn(BNS)=f(A)Nf(B)

=~ fis homo.

) kerf={Acp):f(A) =0} ={A S p(x):ANS =P} = S =+ identity
ADHVASX=>XNA=A,identity=X

~fisnot(1—-1)

Problems:

Let R bearingand a € R, If C (a) the set of all elemente witha, .1
C(a) = {r € R,ra = ar} show that C(a) is subring of R. and Cent
R = ngeg C(a).

Let (G, +) be abelian group, R set of all groups hommo. of G into .2

itself, f + g(x) = f(x) + g(x),f°g(x) = f(g(x)), show that
(R,+,°) form aring, determine the invertible elements of R.

Given that fis homo. from the ring R in to the ring R \,prove that .3

A. f(cent(R)) < cent(f(R))
B. If a € R is nilpotent then f(a) is nilpotent in R.

C. If R has positive characteristic then char f(R) < charR.

Let R be a ring without zero divisors: .4
La-b=1iffb-a=1

ii. If a2 = 1 theneithera=1o0ra = —1.
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Sol (i):
ifa.b =1thenb # 0
[ifb=0 ~a.0=0+1]
~a-b=1=>b-a-b=b
bab—b=0 ~(ba—1)b=0,b#0 ~ba=1
Sol (ii):
a*=1la-a=1-a+a
arat+ta—a—-1=0

a(a+1)—(a+1)=0
(a+1D@-1)=0

Eithera=1ora= -1

Definition: Let | be a nonempty subset of ring R, then | is ideal of R if
()a—belvabel

(2)arelvael,reR.

(3) I+ 0.

Remark: Every ideal is subring.

Proof: Let | be an ideal, to show that I is subring
D=I1+0

(2a,bel=>abel,a—bel

=~ [ is subring

But the converse is not true for example:

(Q+,.)isaring, Z € Q,Z is subring
36116Q31=§$z

2 2 2
=~ Z i1s not ideal
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Example: In Z,

(1) 2Z is subring and ideal,
(2) 5Z,3Z is ideal.

In general nZ is an ideal.
Remar™ O Let | be an ideal of aringwith 1. 1f 1 € I thenI = R.
Proof: 1 € R, letr € R,1 € I but I is ideal

~lrel=>rel=>REL~I=R

Remark: Let | be an ideal of a ring with | and | contains an invertible

element then I = R.

Proof: a € I but ais invertible then 3b € Rsuchthata-bel =1 €1

~ I =R, by remark (*)

Definition: Anideal I of aring R is called a proper ideal if I = R and I is
called nontrivial ideal if I = {0} and I # R.

Theorem: Let {I,, « € A} be a family of ideals of aring R, then N epl, IS

an ideal in R.

Proof: Ngep I, # O[0 € [,Va € A]

leta,b € Ngeply, @ a€l,VaeAandb el ,Va EA
~a—b€el,Va € A[ideal def.] = a—b € N epl,

Leta € Ngealy, ™ ER

~a€l,Vae A=>ra€lVa - ra € Ngeply =~ Ngenly 1S ideal.
But the union is not ideal for example:

2Zisideal,3 Zisideal, 2 € 2Z,3 € 3Z

if 2Z U 3Z is ideal
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