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Let    and    be two subgroups of a group  , then       or       if 

and only if       is a subgroup. 

Proof: 

If      , then          

   is subgroup, hence       is subgroup. 

 ∼  we must show       or       suppose       or      . 
                

                  
}            

But       is subgroup, thenab          . 

So either                 where 

        
                 

                                  
             

 

Definition: 

Let   be a subgroup of a group  , then   is called a proper subgroup of   if 

   . 

Corollary: 

A group   cannot be the union of two of its proper subgroups. 

Proof: 

Let    and    be two proper subgroups i.e.,      and      Suppose 

       , then by theorem 

[       or             is subgroup] 

If      , then                [ Since      ]. 

If      , then                ～Since      . 

Exampl: 

Let                       

  e a b c 

e e a b c 
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a a e c b 

b b c e a 

c c b a e 

 

                          . 

Definition: 

Let   be a group, then Cent                     the Cent   is 

called the center of  . 

Remark: 

(1) Cent     [   Cent    
(2) Cent       is abelian. 

Example: 

Gent-GS         

              

Theorem: 

Let   be a group, then Cent   is subgroup. 

Proof: 

Cent     

[           

Let          , then           and           

We must show that       Cent   i.e                 
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Definition: 

Let   be a non empty subset of  , then the intersection of all subgroups of   

containing   is denoted by     which is called the subgroup generated by  . 

          is subgroup of        
      
      [   is subgroup containing   ] 

      if and only if   is subgroup 

Definition: 

Let   be a non empty subset of   if   is finite, and then     is called finitely 

generated. In particular if      . Then         is called cyclic subgroup. 

             

      

    {
           
             

} 

Definition: 

A group   is said to be cyclic with generator   if       for some    . 

Example: 

The group         is cyclic. 

Sol: 
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Example: 

Is       ? To prove       
First                    , so that 數 

                ⏟        
       

    

Hence       and       

Thus      . 

Example : 

                        is called Klein 4-group, is not cyclic. 

          

  e a b c 

e e a b c 

a a e c b 

b b c c a 

c c b a e 

 

          

            

            

 

Example: 

Let   be a group,        :          , then   is subgroup . 

Solution:     since at least    . 

Let      , i.e      such that      

     such that      

We have to prove         

i.e.,                
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Hence               . 

Thus   is subgroup. 

Remark: 

Let   be a group and let    , then: 

                                   . 

Theorem: 

Every cyclic group is abelian. 

Proof: Let   be a cyclic group,        
let                       

                     

The converse is not true. 

Example: 

(Klein 4-group) is abelian but not cyclic. 

Definition: 

The order of   denoted by      is the number of element of   if   is is 

infinite then we say that   has infinite order. 

Theorem: 

Let       be a finite group with       , then: 

                  

Proof: Since     and G is group, then             

But   is finite, so        such that       and     

        with       

ie., the set of positive integers   such that      is not empty 

By the well ordering principle let m be the smallest positive integer such that 

     

Let                   all element of   are distinct [  if      ; 

          ], implies         !, since m is the smallest one let 

   , then          

Now     by the division algorithm theorem 


