sincenis CharR.
< Leta€R,na =nl.a=0-a=0

~ Char R = n since n is the smallest positive integer, n.1 = 0.
Corollary: Let R be an integral domain then Char R is either zero or prime

integer.

Proof: Suppose Char R > 0 supposen =n; - n,,1 <n; <n, <n

n.a = 0 (nisthe smallest positive int. )

(n; ny)a=(ny 1) (ny,-1)-a[Rintegral domain ]

but R is integral domain then either n,.1 = 0 or n,. 1 = 0C ! by theorem
) since ny, n, < n and n is the smallest integer such that n.1 = 0.4sLudl(

~ n is a prime integer.

Definition: Let R and R’ be rings, f: R — R/, then f is a ring homomorphism
if

(1) fla+b) = f(a) + f(b).

(2) f(a-b) = f(a)-f(b).

Example:

(1) Let@: R — R',@(r) = (isaring homo. called zero homo.
(2) I: R = R, I(r) = r the identity homo.
) h:Z —Z,,h(n) =n

Definition: Let f: R — R’ be a ring homomorphism.

if f is one to one then fis monomorphism. .1

if £ is onto then f is epimorphism. .2




fis (1,—1) and onto then f is isomorphism. .3
Definition: if f: R — R’ and f is isomorphism then we say that R is
isomorphicto R’,R =~ R'.

Remark: if f: R — R’, f is homomorphism, then:

f(Og) = 0g. .1
f(-a) = —f(a). 2
f(lg) = 15 when R and R’ is a ring with identity. .3

Theorem: Any ring can be imbedded in a ring with identity.
Proof: Let R X Z = {(r,n),r € R,n € Z}

Define + and . on R x Z as follows

(rn)+(tm)=(r+tn+m)
(r,n).(t, m) = (rt + nt + mr, nm)

then R X Z is a ring with identity (0,1).

(r,n)-(0,1) = (r,n)
RXx{0} S RXZ

Now we must show that R x {0} is subring of R X Z

(a,0){€ R x {0}} — (b, 0){€ R x {0}f = (a— b, 0) € R X {0}
(a,0). (b,0) = (ab,0) € R x {0}

Now we define a map @: R — R x {0}, 8(r) = (r,0)
(1) Let @(ry) = @(rz)

(r,0)=(r,,0)=>r;=r, ~Qis (1 —-1)




(2) let (w,0) € R x {0}, ~ @(w) = (w,0) -~ @ isonto, @ is homo.
(3) B(ry +12) = (ry +15,0) = (1, 0) + (12, 0) = B(ry) + B(r2)
B(ry - 1p) = (1y73,0)

B(ry) - B(rp) = (11,0) - (13,0) = (1173, 0)
~ R =R x {0}

~ Risimbedded inaring R X Z.

Definition: Let R be a ring an element a € R is said to be idempotent
element if a2 = a. And a is nilpotent if there exists an integer n such that

a" = 0.

Example: (1) Z¢ = {0, 1, 2,3,4, 5}
Solution: 0, 1, 3, 4 are idempotent. 0 is nilpotent only.

(2)Zs = {0,1,2,3,4,5,6,7}

Solution: 0,2, 4, 6 are nilpotent.
(3) Zs : the idempotent 0,1 and nilpotent is 0.
4) (p(x),AN)

Solution: ANA = A, VAisidempotentANn..NA =0, justwhenA =09

Definition: Let R be a ring such that every element of R is idempotent then

R is Boolean ring.
Example : in Z, = {0,1}, (0)2 = 0, (1)? = 1.

Theorem: Let R be a ring such that every element in R is idempotent (R is

Boolean ring), then R is commutative.




Proof: (a+b) =(a+b) =(a+b)(a+b)=a-a+a-b+b-a+b-b
a+b=a’+a-b+b-a+b?

a+b=a+b+a-b+b-a

O0=ab+ ba=ab=—-ba

ab = (—ba) = (—ba)? = b%a? = ba

~ R Is commutative.

Remark: Let R be a ring commutative if there exists element a € R, such

that:

(1) a is idempotent.

(2) a is not zero divisor. Then a must be the identity of the ring.
Proof: (2) Let b € R

a-b=a’b=>(@* -b)—a-b=0
a(ab — b) = 0[a is not zero divisof ]

~ab—b=0=>ab=0b

~ a is identity.
Example: Consider the ring (p(x),A,N)p(x) = {A: A < X}, for a fixed subset
SCcX,S €ep(x),define fip(x) — p(x)

f(A)=AN S
()A=B=>ANnS=BnNS
~ f(A) = f( B) = fis well define

(2) (AAB) = f(A)Af(B)?
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