~23€2ZU3Z+3—-2€2ZU3ZC'1¢2ZuU3Z
~ 2Z U 3Z is not ideal.

Definition: Let S be a nonempty subset of a ring R the set < S >, where:
< S >=n{I:1is an ideal of R containing S}
is called the ideal generated by S .

Remark: (¥) < S > is smallest ideal containing S, (*) < S >= Sifand only
if Sis an ideal.

(*)if S ={a}, < S >=< a > is called principle ideal.

Remark: If R is commutative ring with identity and x € R, then (x) =

{rx,r € R} = Rx forexample: 2Z,< 2 >=27,372,<3 >=3Z

Definition: A ring R is called principle ideal ring if every ideal in R is

principle ideal.

Theorem: (Z, +, .) is p.l. R.

Proof: suppose | be an ideal in Z if I = {0}, then I =< 0 > if I # {0}, then
3 aninteger 0 # m € I, if it is negative then —m € I then | contains a
positive integer

let n be the least positive integer such that n € I, we claim that I = (n).

Clear that <n >C Isincen € L.
Now, let m € I by division algorithm theorem 3q, r € Z, such that:
m=nq+r,0<r<n,r=m{€l} —nq{e [}

~ 1 € IC ! since n is the least positive int. € [and r < n.
~r=0= m=nq

Sme<n>
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~l=<n>

The union is not ideal for example:

Ze = {0,1,2,3,4,5},1; ={0,2,4},1, = {0,3},
I; = {0,2,3,4}
3—2=1¢Ul,i=1,2
Definition: Let | and J be ideals of a ring R then the sum of | and J denoted

by:
I[+]={a+ba€l,be]}

Remark: If I and J ideals in R then I + J is also ideal in R .

Proof: 1+]#0@[0€,0E J~0€el+]]

Letw;,w, €El+]=>w; =a; +by,a; €,b; € J,w, =a, +b,,a, €
ILb, € ]

w; —wy =a; +b; —a; —b, = (a; —az)(ED) + (by —by)(€))

-’-Wl_W2€I+].

Letwel+/,reRw=a+ba€l,be]
rw=r(a+b)=ra(el)+rb(e J)el+]

~ 1 —Jisan ideal.

[+]=1{0,24,73,51} =Zg isideal
Example: in (Z,+,)2Z + .3Z = --- ideal.
Definition: Let | and J be ideals in a ring R we say that R is internal direct

sumof I and J if
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OR=1+]

(2)In] = {0}
we denote thatby: R=1 J.

-'~Z6=I@]OFZ6=Z6@{O}

Theorem: Let I and J be ideal in Rthen R =1 & J if and only if every

element in R can be written in only one way.

Proof: = LetR=1@]J=>R=1+],In]={0}letr e R
~Ja€l,be]Jsuchthatr=a+bifnotr=a; +b;,a; €E,b; € ]

al+b1=a+b=>a1—a=b—bIEIﬂ]={0}

.'.al—a=0=>a=a1,b—b1=0=> b=b1
slI+]cRletweRw=w+0€l+]
“RCI+]+R=1+]

Letweln/]>welandeJw=w+0=0+wC!

sw=20

Definition: Let R, R, be rings consider the set R; X R, = {(x,y),x €
R,,y € R,}, define+,0n R; X R,

(x1,y1) + X2,¥2) = (X1 + X32,y1 +¥2)
(x1,¥1) - (X2,¥2) = (X1 " X2, ¥1 " ¥2)

Then we can show that R, X R, isaring? Is the called external direct sum of
R; and R,
Ry =Ry X {0},R; = {0} xR,
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Theorem: Let f: R — R’ be ring homomorphism.
(1) Ifkis an ideal in R’ then f~1(k) is an ideal in R.
(2) If J isanideal in R and f is onto then f(J) is ideal in R’.

Proof: f~1(k) = {r € R,f(r) € k} # @ since [0 € f~1(k), f(0) = 0 € K]
Letx,y € f1(k)=> f(x) €k, f(y) Ek

kisideal = f(x) — f(y) € k, f is ring homomorphism = f(x —y) € k
~x—y€f k)

letw € f~1(k),r €R,f(w) €k, f(r) € R and k is ideal

=~ f(w).f(r) € K[f is ring homomorphism], f(w.r) € k = w.r € f~1(k)

~ f71(K) is ideal.

(2) f(J) # @ since [0 = f(Og) -~ Oy € f(D]

Letx,y € f()) = x = f(w;),w; € ],y =f(w,),w, € ]

w; — w, € ] [since Jis an ideal], f(w; — w,) € f(J)[f is homomorphism]
f(wy) — f(w;) € f(J),x —y € f(J)

letae f(J),r €ER',a=f(w),we]

r’ € R' since f is onto then 3r € R such that f(r) =’

~ Tw € J[] is ideal]

faw) e f(D), f(r)f(w) € f(D[f is homomorphism ],r'a € f(J)
~ f(J) is an ideal.

Corollary: Let f: R — R’ be a ring homo then kerfisideal in R .

Proof: kerf = {r € R; f(r) = 0 = f~1(0g), Oy is ideal by theorem f~1(0y)
is ideal

=~ ker f is ideal.

The quotient ring, let I ideal in a ring R,? = {x + I,x € R} define +, as

17




(x+I)+(y+I)=(x+y)+Ie§

(x+1)-(y+1)=(x-y)+l€§

to show that + , is well define (1) is well defined

x+l=x;+1 o x—x €1

x+Dy+D =0 +D0+D
xy+Il=xy;, +1 o xy—x.y, €1

XYy —X1y1 =Xy — XY1 + Xy1 — X1)1
=x(y—y) + (x—x)y; €1(lisideal)

then xy — x;y, € I =. is well define.

Theorem: Let | be an ideal of aring R, then (% +,.) IS a ring which is

called the quotientring of Rby I .
Proof: (1) well defined

at+l=a;+Ia—a, €l,b+1=bj+1b—b, €I
a+l+b+1=a,+1+by +1
a+b+I=a,+b+1oa+b—-(a;+by) €I
a+b—a;—b;=a—a;(EN+b—bi(el)EI

~ + is well define, is well define.

(2) associative

r+l+ (0 +I1+r,+D=0C+I+r;+D+r, +1
r+l+ry+rp,+l=r+r; +1+r, +1
“r+ry+rp+Il=r+r; +r, +1

(3) identity
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r+1+0+I=r+0+1=r+1

~ 0 + I = lis the identity.
Wr+I+(-r)+l=r—-r+I1=0+1=1
~ (=r) + I is the inverse

O)r+l+n+l=r+Il+r+1
r+rn+l=r+r+l

r+rn+Il=r+nr+1,sincer+r, €ERandRisaringr+nr =nr +r

[abelian group]
(%,+) is abelian group.
6)((a+I-(b+D) - (c+DHh=@-b+D(c+D=a-b-c+1
(a+D-(b+D-(c+D)=(@+D-b-c+)=a-b-c+1
M@+ -b+1+c+Dh=((a+DHb+c+])
=a-(b+c)+1
=a-b+a-c+1
=ab+I1+a-c+1
=(a+DH(b+D+@+D(c+])

. oL 4 R . .
~ IS assoclative : (T' + ) IS a ring.

Note: If R with 1 , then % with 1 + 1.

Example: Let Z be aring,
(1) =1{32,1+32,2+32}.
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