foe |fe | fa | fs | 2| fa | 1

Sol:
(Tl =f(A&) = fi(x) =x
1
B = £HE) = f (;) = x

(" = L) = (1 —x) = 17—
1 1
fs *f)(®) = fs((0)) = f3 (;) 1t

Thus ( G,°) is not abelian group.

Remark:
Let G be a group, then the following are equivalent

1. G isabelian,

2. (axb)t=alxp?

3. (axb)?=a?*x*b?

Proof: (1) = (2)

(ax by 1=blxal=a1l«b?!

by(2) » (3)(a* b)* = (a* b)(ax by =ax(bxa)» b=ax((b=*
a)) )™ *(2)

=—a*@Ixb D txb=ax@H tx(b ) txb=axaxbxb
= a% * b?

@) -0

(a * b)? = a? = b?

(a*b) * (a*bl =ax*ax*b*b (Cancellation law)

~b*xa=axb

~ G is abelian.

Remark:
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Let G be a group, if a® = e,Va € G, then G is abelian.
Proof: Since a® = e,thenaxa =e
alxaxa=alxe
a=a?
(axb)t=b"1xqg?!
axb=>b=xa

~ G 15 abelian.

Definition:

a = b(modn) © a — b = nk.

This relation = used to construct a new group with exactly n element
[a] = {x € Z: x = a(modn)}
={x€Z:x=a+kn;k €Z}

If we deal with module 3
0=[0]={x€Z:x =3k} ={0,F3,F6,F9, ...}
1=[1]={x€Z:x =3k + 1} = {F4,F7,+10,...}
2=[2]={x€Z:x=3k+2}={..,—4,-1,0,58, ...}

Zn ={[0],[1], ..., [n — 1]}
Z,=1{0,1,2,..,n — 1}

Example: (Z,, +,,)

a+t,b=a+b=csta+b=c+kin;a,b,c,k €ZIn(Z3,+3);Z3 =
{0,1, 2}

1+ ,01=22431=24+1=0;0

Example:

Zg =1{0,1,2,3,4,5,6,7}

11=3

Solution: 5 + 6
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Example:

(Zn, +5) Is anabelian group.
(1) +,, Is a binary operation.
(2) The identity is 0.

(3) The inverse is 1 — a.

Definition:

Let G be a non empty set any one to one and onto function from G into G is
called permutation on G.

Example:

Let f:Z — Z defined by f(n) =n+1
f s a permutation on Z, but g: Z — Z defined by g(n) = n? (not onto) is
not permutation.

Remark:

If N = {1,2, ...,n} a permutation on N is any function N — N which is one
to one and onto

=G 5. om0

The number of permutation is n!. The set of allpermutation on N is denoted
by S,,.

Se = {a1,ay, a3, 04, a5, 6}

If G is a group, then G and {e} are subgroups of G is called trivial subgroups
and H is called proper subgroup if H c 3.

Theorem:

Let G beagroupand @ # H < G, then H is subgroup of G if and only if
a*b '€ HVa,b € H.

Proof: = ) trivial

S H+0,3y€EH

Theny*y~1 € H,but H C G,

Thuse € H.



I e,y € H,thenexy ' € H,theny ' € H. I

| a,b € H, thena ™, b~ € H. 1
! Thus a * (b~1)~* € H, which implies that a * b € H and H is subgroup. ]
‘o‘; ]
| Theorem: ]
\ - . i \
4 Let H be a non empty finite subset of a group G, then H is a subgroup of G if .
I andonly ifa* b.€ HVa,b € H. ]
, i i
I Proof: =) trivial ]
I S)H is not empty then ]
| So3Jda € H,a € H,sciehthata *a = a? € H and a3,a%, ... € H. ]
l But H is finite so 3i,j € Z}such that j > i and a/ = a, then ]
4 (@) ‘a’ =eanda™'xa/ =e=>a’""=eax (a7 =es0al = 5
[ a’~1, « Hthenaxa~! € H, so e € H and H is subgroup. ]

Dii _(1 23 ]
- mThad
L _ d
Cmhy
I _ |
[ T (§ 1 g)’ ]
I _ |
S E l
| — J
L vTha g ;a
| = J
I %2 (2 1 3) ]
(S3,0) is a group, but not abelian. ]

The identity = a; |

The inverse of a; = ay, @, = a3, a3 = Ay, Ay = Ay, As = A, Ag = Ay ]

0 is a binary operation is associative. f

Definition: ;

|

Let (G,*) beagroupand @ += H < G, then (H,*) is called a subgroup of G if i

(H,*) is a group itself. i
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Foreacha,b € H,thena b € H.
Foreacha € H,3e € Hsuchthataxe = e xa = a.
Foreacha € H,3a ! € Hsuchthata xa™! = e.

Example:

2Z < Z #+ @, is subgroun of Z
Zodd < Z,isnot subgroup

Remark:

Theorem:

Let {H,} be a family of subgroups of a group G, then QA H, is also
a

subgroups of G.

Proof: N,eaH, # @ {Since VH € G,e € H}

Leta,b € NyepHy thena € Ha,Va € A,b € Ha,Va € A.

But Ha Va € A are subgroup, then a x b~ € NyepaHy, Va € A
Thus N ep H, 1S Subgroup.

Example:

Z, ={0,1,2,3}, then (Z,, +,) is a group

H = {0, 2} is a subgroup of Z,

Q: (1) If H is subgroup of G, is the identity of H is the same as the identity
of G.

Solution:Let x € H,H < G, if ais the identity of H

x (xa = x)
X Ixa=xx=>a=c¢e

(2) If H; and H,, are subgroups of a group G. Is H; U H, a subgroup of G ?

subgroups of Z,
H, U H, = {0, 2, 3, 4} is not subgroup.

Theorem:



