H nt=(m+k)-t (ter) H
| =mt + kt ]
L - mt < nt ]
| [
I 5. m+t<n+t I
| By (1) eitherm =norm <norn<m ]
U U
| fm=n-m+t=n+tCl! ]
| J
I ifn<m-—on+t<m+thby3)C![sincem+t<n+t] I
I ]
i* sothatm <n i
[ Construction of the integer numbers. i
| ]
I Let N be the natural numbers, and Let N X N = {(m,n); m,n € W} Il
I : . : I
°% First, we define relation (N) on the set N x N as follows "

(mn)~(@qiffm+gq=n+p

L, claim that (~) is equivalence relation -
L 1. Reflexive 1
| |
H Let (m,n) e N X| N }
101% we know that m +n =n+m — (m,n) ~ (m,n) U
i P
L 2. Symmetric ]
Il |
h Let (m,n), (p,q) €N x N H
l we have to show that if (m, n) ~ (p, q) then (p,q) ~ (m,n) :
| (mn)~(@q —>m+q=n+p—op+tn=q+m ]
i |
ks E
I So that, (p,q) ~ (m,n) ]
I I
\L - ;
W 3. Transitive l
I Let (m,n), (p(q), (r,s) € N X N ]
i |
b E
| we have to show that ]
I -
b H E
I if (m,n) ~ (p,q) and (p,q) ~ (r,s), then (m,n) ~ (r,s), ]
i |
ﬁ% m+qg=n+p ;
I prs=q+r ]
W’ m+qg+p+s=n+p+q+r—om+s=n+r i
]
l s ‘
[



R R e

So that (m,n) ~ (r,s)
Hence (~) is equivalence relation on N x N

Second,

Since (~) is the equivalence relation on N x N, then the equivalence classes of (m,n) is

called integer number and dented by (m, n).

(m,n) is called the representation of the integer number. ie

(mn) ={(p,q) ENXN;(p,q) ~ (m,n)}

The set of all equivalence classes is called "set of integer numbers™ and is denoted by Z.

Remark: x = (m,n) denoted by x =m —n

Example:

1. 0 =:W
={(».9) ENXN;(p,q) ~ (m,m)}
={(p.9) ENXN;p+m=gq+m}
={(»,9) ENXN;p =g}
= {(1,1),(2,2),(3,3), ... }

2D ={(pq ENXN;(p,q) ~ (2,1)}
={pip+1=q+2}
={pqsp=q+1}
={(2,1),(3,2), (4,3), ...}

w

L2)={(p.@) ENXN;(p,q) ~ (1,2)}
={paspr+2=q+1}
={(p.q)r+1=q}
={(1,2),(2,3); (3,4); ... }

4. What is the integer number (+7)

+7 ={(8,1),(9,2),(10,3), ... }

m-n 2=l 4 Je(m,n) #S caa N gy



Summation and multiplication on Z.
H Definition: Let x = (m,n) and y = (r, s) are two integer numbers. Then H
l.x+y=(m+rn+s)
2.xy=(m-r+n-ssm-s+n-r)
Example: Find
1 (=3)+7
I 2. (-3).7 ]
L Solution &
3=(1,4), 7=
) 1L(=3)+7 =08 +®D=AF84+1) = ©5) = 4 ]
I 2.(-3)-7=(T4)-B1) = (8 + 41+ 32) = (12,33) = —21 ]
Proposition: Let x,y,z € Z. Then
lx+y=y+x, X y=y-x
I 2.+ +z=x+@+2), @y z=x (2 1
3.x+0=0+x=x, x-1=1-x=x

i 4 x-(y+z)=x-y+x-z :

5 x + (—x) =0, (—x) is called inverse of x

101% Proof: U
i Pl
L 1. Letx =(m,n), y=(r,5) ]
i |
i P
L x+y=mn)+@,s)=(m+r,n+s)=r+ms+n)=(rs)+ (mn) J
I =y+x .
i |
i Bl
I x-y=(mmn)-(r,s) =(mr+ns,ms+nr)=_(m+snsm+rn) ]
I s -mm =y x 1
i |
b J
W 3. Letx = (r,5),0 = (m,m) I
| x+0=((s)+(mm)=Fr+ms+m)=(r,s)=x ]
i |
i P
L Sincer+m+s=s+m+r—(r+ms+m)~(,s)-> (r+ms+m)=(rs) J
i |
I ]
I i
i Pl
H 10 }
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U Similarly 0 + x = x H
f Let1 = GmFLm) oj
sx:l=(rs) - im+1m)=r-(m+1)+smrm+s(m+1))
=({m+r+smrm+sm+s)=(rs)=x
Since
rm+r+sm+s=rm+sm+s+r
- (m+r+smrm+sm+s)~(r,5s) H
- (m+r+smrm+sm+s)=(rs)
5. Letx = (m,n), put —x = (n,m)
x+(—x)=(mn)+(mm)=m+nn+m)=mm)=0
H Since H
m+n+m=n+m+m—o (m+nn+m)~ (mm)
H — (m+n,n+m) = (m,m). H
Definition: Let x,y € Z; the difference between x and y denoted by
i x—y=x+(-y) ]
101% Definition: Let x = (m, n), then x is said to be positive integer number if m > n and x U

is called negative integer number if n > m, Where " > " is order relation on N.

ﬁ% Proposition: Let x,y € Z h
1- If each of x, y are positive then x + y, x - y are positive.

2- If each of x, y are negative then x + y is negative and x - y is positive.

|

3- If x is positive and y is negative then x. y is negative. ;

Proof: i

1. Letx = (m,n),y = (r,5)

Since each of x, y are positive I
i
|

So that i

m>n }
r>s -
]

]

11 I



[ S>m+r>n+s 1
| N~ ]
H Hence x + y = (m + r,n + s) is positive. H
\ . \
" Remark: 1. For each x,y, € Z then either x = yorx > yorx < y. s
i 2.x > ythatismeanx > yorx = y. “
Lk Proposition: Let x,y,z € Z o
H l-x >x -1 H
| J
U: 2-1fx >yandy > xthenx =y DOU
| J
ﬂ" -Ifx>yandy >zthenx >z H
I ]
i Proof: &
U% 1-— X>2X—DX>X0rx=x H
l 2— xzy—ox>yorx=y ]
| x<y—x<yorx=y ]
l xzyandx<y->(x>yvVx=y)A(x<yVvVx=y) ]
5 S xX=yVx>Y)A(x=yVx<y) »
- S x=y)vx>yAx<y)C &
) ox=y ]
101% 3—x>2y—x>yorx=y. U
L J
l yrz-oy>zary=z ) J
Il |
L;% x>yvx=y)A(y>zVy=2) ;
‘o% X>YNYy>Z—>DXx>1Z ‘
H P> X>zZVX=2z->X>2 1
ﬂ% XS>YANYy=2Z—>x>2Z H
i X=YANYy>zZ—>o>x>7Z }
X=yANy=z—>Xx=2Z2 J }

i

Since -

x>y—>x—y>0} _ _ _ o
y>z->y—z>0 S x=-N+@Y-2)>0->x-2>0->x>2z |
Theorem [Division Algorithm] dacdll 43 1 53 ;

Let a, b are positive integer numbers and a > b, there exist positive integer number g and l
nonnegative integer number r such that l

a =bq+r, 0 <r <b.Inaddition, g and r are unique elements satisfies this condition. i



i r is called Remainder and q is called quotient Il
ﬂ% For example H

l. a=3b=2—>3=21+1,9q=1r=1,0sr<2

2. a=7b=3—7=32+1¢=27r=10<7<3
3. a=8b=4—>58=42+0,;9q=2,r=0
Example: Let a be positive number, if b = 2 then either
[ a=2qora=2q+1,0<r<2 ]
(i.e either a is even number or a is add number)
U Solution: By division algorithm, 3g, r s.t H
a=2q+r; 0<r<2
H |

ﬂ% So that H

if r =0 - a = 2q, hence a is even number

i ifr =1 — a =2q+ 1, hence a is odd number ]
Example: Prove that each odd integer number can be written as
ak+1ordk +3;k€Z
Solution:
I We take a is odd number and take b = 4, hence by division algorithm a = 4k + r wher s s
H 0gr<4 H

Ifr=0-a=4k C!Since a isodd while 4k is even

Il

Il

I

ji Ifr=1-—a=4k+1 ;
I )|
| Ifr =2 —a=2k+2 C!Sincea is odd while 4k is even J
i |
I )|
U Ifr=3—a=4k+3 ]
I il
ﬁ% So that, any odd number is write as 4k + 1 or 4k + 3 ;
I i
I il
I J
I il
I ]
I il
I J
I il
I ]
I il
I )|
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