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       such that              

                                     

so    , hence    . But        

Thus     

Corollary: 

(1) Let       of order n , then n the smallest positive integer such that 

    . 

(2) Let      , if        and     , then    . 

Proof: (2) 

Applying to the "Division Algorithm", there exist integers q and r such that 

    
   , where      . Thus 

                       

         

Since   is the smallest positive integer such that                implies 

that    , hence      or equivalently           

             

            
 

Let   be a group and    , the order of   is the -order of 

Example: 

                 

                          

       

                    

             

Definition: 

Let   and   be a nonempty sugroups of a group   the product of   and   

denoted by    is the set                . 
In case      , then                  
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Q:Is HK a subgroup of G 

HK is not subgroup since 
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Example: 

Let   be a subgroup 
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Corollary: 

(1) Let       of order n , then n the smallest positive integer such that 

    . 

(2) Let      , if        and     , then    . 
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Proof: 

Appling to the "Division Algorithm", there exist integers q and r such that 

      , where      . Thus 

                       

Since n is the smallest positive integer such that     , implies that    , 

hence      or equivalently     

Definition: Let G be a group and    , the order of a is the order of    . 

Example:                  

                          

       

                    

             

Definition: Let H and K be a nonempty subsets of a group G the product of 

H and K denoted by HK is the set           ,      in case 

     , then                  

Example:     , let   {(
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Q:Is HK a subgroup of G 

HK is not subgroup since 
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Example: 
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)}    is a subgroup 
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Theorem: Let H and K be subgroups of a group G then HK is subgroup if 

and only if      . 

Proof:   ) let     , HK is subgroup 

then       , and                

                         (H,K are subgroups) 

then        and       

            , then       

let     , then      

             , but HK is subgroup 

then           , and      

hence       

thus      . 

        since          

   .      

Let                        

                       

                   
            

    
           

     
    

      
   

such that        
   

     
         

     
           

              

hence              ̇             

Thus HK is subgroup. 

Corollarv: Let H and K be subgroups of an abelian group G then HK is 

subgroup. 

Definition: Let G be a group and H is subgroup of G , for each a    the set 

            is called the left coset of   in G . The element a is called a 

representative of aH . In similar way we can define the right coset. 

Example:                
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Remark: Let H be a subgroup of a group G , let     then there is (1-1) and 

onto function from H into aH . 

Proof:       , defined by         

To show that   is     

                          

hence   is       

To show that   is onto 

Let                 

Thus        , and   is onto 

Remark: Let H be a subgroup of G , define ∼ on G by  ∼   if and only if 

      , then ∼ equivalence relation. 

      ∼    since           

 ∼    ∼   

[                          
 ∼          

 ∼         , since H is a subgroup 

then                

                   

This relation is equivalence relation on  ,hence partition   into equivalence 

classes [a] 

[         ∼    

Definition: Let G be a group and H be a subgroup of G , the number of 

distinct left cosets of H in G is denoted by [G:H] and is called the index of H 

in G . 

Theorem: (Lagrange) Let H be a subgroup of a finite group G , then 

         [     
Corollary: Let H be a subgroup of a finite group G , then the order of H and 

index of H divide     . 

Example: There is no subgroup of order 4 in a group of order 10 . 


